A  TEXTBOOK  OF 


FLUID  i 
MECHAN 
AND 


HYDRAULIC 
MACHINES 


3*1*  Units 


Dr.  R.  K.  Bdnssl 


scanned  by  Fahid 

PDF  created  by  AAZSwapnil 


A  TextBook  of  Fluid  Mechanics  and  Hydraulic  Machines 

-Dr.  R.  K.  Bansal 


Scanned  by  Fahid 
Converted  to  PDF  by  AAZSwapnil 


Chapters: 

01.  Properties  of  Fluids 

02.  Pressure  and  Its  Measurements 

03.  Hydrostatic  Forces  on  Surfaces 

04.  Buoyancy  and  Flotation 

05.  <not  scanned> 

06.  Dynamics  of  Fluid  Flow 

07.  Orifices  and  Mouthpieces 

08.  Notches  and  Weirs 


scanned  by  Fahid 

PDF  created  by  AAZSwapnil 


/ 


1 

Chapter 

Properties  of  Fluids 


»  I.I  INTRODUCTION 

Fluid  mechanics  is  that  branch  of  science  which  deals  with  the  behaviour  of  the  fluids  (liquids  or 
gases)  at  rest  as  well  as  in  motion.  Thus  this  branch  of  science  deals  with  the  static,  kinematics  and 
dynamic  aspects  of  fluids.  The  study  of  fluids  at  rest  is  called  fluid  statics.  The  study  of  fluids  in  motion, 
where  pressure  forces  are  not  considered,  is  called  fluid  kinematics  and  if  the  pressure  forces  are  also 
considered  for  the  fluids  in  motion,  that  branch  of  science  is  called  fluid  dynamics. 

►  1 .2    PROPERTIES  OF  FLUIDS 

I  ^^J/Density  or  Mass  Density,  Density  or  mass  density  of  a  fluid  is  defined  as  the  ratio  of  the 
mass  of  a  fluid  to  its  volume.  Thus  mass  per  unit  voi'ume  of  a  fluid  is  called  density.  It  is  denoted  the 
symbol  p  i.rho).  The  unit  of  mass  density  in  SI  unit  is  kg  per  cubic  metre,  i.e..  kg/mJ.  The  density  of 
liquids  may  be  considered  as  constant  while  that  of  gases  changes  with  the  variation  of  pressure  and 
temperature. 

Mathematically,  mass  density  is  written  as. 

Mass  of  fluid 

p  =  —    . 

Volume  of  fluid 

The  value  of  density  of  water  is  1  gm/cnr  or  1000  kg/m3. 

K^f?^pecific  Weight  or  Weight  Density.  Specific  weight  or  weight  densit\  of  a  fluid  is  the 
ratio  between  the  weight  of  a  fluid  to  its  volume.  Thus  w  eight  per  unit  volume  of  a  fluid  is  called  weight 
density  and  it  is  denoted  by  the  symbol  w. 

Weight  of  fluid     (Mass  of  fluid)  x  Acceleration  ductography 


Thus  mathematically.  tV  - 


Volume  of  fluid  Volume  of  fluid 

Mass  of  fluid  x  g 
Volume  of  fluid 


{Mass  of  fluit 


 ±  p  > 

Volume  ol  Ihml  J 
...d.i) 
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2    Fluid  Mechanics 


The  value  of  specific  weight  or  weight  density  (w)  for  water  is  9.81  x  1000  Newton/m3  in  SI  units. 
1 .2.3    Specific  Volume.    Specific  volume  of  a  fluid  is  defined  as  thej-oUmi^  of  a  fluid  necupjed  by 


a  unit  mass  or  volume  per  unit  mass  of  a  fluid  is  called  specific  volume.  Mathematically,  it  is  expressed 


Specific  volume 


Volume  of  fluid 

1 

Mass  of  fluid 

Mass  of  fluid 

I  

Volume 

Mathematicalj^^ffor  liqu 

gases)  - 


Thus  specific  volume  is  the  reciprocal  of  mass  density.  It  is  expressed  as  m3/kg.  It  is  commonly 
applied  tja'gases. 

1  Specific  Gravity.    Specific  gravity  is  defined  as  the  ratio  of  the  weight  density  (or  density)  of 

a  fluid  tothe  weight  density  (or  density)  of  a_siandard  fluid.  For  liquids,  the  standard  fluid  is  taken  water 
and  for~gases,  the  standard  fluid  is  taken  air.  Specific  gravity  isjujiO_atUj^^laii*^ 
dimension  less  quantity  and  is  denoted  by  the  symbol  S, 

Weight  density  (density)  of  liquid 
Weight  density  (density)  of  water 
Weight  density  (density)  of  gas 
Weight  density  (density)  of  air 
Thus  weight  density  of  a  liquid  =  S  x  Weight  density  of  water 

=  Sx  1000x9.81  N/m3 
The  density  of  a  liquid  =  S  x  Density  of  water 

=  Sx  100Okg/m3.  ...(1.1  A) 

If  the  specific  gravity  of  a  fluid  is  known,  then  the  density  of  the  fluid  will  be  equal  to  specific  gravity 
of  fluid  multiplied  by  the  density  of  water.  For  example  the  specific  gravity  of  mercuryis  13.6,  hence 
density  of  mercury  =  13.6x  1000  =  13600  kg/m3. 

Problem  1.1    Calculate  the  specific  weight,  density  and  specific  gravity  of  one  litre  of  a  liquid 
which  weighs  7  N. 
Solution.  Given  : 

1     rr?      U  1 

rJ56"m  I 

Weight  =  7  N 

7N 


Volume  =  1  litre  = 


1  litre  =  -m3  or  .1  litre  =  1000  cm3 

1000 


(0  Specific  weight  (u) 

(n)  Density  (p) 
{Hi)  Specific  gravity 


Weight 
Volume 


U  ooo,J 


=  7000  N/nr\  Arts. 


7000 
9.81 


kg/m3  =  713.5  kg/m3.  Ans. 


Density  of  liquid  =  7115  Density  of  water  =  1000  kg/m3} 

Density  of  water  1000 


=  0.7135.  Ans. 
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Problem  1 .21  Calculate  the  density,  specific  weight  and  weight  of  one  litre  of  petrol  of  specific 
gravity  =  0.7 

1000 


Solution.  Given 


Sp.  gravity 
(/)  Density  fp) 
Using  equation  (1.1. A), 
Density  (p) 
(»)  Specific  weight  (\v) 
Using  equation  (1.1 ), 
(Hi)  Weight  (W) 

We  know  that  specific  weight  = 


Volume  =  1  litre  =  1  x  1000  cm3  =  i££  m3  =  0.001  m3 

10 

5  =  0.7 


or 


=  S  x  1000  kg/in3  =  0.7  x  1000  =  700  kg/m3.  Ans. 
w  =  p  x  g  =  700  x  9.81  N/rn3  =  6867  N/m3.  Ans, 
Weight 

W 


w  - 


Volume 
W 


or  6867  = 


0.001  0.001 
W  =  6867  x  0.001  =  6.867  N.  Ans. 


►  1.3  VISCOSITY 


Viscosity  is  defined  as  the  property  of  ;t  fluid  which  offers  resistance  to  the  movement  of  one  laver  of 
fluid  over  another  adjacent  layer  of  the  fluid.  When  two  layers  of  a  fluid,  a  distance  'dy'  apart,  move  one 
over  the  other  at  different  velocities,  say  tt  and  it  +  du  as  shown  in  Fig.  1 . 1,  the  viscosity  together  with 
relative  velocity  causes  a  shear  stress  acting  between  the  fluid  layers. 

The  top  layer  causes  a  shear  stress  on  the 
adjacent  lower  layer  while  the  lower  layer  causes  a 
shear  stress  on  the  adjacent  top  layer.  This  shear 
stress  is  proportional  to  the  rate  of  change  of  veloc- 
ity with  respect  to  y.  It  is  denoted  by  symbol 
icalledTp.u. 

du 


Mathematically. 


dy 


•I 

u  +  du 

dy 

u  *J 

r, 

du 

t 

jC-  velocity  profile 

or 


I  du 


Fig.  14    Velocity  variation  near  a  solid  hotmd.try. 


where  U.  (called  nut)  is  the  constant  ol  proportionality  and  is  known  as  the  co-efficient  of  dynamic  viscosity 
or  only  viscosity.  —  represents  the  rate  of  shear  strain  or  rate  of  shear  deformation  or  velocity  gradient. 


From  equation  (1.21.  we  have  ]i ; 


...(1,3) 


Thus  viscosity  is  also  defined  as  the  shear  stress  required  to  produce  unit  rate  of  shear  strain.- 

1.3.1     Units  of  Viscosity.    The  units  of  viscosity  is  obtained  by  putting  the  dimensions  of  ihe 
quantities  in  equation  ( !  3)  scanned  by  Fahid 
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n  = 


Shear  stress 


Force/  Area 


Change  of  velocity      f  Length  "\ 


Change  of  distance 

\2 


1 


Length 


Time 


(Length)" 


In  MKS  system,  force  is  represented  by  kgf  and  length  by  metre  (m),  in  CGS  system,  force  is  represented  by 
i  in  SI  system  force  is  represented  by  Newton  (N)  and  length  by  men  e  (m). 

kgf-sec 

m 

dyne-sec 


CGS  unit  of  viscosity 


cm 


In  the  above  expression  N/nr  is  also  known  as  Pascal  which  is  represented  by  Pa.  Hence  N/m"1  =  Pa 
=  Pascal  ■  * 

SI  unit  of  viscosity  =  Ns/m2  =  Pa  s. 

Newton -sec  Ns 


SI  unitof  viscosity 


m~ 


The  unit  of  viscosity  in  CGS  is  also  called  Poise  which  is  equal  to 


dyne-sec 


The  numerical  conversion  of  the  unit  of  viscosity  from  MKS  unit  to  CGS  unit  is  given  below 
one  kgf-sec     9.81  N-sec 


m 


{v  1  kgf  =9,81  Newton} 


m 


But  one  Newton  =  one  kg  (mass)  X  one  I  — (acceleration) 

UecV 

■ 


m 


<1000gm)x(100cm)  =  1Q0Q x  1M  gm-cm 


sec 

=  1000  x  100  dyne 


sec 


°"e  kg!-SeC  =  9.81  x  100000  =  9.81  x  10- 


100000 


dyne-sec 


m 


cm 


=  98.1^^=98.1, 
cm 


100  x  100  x  cm2 

I       cm  J 


Thus  for  solving  numerical  problems,  if  viscosity  is  given  in  poise,  it  must  be  divided  by  98.1  to  get 
its  equivalent  numerical  value  in  MKS, 

one  kgf-sec     9.81  Ns 


But 


m"  m 
one  Ns  98.1 


=  98.!  poise 


m    .            „                1  Ns 
poise  =  10  poise    or   Onepoise= — - — j 
9.81  10  m,  , 
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But  dyne 


One  poise 


=  f  gtnx 

=  1  "m  = 
s  cm 


lcm 

~T 
i 

1000 

s 


kg 


I 

100 


]T5 


1000  sm  nO's 


or    l  -s.  =  io  poise. 


Note,  (f)  In  SI  units  second  is  represented  by 's'  and  not  by  'sec:. 
(if)  If  viscosity  is  given  in  poise,  it  must  be  divided  by  IfJ  to  get  its  equivalent 
Sometimes  a  unit  of  viscosity  as  centipoise  is  use Jwhere 


1  centipoise  =  — -  poise  or 
100 


1 


1  cP  =  —  P 
100 


ie  viscosity  of  water  at  20°C  is  0.01  poise  or  1 .0  centipoise. 


— —  P        [cP  -  Centipoise,  P  -  Poise] 


2  Kinematic  Viscosity.  It  is  defined  as  llie  ratio  between  the  dynamic  viscosity  and  density  of 
id.  It  is  denoted  by  the  Greek  symbol  iv)  called  'nu'.  Thus,  mathematically,  [  


J  _  Viscosity  U 
\  •        Density  p 


The  units  of  kinematic  viscositv  is  obtainedas 


v  _  Units  of  ji    -   -   Force  x  Time 
V"  Units  of  p"(Length)2x  .Mass 
  (Lengthy 

. ,         Length  _. 
Mass  x   x  Tunc 

(Time)" 


Force  x  Time- 
Mass 
Length 


.(1.4) 


Mass  \ 
LengtrLjL 


Force  =  Mass  x  Acc.  1 

=  Mass  x  Leng1^  [ 
Time^  J 


_  (Length)2   

Time 

In  MKS  and  SI,  the  unit  of  kinematic  viscosity  is  metre2/see  or  m2/sec  while  in  CGS  units  it  is  written 
as  cmVs.  In  CGS  units,  kinematic  viscosity  is  alsoknown  stoke. 

f  f 

Thus,  one  stoke  =  Cnr/s    I  — —     m2/s  =  10~4  m2/s 

\  1 00  )  ~" 


Centistoke  means 


100 


stoke. 


N«  'ton's  Law  of  Viscosity,  ft  states  that  the  shear  stress  (t)  on  a  fluid  element  layer  is 
directly  proportional  to  the  rate  of  shear  strain  JEhe.constant  of  proportionality  is  called  the  coefficient 
oi  \  iscosity.  Mathematically,  it  is  expressed  as  given  by  equation  (1.2)  or  as' 


dtt 
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6  Fluid  Mechanics  •  - 


■ 


Fluids  which  obey  the  above  relation  are  known  as  Newtonian  fluids  and  the  fluids  which  do  see 
obev^fielibove  relation  are  called  Non-newtonian fluids. 

\l<3.4  Variation  of  Viscosity  with  Temperature.  Temperatur  affects  the  viscosity.  The  viscooBr 
oLliquids  decreases  with  the  increase  of  temperature  while  the  viscosity  of  gases  increases  with  ite 
^g^rncjea'se  of  temperature.  This  iS  due  to  reason  that  the  viscous  forces  in  a  fluid  are  due  to  cohesive  forces 
anjl  molecurairmonientum  transfer.  In  liquidsthe  cohesive  forces  predominates  the  molecular  momes- 
tum.transtet\'due  to  closely  packed  molecuiesymd  with  the  increase  in  temperature,  the  cohesive  forces 
decreases  witn  me  result  of  decreasing  viscosity,  kut  in  c'ase'oTgases  the  cohesive  lofce  are  small  aaf 
friolecuiar  momentum  transfer  predominates.  With  the  increase  in  temperature,  molecular  momentum 
transfer  increases  and  hence  viscosity  increases.  The  relation  between  viscosity  and  temperature  ftw 
ses  are:    .  "  "  ' 


(0  For  liquids, 


T — r  r 


Ji 


...(1.44) 


where  u  =  Viscosity  of  liquid  at  r°C,  in  poise 
'"u.q  =  Viscosity  of  liquid  at  0°C,  in  poise 
a,  p  =  are  constants  for  the 


For  water,  =  1.79  x  10" J  poise,  a  =  0.03368  and  p  =  0.000221. 

The  equation  (1.4  A)  shows  that  with  the  increase  of  temperature,  the  viscosity  decreases . 
(ii)  For  a  gas,  HT^  u.0  +  at  -  \ 


•  ;;   elorair    M0  =  0.0000 1 7.  a  =  O.OUUUUU056.  P  =  0.1189  X  10"9. 

equation  (YAB)  shows  that  with  the  increase  of  temperature,  the  viscosity  increases. 


MAB) 


The  fluids  may  be  classified  into  the  following  five  types  : 
2.  Real  fluid, 

4.  Non-Newtonian  fluid,  and 


.5    Types  of  Fluids 
1.  Ideal  fluid, 
3.  Newtonian  fluid, 
5.  Ideal  plastic  fluid. 

1.  Ideal  Fluid,  A  fluid,  which  is  incompressible  andishav- 
ing  no  viscosity,  is  known  as  an  ideal  tluid.  Ideal  fluid  is  only 
an  imaginary  fluid  as  all  the  fluids,  which  exist,  have  some  vis- 
cosity. 

2.  Real  Fluid.  A  fluid^which  possesses  viscosity,  is  known 
as  real  fluid.  AH  the  fluids*  in  actual  practice,  are  real  fluids. 

3.  Newtonian  Fluid.  A  real  fluid,  in  which  the. shear  stress 
is  directly,  proportional  to  the  rate  of  shear  strain  (or  velocity 
gradient),  is  known  as  a  Newtonian  fluid. 

4.  Non-iSewtoniun  Fluid.  A  real  fluid,  in  which  the  shear 
stress  is  not  proportional  to  the  rate  of  shear  strain  (or  velocity 
gradient),  known  as  a  Non-Newtonian  fluid. 

5 


VELOCITY  GRADIENT  I 


Fig.  1.2    Types  of  fluids. 

Ideal  Plastic  Fluid,  A  fluid,  in  which  shear  stress  is  more  than  the  yield  value  and  s(iearstress  is 
proportional  to  the  rate  of  shear  strain  (or  velocily  gradient),  is  known  as  ideal  plastic  fluid. 

Problem  1 .3  If  the  velocity  distribution  over  a  plate  is  given  by  u  -  —  y  -  y2  in  which  u  is  the 
velocity  in  metre  per  second  ai  a  distance  y  metre  above  the  plate,  determine  the  shear  stress  at 


y  =  0  and  y  =  0.15  m.  Take  dynamic  viscosity  of  fluid  as  8.63  poises.  scanmd  by  FaMd 
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Solution.  Given 


2  2 


=  i  _2v 


=  0.667 


Also 


f^il  orf— 1  «-  -2x.J5  =  . 667  -. 30  =  0 


367 


Value  of  tt  =  8.63  poise  =  —  SI  units  =  0.863  N  s/nr 

10 

du 

Now  shear  stress  is  given  by  equation  ( 1 .2)  as  T  =  u.  — . 
(0  Shear  stress  at  J'  =  0  is  given  by 


t0  =  H 


du 
d  * 


=  0.863  x  0.667  =  0.5756  NVm2.  A'ns. 


jr=0 


(it)  Shear  stress  at  y  =  0. 1 5  m  is  given  by 


(T),  _  Q  |5  =  u  fSfl        =  0.863  x  0.367  =  0.3167  N/m2.  Atis. 


^  V--'  /v  =  0.1S  ^5 

M|mny<4  4  p/flte,  0. 025  mm  diston  tfrom  a  fixed  plate,  moves  at  60  cm/s  and  requires  a  force  of 
2Npe7lmit  area  i.e.,  2  N/m!  lo  maintain  this  speed.  Determine  the  fluid  viscosity  between  the  plates. 


Solution.  Given  : 

Distance  between  plates,     dy  =  .025  mm 

=  .025  x  10  3  m 
Velocity  of  upper  plate,        u  =  60  cm/s  =  0.6  ni/s 

Force  on  upper  plate, 


1 


F  =  2.0  —. r . 
m 


dy  -_Q25  mm  =  i=:- 
-y  177/7/j},  7/7}/'> '/////// 

FIXED  PLATE 

■  Fig.  L3 


U  =  60  cm/s 


This  is  the  value  of  shear  stress  i.e.,  x 

Let  the  fluid  viscosity  between  the  plates  is  [X. 

da 

Using  the  equation  (1 .2),  we  have  X  =  [L  —  . 

where     du  =  Change  of  velocity  =  u  -  0  =  u  =  0.60  m/s 
dy  =  Change  of  distance  =  .025  x  10" 3  m 

N 


X  =  Force  per  unit  area  =  2.0 

m 


2.0=11 


0.60 


2.0  x  .025x10 


=  8.33  X  10  5  ~ 
m 


.025  x  1 0"3     ""    r*  0-«J 
=  8.33  x  1 0"^x  10  poise  =  8.33  X  lO"4  poise.^s. 
Probtem  1  ^      pfor*  of  ami  MxJ&mtf  is  pulled  with  a  speed  ofOAmh  relative^  another 

■  ofOP5  nun  from  it.  Find  the  force  and  power  reqltirW  U>  ««*iH.iJ**>N 
speed,  if  the  fluid  separating  rketa  is  having  viscosity  as  J  poise.        _  \ 


plate  located  at  a  distance 
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wwiuLiuri.  uiven  : 


A  =  1.5xl06mm2=1.5  m2 


Speed  of  plate  relative  to  another  plate,  du  =  0.4  m/s 
Distance  between  the  pJates,  dy  =  0.15  mm  =  0.15  X  10"3  m 

Viscosity 


*i  =1  poise  =i-  **L 
10  m2 


Using  equation  (1.2)  we  have  x  =  p  —  =  _L  x  0A 

dy      10  .15xl0"3 


N 

=  266.66  ~ 
m2 


m  ■■■    Shear  force,  F  =  x  x  area  =  266.66  x  1 .5  =  400  N.  Ans. 

(/;)  Power*  required  to  move  the  plate  at  the  speed  0.4  m/sec 
D  -  F  x  «  =  400  x  0.4  =  160  W.  Ans. 

Problem  1 .6    Determine  the  intensity  of  shear  of  an  oil  having  viscositv  -  1  «h.  ra,   n  ■  J 

Ns 
10  m2 

Dia.  of  shaft,  O  =  10  era  =  0.1m 

Distance  between  shaft  and  journal  bearing, 

dy=l.5  mm=1.5x!0-3m 
A'=  ISOr.p.m. 


Solution.  Given  : 


Speed  of  shaft. 
Tangential  speed  of  si 


TiDN    kx  0.1x150 


where  du 


60 
du 
dy 


60 


-  0.785  m/s 


velocity  between  shaft  and  bearing  =  u  - 1 


=  —  X 


0.785 


=  52.33  N/m2.  Ans. 


/  10    1.5  xKT3 

sZ^eTJe^tof^  Tot™:  ViSC°Si?  ff  *  Whkk  U  USedf°r  ******  fafMH  . 
,£  L   L  m  Td  m  lnchnedPla™        angle  of  inclination  30"  as  shown  in 

Solution.  Given  : 


Area  of  plate, 
Angle  of  plane. 
Weight  of  plate, 
Velocity  of  plate, 

■ 


A  =0.8x0.8  =  0.64  m2 
9  =  30° 
W  =  300N 
u  =  0.3  m/s 


*  PamT  =  FxuNmtz  =  FxuW(:-  Nm/s  =  Watt) 


Fig.  1.4 
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Thickness  of  oil  film,  t  =  dy  =  1,5  mm  =  1.5  x  10~3  tn 

Let  the  viscosity  of  fluid  between  plate  and  inclined  plane  is  p. 
Component  of  weight  W,  along  the  plane  =  Wcos  603  =  300  cos  60°=  150  N 
Thus  the  shear  force,  F ,  on  the  bottom  surface  of  the  plate  =  1 50  N 

F        1 50 

and  shear  stress.  t  =   =   NVm2 

Area  0.64 

Now  using  equation  (1.2),  we  have 

du 

w  here  du  =  change  of  velocity  =  u  -  0  =  u  =  0.3  m/s 

dy  =  t  =  1.5  x  10"3  m 
150 

0.64         1.5 xIO-3 

I1  =  i£^T7£-^  =  117  N  s/ml  =  1-17  x  10  =  11.7  poise.  Ans. 
0.64  x  0.3 

Problem  1 .8  Two  horizontal  plates  are  placed  1.25  cm  apart,  the  space  between  them  being  filled 
w  ith  oil  of  viscosity  14  poises.  Calculate  the  shear  stress  in  oil  if  upper  plate  is  moved  with  a  velocity 
of  2.5  m/s.  (A.M.I.E..  1972) 

Solution.  Given  : 

Distance  between  plates,     dy  =  1 .25  cm  =  0.0125  m 

14  -> 

Viscosity,  p  =  14  poise  =  —  N  s/m 

Velocity  of  upper  plate,        u  =  2.5  m/sec. 

Shear  stress  is  given  by  equation  ( 1 .2)  as,  T  =  p.  — 

where  du  =  Change  of  velocity  between  plates  =  u  -  0  =  u  =  2.5.  m/sec. 

dy"=  0.0125  in. 

14  ■  2.5 
t  =  —  x  =  280  N/m2.  Ans. 

Problem  1.9    The  space  between  n<o  square  flat  parallel  plates  is  filled  with  oil.  Each  side  of  the 
plate  is  60  cm.  The  thickness  of  the  oil  film  is  12.5  mm.  The  upper  plate,  which  moves  at  2.5  metre  per 
sec  requires  a  force  of  98.1  N  to  maintain  the  speed.  Determine  : 
( i)  the  dynamic  viscosity  of  the  oil  in  poise,  and 

(ii)  the  kinematic  viscosity  of  the  oil  in  stokes  if  the  specific  gravity  of  the  oil  is  0.95. 

(A.M. I.E.,  Winter  1977) 

Solution.  Given  : 

Each  side  of  a  square  plate      =  60  cm  =  0.60  Iti 
,%  Area.  A  =  0.6  x  0.6  =  0.36  nr 

Thieknessofoilfilm.         dy  =  12.5  mm  =  12.5  x  10" ' m 
Velocity  of  upper  plate.        u  -  2.5  m/sec 

I, 
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■\    Change  of  velocity  between  plates,  du  ~  2.5  m/sec 
Force  required  on  upper  plate,  F  =  9S.  1  N 

A    Shearstress,  ,  =  ^El  =  l=  98'tN 

Area     A  036m2 

(0  Let  ji  =  Dynamic  viscosity  of  oil 

Using  equation  (1 .2),  T  =  n—  or  —  =F  

dy      036     r     12.5  xlO'3 

M=^X1225^  =  13633  NS_ 


0.36  2.5 


m 


V  ~nS=  10p°iseJ 


-  1 .3635  x  10  =  13.635  poise.  Ans. 

Ui)  Sp.  gr.  of  oil,S  =0.95 

Let  v  =  kinematic  viscosity  of  oil 

Using  equation  (1.1  A), 

Mass  density  of  oil,  p  =  S  x  1000  =  0.95  x  1000  =  950  kg/m3 

1.3635  (m 

Using  the  relation,  v  =  ^  we  geI  v  =   Vm  J  =  .001435  m2/sec  -  .001435  x  104  cm2/s 

=  14,35  stokes.  Ans.  (y  cm2/s  =  stoke) 

Problem  1 .1 0    Find  the  kinematic  viscosity  of  an  oil  having  density  98/  kg/m3.  The  shear  stress  at 
a  point  in  oil  is  0.2452  N/m1  and  velocity  gradient  at  that  point  is  0.2  per  second. 
Solution.  Given  : 

Mass  density,  p  =  981  kg/m3 

Shear  stress.  j  =  0.2452  N/m2 

Velocity  gradient,  —  =  0  2  s 

dy 

Using  the  equation  (1.2),      t  =  p  —  or  0.2452  =  u  x  0.2 

dy 

Kinematic  viscosity  v  is  given  by 

y=  £  =L226  =  125x  l0-2  m2/sec 
p  981 

=  0. 1 25  x  I0"2  x  104  cm2/s  =  0. 1 25  x  1 02  cm2/s 

=  12.5  cm2/s  =  12.S  stoke.  Ans.  ( y  cm2/s  =  stoke) 

Problem  1 . 1 1 .  Determine  die  specific  gravity  of  a  fluid  having  viscosity  0. 05  poise  and  kinematic 
viscosity  0.035  stokes. 


Solution.  Given  : 


Viscosity.  |t  =  0.05  poise  =  —  N  s/m2  -  scanned  by  Fahid 
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Kinematic  viscosity.  v  =  0.035  siokes 

=  0.035  cnr/s  {  V  Stoke  =  cm2/s] 

=  0.035  X  10'  4  m2/s 

tt  4     0.05  1 

Usin°  the  relation  v  =  —  ,  we  set  0.035  x  10    =  — —  x  - 
p  10  p 

0<b   i__    =  142g  5  k  j 

W      10  .035XI0"4 

„.    .  -  Density  of-liquid  1428.5 

.■.    Sp.gr.  of  liquid  =  ^ — — —  =  'T^r  =1-4283  z  1.43,  Ans. 

H  fc  Density  of  water  1000 

Problem  1.12  Determine  the  viscosity  of  a  liquid  having  kinematic  viscosity-  6  stokes  and  specific 
gravity  1.9. 

Solution.  Given  :  * 
Kinematic  viscosity  V  =  6  stokes  =  6  cm2/s  =  6  x  10"+  nr/s 

Sp.  gr.  of  liquid  =  1.9 

Let  the  viscosity  of  liquid        =  |i 

Density  of  the  liquid 

Density  of  water 
Density  of  liquid 
1000 


Now'sp.  gr.  of  a  liquid 
at  1.9  = 


kg 

Density  of  liquid  =  1000  x  1.9  =  1900  -§ 

nr 


Using  the  relation  V  =  —  ,  we  get 


P 


6  x  10"4 


1900 

H  =  6  x  10"4  x  1900  =  1.14  Ns/m2 
=  1.14  x  10=  11.40  poise.  Ans. 


Problem  1.13  The  velocity  distribution  for  flow  over  a  flat  plate  is  given  by  u  =  $  y  -  v2  in  which 
h  is  the  velocity  in  metre  per  second  at  a  distance  y  metre  above  the  plate.  Determine  the  shear  stress 
at  v  =  0. 15  m.  Take  dynamic  viscosity  of fluid  as  S.6  poise. 


Solution.  Given  : 

3 

u  =  —  v  -  v- 

4  ■  ' 

^U       "      'v  ■ 
~dy  ~  4  ~  "° 

At  >  =  0,15, 

—  =  -  -  2  x  0.15  =0.75  -0.30  =  0.45 
dy  4 

Viscosity.- 

.  .     8.5  Ns 
U  =  8.5  poise  i 
10  in  1 

I           .       ,  Ns 
1  V  10  poise  =  1  — 
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Using  equation  (1.2), 


T  =  |l-  =  -x  0.45  -4-  =  0-3825  4^  Ans. 
dy      10  m2  m2 


Problem  1J4, — The  dynamic  viscosity  of  an  oil,  used  for  lubrication  between  a  shaft  and  sleeve  is 
6  poise.  The  shaft  is  of  diameter  0.4  m  and  rotates  at  190  r.p.m.  Calculate  the  power  lost  in  the 
bearing  for  a  sleeve  length  of  90  mm.  The  thickness  of  the  oil  film  is  1.5  mm. 


Solution.  Given  : 
Viscosity 


Dia.  of  shaft, 
Speed  of  shaft, 
Sleeve  length, 
Thickness  ofoi!  film, 


1.5  mm 


=  0.6 


Ns 
m 


(j.  =  6  poise 

-  6  Ns 
~  10  m2 
D  =  0.4  m 
jV=  190  r.p.m 
£.  =  90  mm  =  90x  10~3m 
(=1.5  mm=  1.5  x  10~3  m 


U  Willi  iiiLMnirmiiMMM^J  . 


SLEEVE 


mm- 


A  m 

X. 


HAFT 


Fig.  is 


.  Tangential  velocity  of  shaft,  u'  = 
Using  the  relation 


kDN  irx0.4xl90 


60 
du 
dy 


60 


=  3.98  m/s 


where    du  -  Change  of  velocity  -  u  -  0  =  u  -  3.98  m/s 
dy  =  Change  of  distance  = ;  =  1 .5  x  10" 3  xy 

3  98 

t  =  10  x  :  -  =  1592  NVnr 

^      1.5  x  I0"3 

This  is  shear  stress  on  shaft 

.■.    Shear  force  on  the  shaft,  F  =  Shear  stress  x  Area 

=  I592x  jtZ)xZ.=  1592x7tx.4x90>  10"3  =  180.05  N 


Torque  on  the  shaft. 


*Powerlost 


T  =  Force  x  —  =  180.05  x  —  =  36.01  Nm 
2  2 


2kNT  27txi90x36.01 


=  716.48  W.  Ans. 


60  60 

Problem  1.15  If  the  velocin  profile  of  a  fluid  over  a  plate  is  a  parabolic  with  the  vertex  20  cm 
from  the  plate,  where  the  velocity  is  120  cm/sec.  Calculate  the  velocity  gradients  and  shear  stresses  at 
a  distance  ofO,  10  and  20  cm  from  the  plate,  if  the  viscosity  of  the  fluid  is  8.5  poise. 

'  Solution.  Given  : 
Distance  of  vertex  from  plate   =  20  cm 
Velocity  at  vertex,  it  =  120  cm/sec 


120  cm/sec 


Viscosity, 


„  ,  .  8.5  Ns 
p_  =  8.5  poise  =  - 

10  m: 


:  0.85. 


"1  -•■ 

I 

20  cm 


*  Power  in  S.t.  unit  =  T  *  w  =  T  x  — —  Walt  =   -   -  Wail 


60 


60 


Fig,  1.6 
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The  velocity  profile  is  given  parabolic  and  equation  of  velocity  profile  is 

u=ay2  +  by  +  c  ...(/) 
where  a,  ft  and  c  are  constants.  Their  values  are  determined  from  boundary  conditions  as  : 
(a)  at  y  =  0,  u  =  0 
(ft)  at  >>  =  20  cm,  w  =  120  cm/sec 

(c)  at  >■  =  20  cm,  —  =0. 

ay 

Substituting  boundary  condition  (a)  in  equation  (t),  we  get 

c-0. 

Boundary  condition  (b)  on  substitution  in  (i)  gives 

120  =  a<20)2  +  ft(20)  =  400a  +  20b  ...(H) 
Boundary  condition  (c)  on  substitution  in  equation  (0  gives 

du 

—  =  2ay  +  ft  ...(Ut) 
ay 

or  0  =  2  x  a  x  20  +  b  -  40a  +  ft 

Solving  equations  (it)  and  (Hi)  for  a  and  & 
From  equation  (Hi),  b  -  -  40a 

Substituting  this  value  in  equation  (ii),  we  get 

120  =  400a  +  20  x  (-  40a)  =  400a  -  800a  =  -  400a 

a   =  =  -  0J 

-400  10 

ft  =  -40  X  (-0.3)=  12.0 

Substituting  the  values  of  a,  h  and  c  in  equation  (/), 

u  =  -  0.3y2  +  1 2y. 


Velocity  Gradient 


—  =  -  0.3  x  2y  +  12  =  -  0.6y  +  12 


iiy  =0,  Velocity  gradient,!—        =  -  0.6  x  0 -t- 1 2  =  12/s.  Ans. 
at  v  =  10  cm,  =  -  0.6  x  10  +  1 2  =  -  6  +  1 2  =  6/s.  Ans. 


at  y  =  20  cm, 
Shear  Stresses 

d  w 

Shear  stress  is  given  by,  x  =  p  — 


=  -0.6x20+  12  =  -  12+  12  =  0.  Ans. 
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(0  Shear  stress  at  y  =  0,  x  =  fi 

(ii)  Shear  stress  at  y  =  10,  t  =  |i 

(tit)  Shear  stress  at  y  =  20,  T  =  p. 


(du 

(du\ 

(dy) 

r-w 

(du 

(dy, 

=  0.85x12.0=10.2  N/m2 


:  0.85x6.0  =  5.1  N/m2 


=  0.85  x  0  =  0.  Ans. 


Problem  1.16  A  Newtonian  fluid  infilled  in  the  clearance  between  a  shaft  and  a  concentric  sleeve. 
The  sleeve  attains  a  speed  of  50  cm/s,  when  a  force  of  40  N  is  applied  ro  the  sleeve  parallel  to  the 
shaft.  Determine  the  speed  if  a  force  of  200  N  is  applied.  (A.M.I.E.,  Summer  1 980) 

Solution.  Given  :  Speed  of  sleeve,  «,  =  50  cm/s 

when  force, 


F,  =  40  N. 

Let  speed  of  sleeve  is  u2  when  force,  F2  -  200  N. 

du 


Using  relation 


where  x  -  Shear  stress  = 


dy 


Force  F 


Area  A 
du  =  Change  of  velocity  =  u  ~  0  =  u 
dy  -  Clearance  =  y 

F  u 
A  y 

_  ^l1" 


F  = 


an 


5 


A,  u.  and  y  are  constant } 


„  ,        .        ,  40  200 

Substituting  values,  we  get  —  =  

50  u2 


u2: 


50x200 
40 


=  50  X  5  =  250  cm/s.  Ans. 


Problem  1.17  A  15  cm  diameter  vertical  cylinder  rotates  concentrically  inside  another  cylinder  of 
diameter  15.10  cm.  Toth  cylinders  are  25  cm  high.  The  space  between  the  cylinders  is  filled  with  a 
liquid  whose  viscosity  is  unknown.  If  a  torque  of  12J1  Nm  is  required  to  rotate  the  inner  cylinder  at 
100  r.p.m,,  determine  the  viscosity  of  the  fluid.  (A.M.I.E.,  Winter  1 979) 

Solution.  Given  : 

Diameter  of  cylinder  =  15  cm  =  0.15  m 

Dia.  of  outer  cylinder  =  15.10  cm  =  0.151  m 

Length  of  cylinders,  L  =  25  cm  =  0.25  m 

Torque,  T=i2.0Nm  -  scanned by  Fahid 
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N  =  100  r.p.m. 

Let  the  viscosity  =  M- 

nDN     TtX 0.15x100  _nmmMM 
Tangential  velocity  of  cylinder,  u  =  =  6[)         "  u- /im  111/3 

A  =  nDxL  =  7ixO.15xO.25  =  .1178  m2 


Surface  area  of  cylinder, 
Now  using  relation 


du 

t  =  U-— 
dy 


where  du  =  u  -  0  =  «  =  .785<Lm/s 
0.151-0.150 


dy  =  - 

_  u.  x  .7854 
T"  .0005 

Shear  force, 
Torque, 


m=..00Q5  ra 


p.x.7854 

i  x  Area  =  —  X  .1 1/8 

.0005 


0 


12.0  = 


-ii^x.insx^ 

.0005  2 


!  2.0  X. 0005x2 


=  0.864  Ns/m2 


1.2  cm 





.7854 x.l  178 x  .15 
=  0.864  x  10  =  8.64  poise.  Ans. 

Problem  118  Two  large  plane  surfaces  are  2.4  cm  apart.  The  space  between  the  surfaces  is  filled 
with  glycerine.  What  force  is  required  to  dragTVery  thin  plate  of  surface  area  0.5  square  metre 
between  the  two  large  prane  surfaces  at  a  speed  of  0.6  m/s,  if: 

(i)  the  thin  plate  is  in  the  middle  of  the  two  plane  surfaces,  and 

(ii)  the  thin  plate  is  at  a  distance  of  0  8  cm  from  one  of  the  plane  surfaces  ?  Take  the  dynamic 
viscosity  of  glycerine  =  8.10  x  1(T  N  s/m2. 

Solution.  Given : 

Distance  between  two  large  surfaces  =  2.4  cm 
Area  of  thin  plate,  A  =  0.5  m 

Velocity  of  thin  plate,          u  =  0.6  m/s 
Viscosity  of  glycerine,         [l  =  8.10  x  10_l  N  s/m2 
Case  I.  When  the  thin  plate  is  in  the  middle  of  the  two  plane 
surfaces  [Refer  to  Fig.  1.7  (a)] 

Let  F,  =  Shear  force  on  the  upper  side  of  the  thin  plate 

F2  =  Shear  force  on  the  lower  side  of  the  thin  plate 
F  =  Total  force  reguired  to  drag  the  plate 
Then  F  =  F]  +  F2 

The  shear  stress  <Tj)  on  the  upper  side  of  the  thin  plate  is  given  by  equation, 


2.4  cm    .  \ 


1.2  cm 
ii  

Hg.  1.7  (a) 
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...  v-  .v 


(Ja) 


'  ~'  ?  ■ 

-   .    ■   | 


h 

where  du  =  Relative  velocity  between  thin  plate  and  upper  large  plane  surface 
=  0.6  m/sec 

dy  =  Distance  between  thin  plale  and  upper  large  plane  surface 

=  1.2  cm  =  0.012  m  (plate  is  a  thin  one  and  hence  thickness  of  plate  is  neglected) 

.*.      .  T1  =  8.10xl0-1x^J=40.5N/m2  ; 

Now  shear  force,  f,  ±=  Shear  stress  x  Area 

=  T,  x  A  =  40.5  x  0.5  =  20.25  N 
Similarly  shear  stress  (t2)  on  the  lower  side  of  the  thin  plate  is  given  by 


8.10x10 


Shear  f 
Tot 


Ix(^=4°-5N/m2 


^0.01 2  J 

F2  =  r,  x  A  =  40.5  x  0.5  =  20.25  N 
F  =  F1  +  F2  =  20.25  +  20.25  =  40.5  N.  Ans. 
C^e^J^fien  the  thin  plate  is  at  a  distance  of  0.8  cm  from  one  of 

the  plane  surfaces  [Refer  to  Fig.  1 .7  (b)].   T 

Let  the  thin  plate  is  a  distance  0.8  cm  from  the  lower  plane  surface. 

Then  Hktanf/>  nt'rti^  nlnto  frm  tVia  „nnar-   f  


ite  from  the  upper  plane  surface 
=  2.4-0.8=  1.6  cm  =  . 016  m 
( Neglecting  thickness  of  the  plate) 
The  shear  force  on  the  upper  side  of  the  thin  plate, 
Ft  =  Shear  stress  x  Area  =  T|  x  A 


i  

1.6  cm 


2.4  cm 


0.3  cm 
 Jf  


—  F 


™j  xA  =  8.10x  10"1  x 
The  shear  force  on  the  lower  side  of  the  thin  plate, 

F2  =  x2  x  A  -  [i 


0.6 


0.016 


Fig.  1.7  0) 


x  o.5  m  ijs.ii N. 


=  8.10x  10 


x  0.5  =  30.36  N 


Imti  oo  j 

■  -    Total  force  required  =  F ,  +  F2  =  1 5. 1 8  +  30.36  =  45.54  N.  Ans. 

Problem  1.19  A  vertical  gap  2.2  cm  wide  of  infinite  extent  contains  a  fluid  of  viscosity  2.0  N  s/m2 
W&  specific  gravity  0.9.  A  metallic  plate  1.2  m  x  1.2  m  x  0.2  cm  is  to  be  lifted  up  with  a  constant 
velocity  of  0.1 5  m/sec,  through  the  gap.  If  the  plate  is  in  the  middle  of  the  gap,  find  the  force  required. 
The  weight  of  the  plate  is  40  N. 

Solution.  Given : 

Width  of  gap  =  2.2  cm,  viscosity,  u  =  2.0  N  s/m2 

Sq.  gr.  of  fluid  =0.9 
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Weight  density  of  fluid 

=  0.9  x  1000  =  900  kgf/m3  =  900  x  9.81  N/m3 

(v  lkgf=9.81  N) 
=  1.2mxl.2mx0.2  cm 
=  1 .2  x  1 .2  x  .002  m3  =  .00288  m3 
=  0.2  cm 
=  0.15  m/sec 
=  40  N. 

When  plate  is  in  the  middle  of  the  gap,  the  distance  of  the  plate 
of  plate  from  vertical  surface,  of  the  gap 

_  (  Width  of  gap-Thickness  of  plate ^ 
=  (  2  J 

(2-2-02) 

=  =  1  cm  =  .01  m. 

2 

Now  the  shear  force  on  the  left  side  of  the  metallic  plate, 


Volume  of  plate 

Thickness  of  plate 
Velocity  of  plate 
Weight  of  plate 


1.0 


1.0 


0.2  cm 


Fig.  1.8 


F,  =  Shear  stress  X  Area 


x  Area  =  2.0  X 


0.151 
.01 


x  1.2X1.2N 

(v  Area=  1.2  x  1.2 


=  43.2N. 

Similarly,  the  shear  force  on  the  right  side  of  the  metallic  plate, 


F2  —  Shear  stress  x  Area  =  2.0 ! 


xf-1 


x  1.2  x  1.2  =  43.2  N 


.*.    Total  shear  force  =  F,  +  F2  =  43.2  +  43.2  =  86.4  N. 

In  this  case  the  weight  of  plate  {which  is  acting  vertically  downward)  and  upward  thrust  is  also  to  be 
taken,  into  account. 

The  upward  thrust  =  Weight  of  fluid  displaced 

=  9.81  x  900  x  .00288  N 

(v  Volume  of  fluid  displaced  =  Volume  of  plate  -  .00288) 
-  25.43  N. 

The  net  force  acting  in  the  downward  direction  due  to  weight  of  the  plate  and  upward  thrust 

=  Weight  of  plate  -  Upward  thrust  =  40  -  25.43  =  14.57  N 
.■.    Total  force  required  to  lift  the  plate  up 

=  Total  shear  force  +  14.57  =  86.4  +  14.57  =  100.97  N.  Ans. 


4   THERMODYNAMIC  PROPERTIES 


Fluids  consist  of  liquids  or  gases.  But  gases  are  compressible  fluids  and  hence  thermodynamic  prop- 
erties play  an  important  role.  With  the  change  of  pressure  and  temperature,  the  gases  undergo  large 
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variation  in  density.  The  relationship  between  pressure  (absolute),  specific  volume  and  temperature 
(absolute)  of  a  gas  is  given  by  the  equation  of  State  as 

=  RT  or  &  =  RT  y'  %41.53 

p 

where  p  =  Absolute  pressure  of  a  gas  in  N/m2 

V  =  Specific  volume  =  - 
P 

R  =  Gas  constant 

T  =  Absolute  temperature  in  °K 

p  =  Density  of  a  gas. 

1 .4. 1  Dimension  of  R.  The  gas  constant,  R,  depends  upon  the  particular  gas.  The  dimension  ofR 
is  obtained  from  equation  ( 1 .5)  as 

(0  In  MKS  units  R  =  ,kff  = 

(j'i)  In  SI  units,  p  is  expressed  in  Newton/m2  or  N/m2. 

„      N/m2       N-m     Joule     rt  , 

R  =  -n-  =  — -  =  — -    (Joule  =  N-m] 

kgxK    kg-K  kg-K 

m 


For  air,  R  in  MKS  =  29.3 


kg-K 

kgf-m 


R  in  SI  =  29.3  x  9.81  -^L  =  287 


kg°K  kg-K 

v. . 

1.4.2  Isothermal  Process.  If  the  changes  in  density  occurs  at  constant  temperature,  then  the 
process  is  called  isothermal  and  relationship  between  pressure  (p)  and  density  (p)  is  given  by 

P  s 

—  =  Constant  ...(1  6) 

P 

1.4.3  Adiabatic  Process.  If  the  change  in  density  occurs  with  no  heat  exchange  to  and  from  the 
gas,  the  process  is  called  adiabatic.  And  if  no  heal  is  generated  within  the  gas  due  to  friction,  tire 
relationship  between  pressure  and  density  is  given  by 

J  \  '  ":   ■  . 

-~  =Consiant  ...(1.7) 
P 

where  k  =  Ratio  of  specific  heat  of  a  gas  at  constant  pressure  and  constant  volume. 
*  *  1.4  " 


1- 
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1.4.4    Universal  Gas  Constant. 

Let  m  =  Mass  of  a  gas  in  kg 

V  -  Volume  of  gas  of  mass  m 
p  -  Absolute  pressure 

T= Absolute  temperature 
Then,  we  have  PV  =  mRT  ...(1.8) 

where  R  =  Gas  constant. 

Equation  (1.8)  can  be  made  universal,  i.e.,  applicable  to  all  gases  if  it  is  expressed  in  mole-basis. 
Let  n  =  Number  of  moles  in  volume  of  a  gas 

V  -  Volume  of  the  gas 

Mass  of  the  gas  molecules 

M  =   —  

Mass  of  a  hydrogen  atom 

m  =  Mass  of  a  gas  in  kg 

Then,  we  have  nxM  =  m. 

Substituting  the  value  of  m  in  equation  (1.8),  we  get 

pV^nxMxRT  -.(1.9) 

ksf-m 


The  product  M  URis  called  universal  gas  constant  and  is  equal  to  848  —  in  MK.S  units  and 

kg-mole°K 

8314  J/kg-moie  K  in  SI  units. 

One  kilogram  mole  is  defined  as  the  product  of  one  kilogram  mass  of  the  gas  and  its  molecular  weight. 

Problem  1 .20  A  gas  weighs  16  N/m3  at  25°C  and  at  an  absolute  pressure  of  0.25  N/mm2.  Deter- 
mine the  gas  constant  and  density  of  the  gas. 

Solution.  Given : 

w=  16  N/m2 


Temperature,  r  =  25°C  ir«*X 

T=  273  + 1  =  273  +  25  =  288<"K 

p  =  0.25  N/mm2  (abs.)  =  0.25  x  106  N/m2  =  25  x  104  N/m2 

(i)  Using  relation  w  =  pg,  density  is  obtained  as 

w      16       „  „  ,    ,    3  , 

p  =  —  =        =  1.63  kg/irr.  Ans. 

g  9.83 

(ii)  Using  equation  (1.5),    —  =  RT 

P 

fi  =  ^=25xl04  =  532_55  Nm  M 
pT    1.63x288  kgK 

■ » 

Problem  1 .21  A  cylinder  of  0.6  m3  in  volume  contains  air  at  50°C  and  0.3  N/mm2  absolute  pres- 
sure. The  air  is  compressed  to  0.3  wr.  Find  (i)  pressure  inside  the  cylinder  assuming  isothermal 
process  and  (ii)  pressure  and  temperature  assuming  adiabatic  process.  Take  k=  1.4. 

Solution.  Given  : 

Initial  volume,  V,  =0.6m3  > 
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Temperature 


Final  volume 

(/)  Isothermal  process 
Using  equation  (1.6), 


f,  =  50°C 

r,  =  273  +  50  =  323°K 

p}  =  0.3  N/mm2  =  0.3  x  106  N/m2  =  30  x  104  N/m2 
V2  =  0.3m3 


—  =  Constant  or  pV  -  Constant. 
P 


Pi 


=  ^P-=  30Xl^X06  =  0.6  x  I06  N/m2  =  0.6  N/mm2.  Ans. 


0.3 


(if)  Adiabatic  process 
Using  equation  (f.7), 


—r  =  Constant  ox  p  V  =  Constant 
P 


,  30  x  104  x  |  — 
0.3 


IA 


=  30x  104x2 


,1.4 


or 

or 


=  0.791  x  106  N/m2  =  0.791  N/mm2.  Ans. 
tion(1.5),  we  get 

pV  =  RT  and  also  pV^  Constant 

p  =  4t"  atld  4r  x  v*  Constant 
V  V 

vit-1 


fiTV*-'  =  Constant 
-  r  V*  1  =  Constant 
;->lV/-'-7'2V*-1 


T2  =  T, 


vV3 


g 


{•;  R  is  also  constant} 
;323  x2a4  =  426.2°K 


t2  =  426.2  -  273  =  153.2°C.  Ans. 

Problem  1 .22    Calculate  the  pressure  exerted  by  5  kg  of  nitrogen  gas  at  a  temperature  of  10°C  if 
the  volume  is  OA  m3.  Molecular  weight  of  nitrogen  is  28.  Assume,  ideal  gas  laws  are  applicable. 
Solution.  Given  : 

Mass  of  nitrogen  =  5  kg 

Temperature,  t  =  10°C 

r*=  273  +  10  =  283°K 
Volume  of  nitrogen,  V  =  0.4  m3 

Mqleeular.wcight  =  28 

Using  equation  (1.9),  we  have  /?V  -nxMxRT 
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N-ro 


where  MxR  =  Universal  gas  constant  =  83 14 

kg-mole°K 

and  one  kg-mole  =  (kg-mass)  x  Molecular  weight  =  (kg-mass)  x  28 

of  8314  N"m 
R  for  nitrogen  =   =  296.9  

28  kg°K 
The  gas  laws  for  nitrogen  is  />V  =  mRT,  where  R  =  Characteristic  gas  constant 
or  p  x  0.4  =  5  x  296.9  x  283 

5x296.9x283 


P  = 


0.4 


=  1050283.7  N/m2  =  1.05  N/mra2.  Ans. 


MPRESSIBIUTY  AND  BULK  MODULUS 


Compressibility  is  the  reciprocal  of  the  bulk  modulusof 
elasticity,  K  which  is  defined  as  the  ratio  of  compressive  stress 
to~volurnetric  strain. 

Consider  a  cylinder  fitted  with  a  piston  as  shown  in  Fig.  1 .9. 
Let  V  =  Volume  of  a  gas  enclosed  in  the  cylinder 

p  =  Pressure  of  gas  when  volume  is  V 
Let  the  pressure  is  increased  to  p  +  dp,  the  volume  of  gas 
decreases  from  V  to  V  -  dV. 

Then  increase  in  pressure        =  dp  kgf/m2 
Decrease  in  volume  =  dV 

V 

ve  sign  means  the  volume  decreases  with  increase  of  pressure. 

g_  Increase  of  pressure 
Volumetric ; 


*i  dV 

1  ~ 

■ 

PISTON 

1  i- 

1  f- 
i  i 

i  1 

*  ■ 

;■/'■ 

1-  p 


CYLINDER 


Fig.  1.9 


Volumetric  strain 


Bulk  modulus 


sibility  is  given  by     =  — 


=  _dp_  =  Z±y 


1 


..(1.10) 

,.(1.11) 


lationship  between  Bulk  Modulus  (K)  and  Pressure  (p)  for  a  Gas 


the  relationship  between  bulk  modulus  of  elasticity  (K)  and  pressure  for  a  gas  for  two  different 
processes  of  compression  are  as : 

(0  For  Isothermal  Process.  Equation  (1.6)  gives  the  relationship  between  pressure  (p)  and  density 
(p)  of  a  gas  as 


P 


i  Constant 
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or  =  Constant 

Differentiating  this  equation,  we  get  (p  and  V  both  are  variables) 


pdV  +  Vdp  =  0    or   pdV  =  - 


or   p  = 


-Vdp 


Substituting  this  value  in  equation  (1.10).  we  get 

K  =  p 

(ii)  For  Adiabatic  Process.  Using  equation  (1.7)  for  adiabatic  process 
P 


•(1.12) 


=  Constant  orp  V  =  Constant 


Differentiating,  we  get  pd(\/k)  +  V  (dp)  -  0 
or        pxkx  V1-'  dV  +  V"dp  =  0 
or  pkdV  +  Vdp  =  0 


[Cancelling  V*  1  to  both  sides] 


or 


pkdV  =  -  Vdp    or   pk  =  - 


Vdp 
dV 


...(1.13) 


Hence  from  equation  { 1 . 10),  we  have 

K  =  pk 

where  K  =  Bulk  mo-iulus  and  k  =  Ratio  of  specific  heats. 

.  P  ro  bl  e  m  1 .23  OeU  -mine  the  bulk  modulus  of  elasticity  of  a  liquid,  if  the  pressure  of  the  liquid  i  $ 
increased  from  70  N/cm2  to  130  N/cm2.  The  volume  of  the  liquid  decreases  by  0.15  per  cent. 

Solution.  Given : 

Initial  pressure  =  70  N/cm 

Final  pressure  =  1 30  N/cm2 

.*.    dp  =  Increase  in  pressure  =  130  -  70  =  60  N/cm2 

Decrease  in  volume  =0.15% 

...  s 

dV  0.15 

  =  +  

V  100 

Bulk  modulus.  A' is  given  by  equation  (3.1(1)  as 

. 

dp       60  N/cm2 


K  = 


ill 

100 


60x100 
.15 


=  4  X  iO4  N/cmz.  Ans. 


V  I  uu 

P  ro  blem  1 . 24  What  is  the  bulk  modulus  of  elasticity  of  a  liquid  which  is  compressed  in  a  cylinder 
from  a  volume  of  0.0125  m3  at  80  N/cm2  pressure  to  a  volume  of  0.0 J 24  mJ  at  150  N/cm2  pressure  ? 


Solution.  Given  : 

Initial  volume,  V  =  0.0 1 25  m3 

Final  volume  =  0,0 1 24  m3 

:.    Decrease  in  volume.  dV  =  .0125  -  .0124  =  .0001  m1 
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_dy_  =  .Qooi 

V  .0125 
Initial  pressure  =  80  N/cm2 

Final  pressure  =  150  N/cm2 

.-.  Increase  in  pressure,  dp  m  (150-  80)  =  70  N/cm2 
Bulk  modulus  is  given  by  equation  (1.10)  as 

70 


K  = 


<N  ~  .0001 


.0125 


-  70  x  125  N/cm' 


=  8.75  x  10J  N/cm2.  Ans. 


i  .6    SURFACE  TENSION  AND  CAPILLARITY 


Surface  tension  is  defined  as  the  tensile  force  acting  on  the  surface  of  a  liquid  in  contact  with  a  gas  or 
on  thtTsurface  between  two  immiscible  liquids  si idi  that  the.  rnrjtftci,surlace  oehaves  like  almefnbrance  | 
u"H3irtensio^The  magnitude  of  this  force  per  unit  length  of  the  free  surface  will  have  the  same  value  as 
tfie  surface  energy  per  unit  area.  It  is  denoted  by  Greek  letter  O  (called  sigma).  In  MKS  units,  it  is 
expressed  as  kgf/m  while  in  SI  units  as  N/m. 

The  phenomenon  of  surface  tension  is  explained  by  FREE  SURFACE 

Fig.  1.10.  Consider  three  molecules^,  B,  C  of  a  liquid  in  a  mass 
of  liquid.  The  molecule  A  is  attracted  in  all  directions  equally 
by  the  surrounding  molecules  of  the  liquid.  Thus  the  resultant 
force  acting  on  the  molecule  A  is  zero.  But  (he  molecule  B, 
which  is  situated  near  the  free  surface,  is  acted  upon  by  upward 
and  downward  forces  which  are  unbalanced.  Thus  a  net 


i 


Fig.  1.10    Surface  tension. 


resultant  force  on  molecule  B  is  acting  in  the  downward 
direction.  The  molecule  C,  situated  on  the  free  surface  of  liquid, 
does  experience  a  resultant  downward  force.  All  tfie  molecules 
on  the  free  surface^ejcperiencc  a  downward  forceffihus  the  rree~ 

surface  o'Hhc  hquid  acts  like  a  very  thin  film  under  tension  of  the  surface  of  the  liquid  act  as  though  it  is 
arrera^it^eTfTpTance  under  tension,  jl 

L^t^'Surface  Tension  on  Liquid  Droplet.   Consider  a  small  spherical  droplet  of  a  liquid  of 
-rodius  V.  On  the  entire  surface  of  the  droplet,  the  tensile  force  due  to  surface  tension  will  be  acting^ 
Let  a  =  Surface  tension  of  the  liquid 
^^SpP-  Pressure  intensity  inside  the  droplet  (in  excess  of  the  outside  pressure  intensity) 
d  =  Dia.  of  droplet. 

Let  the  droplet  is  cut  into  two  halves.  The  forces  acting  on  one  half  (say  left  half)  will  be 
(i)  tensile  force  due  to  surface  tension  acting  around  the  circumference  of  the  cut  portion  as  shown  in 
Fig.  1 . 1 1  (b)  and  this  is  equal  to 

=  ox  Circumference 
-axnd 


scanned  by  Fahid 


(«)  pressure  force  on  the  area  ~  d1  and  =px^  d2^  shown 

4 

in  Fig.  1.1  1 (e).  These  two  forces  will  be  equal  and  opposite 
underequdibnum  conditions,/.?., 


P  x  --  r  =  cr  x  JTd 
4 


fa)  DROPLET     (b)  SURFACE  TENSION 


or 


..(1.14) 


itension._In  su'ch  case,  we  have      _  ■   l-WO  Surfaces  ^  subjected  to  surface 

31 


PX~  d2  =  2x(oxnd) 
4 


.-.(1.15) 

shown  i^ari2TenSi°n  °"  3  """i*    C°<-^  ^quid  jet  of  diameter  V'  and  length  X'  as 

Consider  the  equilibrium  of  the  semi  jet,  we  have 
Force  due  to  pressure  =px  area  of  semj  jet 

=PxLxd  - 

rorcedue  to  surface  tension     ~ax2L  ■". 
Equating  the  forces,  we  have 

■  pxLxd=ox2L 

■  '              ox2L  J 
Pro6I5S"l.25    The  surface  lenshm  nf^tZ  "V,  -F'g-  --12  ■/r°rew  os 

r  »■» .  droplet  of  tz^ssss&ssssss^  00725 « *  ^ 

tffO»*?fer  o/dfe,  drop!e[  of  water.  8    X    ™HI  tke  0utslde  Pre^e.  Calculpt^e 


Solution.  Given 
Surface  tension,  a  =  0.0725  N/m 

Pressure  intensity,^  in  excess  of  outside  pressure  is 


■ 


Let 


{ 


P  =  0.02  N/cm2  =  0.02xl04  — 
t/=dia.  of  the  droplet 
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4a                 a     4  x  0.0725 
Using  equation  (1.14),  we  get  p  =  —  or  0.02  x  10  =  


d  = 


4x0.0725 


=  .00145  m  -  .00145  x  1000  =  1.45  mm.  Ans. 


0.02  x  (10)* 

Problem  1 .26  Find  the  surface  tension  in  a  soap  bubble  of  40  mm  diameter  when  the  inside 
pressure  is  2.5  N/m2  above  atmospheric  pressure. 

Solution.  Given : 

.  Dia.  of  bubble,  d  =  40  mm  ~  40  X  10" 3  m 

Pressure  in  excess  of  outside,  p  =  2.5  N/m2 
For  a  soap  bubble,  using  equation  (1 . 1 5),  we  get 

8o  8xc 


P  =  T 


or 


15 


o  = 


2.5x40x10" 


"  40xl0~3 

N/m  =  0.0125  N/m.  Ans. 

of  water  of  diameter  0.04  mm  is  10.32  N/cm2 


Problem  1.27 

(atmospheric  pressure).  Calculate  the  pressure  within  the  droplet  if  surface  tension  is  given  as 
0:0725  N/m  of  water. 


8 


Solution.  Given : 
Dia.  of  droplet. 
Pressure  outside  the  droplet 
Surface  tension, 


d  =  0.04  mm  =  .04  x  10"3m 
=  10.32  N/cm2  =  10.32  x 
a  -  0.0725  N/m 


or 


The  pressure  inside  the  droplet,  in  excess  of  outside  pressure  is  given  by  equation  (1. 14) 

4o    4x0.0725    ■>     7250 N 

d 


P  = 


=  7250  N/m2 


104  cm2 


=  0.725  N/cm' 


.04  x  Iff"3 

Pressure  inside  the  droplet  =p  +  Pressure  outside  the  droplet 

=  0.725 +  10.32  =  11.045  N/cm2.  Ans. 
Capillarity,  ftapillarity  is  defined  as  a  phenomenon  of  rise  or  fall  of  a  liquid  surface  in  a 

/smairtntJETetetive  to  the  adjacent  general  level  of  liquid  when  the  tube  is  held  vertically  in  the  liquid. 
The  rise  of  Hquid, surface  is  known  as  capillary  rise  while  the  fall  of  the  liquid  surface  is  known  as 
capillary  depressiqji  It  is  expressed  in  terms  of  cm  or  mm  of  liquid^Its 
value  depends  upon  the  specific  weight  of  theiifluid,  diameter  of  the 
tubearigUttfface  tension  of  the  liquid.  ~\ 

■"TJSpressJon  for  Capillary  Rise.  Consider  a  glass  tube  of  small 
diameter  V  opened  at  both  ends  and  is  inserted  in  a  liquid,  say  water. 
The  liquid  will  rise  in  the  tube  above  the  level  of  the  liquid. 

Let  h  =  height of  the  liquid  in  the  tube.  Under  a  state  of  equilibrium, 
f  the  weigKt  of  liquid  of  height  h  is  balanced 'by  the  forceat  the  surface  of 
the  liquid  in  the  tubeTBanhyforce  at  the  surface  of  the  liquid  in  the  tube 
'is  due  to  surface  tension."*  :  !  ;  — 


-  \ 

X 

1  r' 

vi-j 

~-:~--''-z:l::—.. 

 !  :  —        Fig.  1.13    Capillary  rise. 

El  a  =  Surface  tension  of  liquid 

8  =  Angle  of  contact  between  liquid  and  glass  tube. 
The  weight  of  liquid  of  height  h  in  the  tube  =  (Area  of  tube  x  h)  x  p  x$anned  fry  fahid 
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=  ~  d2xhxpxg 
4 

where  p  =  Density  of  liquid 

Vertical  component  of  the  surface  tensile  force 

=  (a  x  Circumference)  x  cos  9 

 '  ^ 

=  ax  Kdx  cos  9 
rium,  equating  (1.17)  and  (1.18),  we  get 


41.17) 


.(1.18) 


or 


~d2xhxpxg  = 
h  = 


csxxdxcosQ 

oxnd  xcosS 
-d  xpxg 


4  a  cos  9 
pxgxd 


...(1.19) 


The  value  of  6  between  water  and  clean  glass  tube  is  approximately  equal  to  zero  and  hence  cos  8  is 
equal  to  unity.  Then  rise  of  water  is  given  by 

4a 


h  = 


(1.20) 


px  gxd 

Expression  for  Capillary  Fall.  If  the  glass  tube  is  dipped  in  mercury,  the  level  of  mercury  in  the  tube 

will  be  lower  than  the  general  level  of  the  outside  liquid  as  shown  in  Fig.  1.14.  "  

Let  It  =  Height  of  depression  in  tube. 

Then  in  equilibrium,  two  forces  arc  acting  on  the  mercury  inside  ihe  lube.  First  one  is  due  to  surface 
tension  acting  in  the  downward  direction  and  is  equal  to  a  x  nd  x  cos  8.  '  

Second  force  is  due  to  hydrostatic  force  acting  upward  and  is  equal  to  intensity  of  pressure  at  a  depth 
'A*  X  Area     L 

=  px^d2  =  pgxhx±d2{:-p 

Equating  the  two,  we  get 

ax  Ttdxcos  9  =  pgh  x  ~  d2 
4 

4  a  cos  8 


pg<t 


Value  of  9  for  mercury  and  glass  tube  is  1 28 


1.21) 


pgh] 

—  ., 

<  i 

■  '  ■ — !  

p 

i 

MERCURY 
Fig.  1.14  . 

Problem  1.28  Calculate  the  capillary  rise  in  a  glass  tube  of  2-5  mm  diameter  when  immersed 
vertically  in  (a)'water  and  ( b)  mercury.  Take  surface  tensions  a  =  0.0725  N/m  for  water  and  a  =  0.52  N/m 
for  mercury  in  contact  with  air.  The  specific  gravity  for  mercury  is  given  as  13.6  and  angle 
=  J30°. 


Solution.  Given 
Dia,  of  tube, 


d  =  2.S  mm  =  2. 5  x1 8^  m 


Surface  tenstion,  a  forwater  ="0.0725 "N/m 
a  for  mercury  =  0.52  N/in 

Sp.gr.  of  mercury  -  13.6 
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.-.    Density  =  13.6x  1000kg/m3. 

(a)  Capillary  rise  for  water  (6  =  0) 

(I.         4a  4  x  0.0725 

Using  equation  (1.20),  we get/i  =  =  —  T 

pxgxd    1000  x  9.81  x  2:5  xUT3 

=  .  0118  m  =  1.18  cm.  Ans. 

(b)  For  mercury 

Angle  of  constant  between  mercury  and  glass  tube,  0  =  130° 

*..,:        '       4aeos8  4  x  0.52  x  cos  130° 

Using  equation  (1.21),  we  get  ft  = 


pxgxd    13.6 x  1000  x  9.81  x  2.5 x  10"3 
=  -.004  m  =  -  0.4  cm.  Ans. 
The  negative  sign  indicates  the  capillary  depression. 

Problem  1 .29  Calculate  the  capillary  effect  in  millimetres  in  a  glass  tube  of  4  mm  diameter,  when 
immersed  in  (i)  water,  and  (ii)  mercury.  The  temperature  of  the  liquid  is  20°C  and  the  values  of  the 
surface  tension  of  water  and  mercury  at  2Q°C  in  contact  with  air  are  0.073575  N/m  and  0.51  N/m 
respectively.  The  angle  of  contact  for  water  is  zero  that  for  mercury  1.30°.  Take  density  of  water  at 
20°C  as  equal  to  998  kg/m3.  (U.P.S.C.  Engg.  Exam.,  1974) 

Solution.  Given : 

Dia  of  tube,  d  =  4  mm  =  4x  10~3  m 

The  capillary  effect  (i.e.,  capillary  rise  or  depression)  is  given  by  equation  (1.20)  as 

4a  cos  6 

h  =  "7 

pxgxd 

where      a  =  surface  tenstion  in  kgf/m 

9  =  angle  of  contact,  and  p  =  density 
(i)  Capillary  effect  for  water 

■  a  =  0.073575  N/m,  6  =  0° 
.   p  =  998  kg/m3  at  20°C 

h  =  4X0073S?5XCOSQ;  =  7.51  x  ID"3 m 7.51  mm.  Ans. 
998  x  9.81  x4xl0"3 

fjfi)  Capillary  effect  for  mercury  - 

a  =  0.51  N/m,  0=  130°  and 

p  =  sp.  gr.  x  1000  =  13.6  x  1000  =  13600  kg/m2 

ft  =     4  x  0^1  x  cos  130°     =  _  2  A6  x  ,  0_3  m  =  _  2M  mm  Ans 
13600x9.81x4xl0~3 
The  negative  sign  indicates  the  capillary  depression. 
Problem  1 .30.    The  capillaiy  rise  in  the  glass  tube  is  not  to  exceed  0.2  mm  of  water.  Determine  its 
minimum  size,  given  that  surface  tension  for  water  in  contact  with  air  =  0.0725  N/m. 

Solution.  Given : 

Capillary  rise,  ft  =  0.2  mm  =  0.2  x  103  m 

Surface  tension,  o  =  0.0725  N/m 
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Let  dia,  of  tube  =d 
The  angle  9  for  water  =  0 

Density  (p)  for  water 
Using  equation  (1.20),  we  get 

,  4cr 

h  =  

pxgxd 

4  x  0.0725 


or  0.2  x  10"3  = 


4  x  0.0725 


d  = 


1000  x  9.81xd 
-0.148m  =  14.8  cm.  Ans. 


>x9.81x.2xl(T3 
Thus  minimum  diameter  of  the  tube  should  be  14.8  cm. 

Problem  1 .31  Find  out  the  minimum  size  of  glass  tube  that  can  be  used  to  measure  water  level  if 
the  capillary  rise  in  the  tube  is  to  be  restricted  to  2  mm.  Consider  surface  tension  of  water  in  contact 


withairas  0.073575  N/m. 
Solution.  Given : 
Capillary  rise. 
Surface  tension, 
Let  dia.  of  tube 
The  angle  6  for  water 
The  density  for  water, 


Using  equation  (!  .20),  we  get 


(Converted  to  SI  Units,  A.M.I.E.,  ! 

h  =  2.0  mm  =  2.0  x  10-3  m 
o  =  0.073575  N/m 

=  d 
=  0 

p  =  1000  kg/m3 


h  = 


4a 


d  = 


pxgx 

4  x  0.073575 


or  2.0  x  10" 3  = 


4x0.073575 


1000  x  9.81  xd 
0.015  m  =  1.5  cm.  Ans. 


1000x9.81x2x10" 
Thus  minimum  diameter  of  the  tube  should  be  1.5.cm. 
Problem  1 .32   fin  oil  of  viscosity  5  poise  is  used  for  lubrication  between  a  shaft  and  sleeve.. The 
diameter  of  the  shaft  is  0.5  m  and  it  rotates  at  200  r.p.m.  Calculate  the  power  lost  in  oil  for  a  slejeve 
length  of 100  mm.  The  thickness  ofoilfdm  is  1.0  mm.        [Delhi  University,  December,- 1 992  (NS)] 
Solution.  Given: 

m  =  ; 

5 


Dia,  of  shaft, 
Speed  of  shaft, 
Sleeve  length. 
Thickness  of  oil  film. 


-=0.5Ns/m2 
10 

D  =  0.5  m 
#  =  200  r.p.m. 

L  =  100  mm  =  100  X  10~3  m  =  0.1  in 
r=  1.0  mm  =  1  x  10~3  m 


Tangential  velocity  of  shaft,  »  = 


nDN      7UX  0,5x200 


Using  the  relation, 


60 

du 

dy 


60 


=  5.235  m/s 
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where,  du  =  Change  of  velocity  =  u  -  0  =  u  =  5.235  m/s 
dy  =  Change  of  distance  =  t  =  1  x  I0"3  m 

X=  05  X52f=  2617.5  N/m* 
1  x  10-3 

This  is  the  shear  stress  on  the  shaft 

.-.  Shear  force  on  the  shaft,  F  -  Shear  stress  x  Area  =  2617.5  xkDxL        (':    Area  =  izD  x  L) 

=  2617.5  x  jt  x  0.5  x  0.1  =  410.95  N 

Torque  on  the  shaft,  T  =  Force  x  ^  =  410.95  x  ^  =  102.74  Nm 

2  2 

27tN 

Power*  lost  =  T  X  (B  Watts  =  7  X  — — -  W 

60 


g 


=  102.74  x  271 X  200  =  2150  W  =  2.15  kW.  Ans. 
60 


►y   VAPOUR  PRESSURE  AND  CAVITATION 

A  change  from  the  liquid  state  to  the  gaseous  state  is  known  as  vaporization.  The  vaporization  (which 
depends  upon  the  prevailing  pressure  and  temperature  condition)  occurs  because  of  continuous  escaping 
of  the  molecules  through  the  free  liquid  surface. 

Consider  a  liquid  (say  water)  which  is  confined  in  a  closed  vessel.  Let  the  temperature  of  liquid  is 
20CC  and  pressure  is  atmospheric.  This  liquid  will  vaporise  at  100=C.  When  vaporization  takes  place, 
the  molecules  escapes  from  the  free  surface  of  the  liquid.  These  vapour  molecules  get  accumulated  in  the 
space  between  the  free  liquid  surface  and  top  of  the  vessel.  These  accumulated  vapours  exert  a  pressure 
on  the  liquid  surface.  This  pressure  is  known  as  vapour  pressure  of  the  liquid.  Or  this  is  the  pressure  at 
which  the  liquid  is  converted  into  vapours. 
te  Again  consider  the  same  liquid  at  20°C  at  atmospheric  pressure  in  the  closed  vessel.  If  the  pressure 
above  the  liquid  surface  is  reduced  by  some  means,  the  boiling  temperature  will  also  reduce.  If  the 
pressure  is  reduced  to  such  an  extent  that  it  becomes  equal  to  or  less  than  the  vapour  pressure,  the 
boiling  of  the  liquid  will  start,  though  the  temperature  of  the  liquid  is  20°C.  Thus  a  liquid  may  boil  even 
at  ordinary  temperature,  if  the  pressure  above  the  liquid  surface  is  reduced  so  as  to  be  equal  or  less  than 
the  vapour  pressure  of  the  liquid  at  that  temperature. 

Now  consider  a  flowing  liquid  in  a  system.  If  the  pressure  at  any  point  in  this  flowing  liquid  becomes 
equal  to  or  less  than  the  vapour  pressure,  the  vaporization  of  the  liquid  starts.  The  bubbles  of  these 
vapours  are  carried  by  the  flowing  liquid  into  the  region  of  high  pressure  where  they  collapse,  giving  rise 
to  high  impact  pressure.  The  pressure  developed  by  the  collapsing  bubbles  is  so  high  that  the  material 
from  the  adjoining  boundaries  gets  eroded  and  cavities  are  formed  on  them.  This  phenomenon  is  known 
as  cavitation. 

Hence  the  cavitation  is  the  phenomenon  of  formation  of  vapour  bubbles  of  a  flowing  liquid  in  a  region 
where  the  pressure  of  the  liquid  falls  below  *he  vapour  pressure  and  sudden  collapsing  of  these  vapour 
bubbles  in  a  region  of  higher  pressure.  When  the  vapour  bubbles  collapse,  a  very  high  pressure  is 
created.  The  metallic  surfaces,  above  which  the  liquid  is  flowing,  is  subjected  to  these  high  pressures, 
which  cause  pitting  action  on  the  surface.  Thus  cavities  are  formed  on  the  metallic  surface  and  hence  the 
name  is  cavitation. 

2rtAT  2kNT 

*  Power  in  case  of  S.I.  Unit  =  Tx  oj  or  — —  Watts  or  — —  KW.  The  angular  velocity  u>=  — . 
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HIGHLIGHTS 


■ 


1.  The  weight  density  or  specific  weight  of  a  fluid  is  equal  to  weight  per  unit  volume.  It  is  also  equal  to,  . 

w  =  p  x  g. 

2.  Specific  volume  is  the  reciprocal  of  mass  density. 

3.  The  shear  stress  is  proportional  to  the  velocity  gradient  — .  Mathematically,  x  =  il  —  ' 

dy  dy 

4.  Kinematic  viscosity  v  is  given  by  V  «  M- . 

P 

5.  Poise  and  stokes  are  the  units  of  viscosity  and  kinematic  viscosity  respectively. 

6.  To  convert  the  unit  of  viscosity  from  poise  to  MRS  units,  poise  should  be  divided  by  98.  1  and  to  convert 
poise  into  SI  units,  the  poise  should  be  divided  by  10.  SI  unit  of  viscosity  is  Ns/m2  or  Pa  s,  where  N/m2 
-  Pa  =  Pascal. 

_ 

7.  For  a  perfect  gas,  the  equatioH  of  stale  is  —  =  RT 

p 

where  R  -  gas  constant  and  for  air  =  29.3  kgfa""1  =  287  J/kg  °K. 

kg°K 

.  \  -.  .-        ■      '  ■  " 

8.  For  isothermal  process,- =  Constant  whereas  for  adiabatic  process,  4"  =  constant. 
P  p* 

•   •   •  ■  .*,.->■       ■  ~ 

10.  Compressibility  is  the  reciprocal  of  bulk  modulus  of  elasticity  or  m  —. 

11.  Surface  tension  is  expressed  in  N/m  or  dyne/cm.  The  relation  between  surface  tension  (a)  and  difference 

Arc 

of  pressure  (p)  between  the  inside  and  outside  of  a  liquid  drop  is  given  asp  =  ~ 

::  '  '   .  "  g(j  •      •.  "  ■■■■ 

v  -    For  a  soap  bubble,     p  -  — .      « '  . 

a 


ii 


2d 

For  a  liquid  jet,         p=  '    •  ■  ■  v  ;y 

■  U  ■ 

12.  Capillary  rise  or  fall  of  a  liquid  is  given  by  h  =  ■-?  c°s  . 

The  value  of  G  for  water  is  taken  equal  to  zero  and  for  mercury  equal  to  128°, 


EXERCISE  1 


(A)  THEORETICAL  PROBLEMS 

1.  De  fi  ne  t  he  fol  to wi  ng  fluid  prope  rti  es  : 

Density,  weight  density,  specific  volume  and  specific  gravity  of  a  fluid. 

2.  Differentiate  between  :  (?)  Liquids  and  gases,  (ii)  Real  fluids  and  ideal  fluids,  (Hi)  Specific  weight  and 
specific  volume  of  a  fluid. 

X  What  is  the  difference  between  dynamic  viscosity  and  kinematic  viscosity  ?  State  their    units  of 
measurements. 
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4.  Explain  the  terms  :  (i)  Dynamic  viscosity,  and  (it)  Kinematic  viscosity.  Give  their  dimensions. 

(A.M.I.E.,  Summer  1988) 

5.  Slate  the  Newton's  law  of  viscosity  and  give  examples  of  its  application.  (Delhi  University,  June  1996) 

6.  Enunciate  Newton's  law  of  viscosity.  Explain  the  importance  of  viscosity  in  fluid  motion.  What  is  the 
effect  of  temperature  on  viscosity  of  water  and  that  of  air?  {A.M.I.  E. ,  Winter  1 987) 

7 .  Define  Ne  w  to  n  i  an  an  d  N  o  n  -Nc  wtoni  an  flu  id  s. 

8.  What  do  you  understand  by  terms  :  (/)  Isothermal  process,  (i7)  Adiabatic  process,  and  (Hi)  Universal-gas 
constant. 

9.  Define  compressibility.  Prove  that  compressibility  for  a  perfect  gas  undergoing  isothermal  compression  is 

1  ...  .1 

—  while  for  a  perfect  gas  undergoing  isentropic  compression  is  ■ — . 

p  WP 

10.  Define  surface  tension.  Prove  that  the  relationship  between  surface  tension  and  pressure  inside  a  droplet  of 

4cr 

liquid  in  excess  of  outside  pressure  is  given  by  p  =  —. 

1 1 .  Explain  the  phenomenon  of  capillarity.  Obtain  an  expression  for  capillary  rise  of  a  liquid. 

12.  (a)  Distinguish  between  ideal  fluids  and  real  fluids.  Explain  the  importance  of  compressibility  in  fluid 
f]0W  (A.M.J.E.,  Sttmmer  1988) 
(b)  Define  the  terms  :  density,  specific  volume,  specific  gravity,  vacuum  pressure,  compressible  and  in- 
compressible fluids.                                                  0,  CP.  Vislmnvidyalaya,  Bhopal  S  2002) 

13.  Define  and  explain  Newton's  law  of  viscosity.  (Delhi  University,  April  1 992) 

14.  Convert  1  kg/s-m  dynamic  viscosity  in  poise.  (A.M. I.E.,  Wimer  1991) 

15.  Why  does  the  viscosity  of  a  gas  increases  with  the  increase  in  temperature  while  that  of  a  liquid  decreases 
with  increase  in  temperature  ?  (A.M.I.E.,  Winter  1 990) 

16.  (a)  How  does  viscosity  of  a  fluid  vary  with  temperature  ? 

\b)  Cite  examples  where  surface  tension  effects  play  a  prominent  role.      (J.N.  T.  U..  Hyderabad  S  2002) 

17.  ([)  Develop  the  expression  for  the  relation  between  gauge  pressure  P  inside  a  droplet  of  liquid  and  the 
surface  tension. 

(it)  Explain  the  following  : 

Newtonian  and  Non-Newtonian  fluids,  vapour  pressure,  and  compressibility.  (R.G.P.V.,  Bhopal  S  2001) 

(B)  NUMERICAL  PROBLEMS 

1.  One  litre  of  crude  oil  weighs  9.6  N.  Calculate  its  specific  weight,  density  and  specific  gravity. 

(A.M.I.E.,  Summer  1986)  [Ans.  9600  N/mJ,  978.6  kg/m3,  0.978] 
3 

2.  The  velocity  distribution  for  flow  over  a  flat  plate  is  given  by  u.  =  —  y  -  ym,  where  u  is  the  point  velocity 

in  metre  per  second  at  a  distance  y  metre  above  the  plate.  Determine  the  shear  stress"  at  y  =  9  cm.  Assume 
dynamic  viscosity  as  8  poise.  (Nagpur  University)  [Ans.  0.839  N/nT] 

3.  A  plate,  0.025  mm  distant  form  a  fixed  plate,  moves  at  50  cm/s  and  requires  a  force  of  1.471  N/m  to 
maintain  this  speed.  Determine  the  fluid  viscosity  between  the  plates  in  the  poise.     [Ans.  7.357  x  10"  ] 

4.  Determine  the  intensity  of  shear  of  an  oil  having  viscosity  =  1.2  poise  and  is  used  for  lubrication  in  the 
clearance  between  a  10  cm  diameter  shaft  and  its  journal  bearing.  The  clearance  is  1.0  mm  and  shaft 
rotates  at  200  r.p.m.  [Ans.  125.56  N/m  ] 

5.  Two  plates  are  placed  at  a  distance  of  0.15  mm  apart.  The  lower  plate  is  fixed  while  the  upper  plate  having 
surface  area  1 .0  m2  is  pulled  at  0.3  m/s.  Find  the  force  and  power  required  to  maintain  this  speed,  if  the 
fluid  separating  them  is  having  viscosity  1.5  poise.  (Ans.  300  N,  S9.8  W] 

6.  An  oil  film  of  thickness  1.5  mm  is  used  for  lubrication  between  a  square  plate  of  size  0.9  mx0.9  m  and  an 
inclined  plane  having  an  angle  of  inclination  20°.  The  weight  of  the  square  is  392.4  N  and  it  slides  down 
the  plane  with  a  uniform  velocity  of  0.2  m/s.  Find  the  dynamic  viscosit^^*^i^  ^  '  Fa^hU^2 
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7.  In  a  stream  of  glycerine  in  motion,  at  a  certain  point  the  velocity  gradient  is  0.25  metre  per  sec  per  metre. 
The  mass  density  of  fluid  is  1268.4  kg  per  cubic  metre  and  kinematic  viscosity  is  6.30  x  lCT*  square  metre 
per  second.  Calculate  the  shear  stress  at  the  point.  (U.P.S.C.,  1975)  [Ans.  0.2  N/m:] 

8.  Find  the  kinematic  viscosity  of  an  oil  hav  ing  density  980  kg/m2  when  at  a  certain  point  in  the  oii,  the  shear 


stress  is  0.25  N/m2  and  velocity  gradient  0.3/s. 


2 

Ans.  0.000849  —  or  8.49  stokes 


10 
II. 


Determine  the  specific  gravity  of  a  fluid  having  viscosity  0.07  poise  and  kinematic  viscosity  0.042  stokes. 

[Ans.  1.6671 

Determine  the  viscosity  of  a  liquid  having  kinematic  viscosity  6  stokes  and  specific  gravity  2.0. 

[Ans.  11.99  poise] 

If  the  velocity  distribution  of  a  fluid  over  a  plate  is  given  by  u  -  (3/4)  y  ~y\  where  u  is  the  velocity  in  metre 
per  second  at  a  distance  of  v  metres  above  the  plate,  determine  the  shear  stress  at  y  U  0.15  metre.  Take 
dynamic  viscosity  of  the  fluid  as  8.5  x  1 0~5  fcg-sec/m2.    (A.MJ.E,  Winter  1974)  [Ans.  3.825  x  10"5  kgf/m2] 

12.  An  oil  of  viscosity  5  poise  is  used  for  lubrication  between  a  shaft  and  sleeve.  The  diameter  of  shaft  is  0.5  m 
and  it  rotates  at  200  r.p.m.  Calculate  the  power  lost  in  the  oil  for  a  sleeve  lensth  of  100  mm.  The  thickness 
of  the  oil  film  is  1.0  mm.  [Ans,  2.15  kW] 

2 

13.  The  velocity  distribution  over  a  plate  is  given  by  u  =  |  y  -  y2  in  which  u  is  the  velocity  in  m/sec  at  a 

distance  of  v  m  above  the  plate.  Determine  the  shear  stress  at  y  =  0,  0. 1  and  0.2  m.  Take  u  =  6  poise. 

[Ans.  0.4,  0.028  and  0. 1 59  N/m2] 

14.  In  question  13,  find  the  distance  in  metres  above  the  plate,  at  which  the  shear  stress  is  zero. 

[Ans.  0.333  m] 

15.  The  velocity  profile  of  a  viscous  fluid  over  a  plate  is'paraDoiic  with  vertex  20  cm  from  the  plate,  where  the 
velocity  is  1 20  cni/s.  Calculate  the  velocity  gradient  and  shear  stress  at  distances  of  0, 5  and  15  cm  from  the 
plate,  given  the  viscosity  of  the  fluid  =  6  poise.[Ans.  12/s,  7.18  N/m2;  9/s,  5.385  N/m2  ;  3/s,  1.795  N/m2] 

16.  The  weight  of  a  gas  is  given  as  17.658  N/m3  at  30CC  and  at  an  absolute  pressure  of  29^43  N/cm2  Deter- 


mine the  gas  constant  and  also  the  density  of  the  gas. 


1.8kg  539.55N-m 

Ans.  r^.,  —  

m3  kg°K 


17.  A  cylinder  of  0.9  m3  in  volume  contains  air  at  0°C  and  39.24  N/cm2  absolute  pressure.  The  air  is  com 
pressed  to  0.45  m3.  Find  (i)  the  pressure  inside  the  cylinder  assuming  isothermal  process,  (is)  pressure  and 
temperature  assuming  adiabatic  process.  Take  k  -  1 .4  for  air. 

[Ans.  (i)  78.48  N/cm2,  (if)  103.5  N/m2,  140°CJ 

18.  Calculate  the  pressure  exerted  by  4  kg  mass  of  nitrogen  gas  at  a  temperature  of  15°C  if  the  volume  is  0.35  m3. 
Molecular  weight  of  nitrogen  is  28.  [Ans.  97.8  N/cm2] 

19.  The  pressure  of  a  liquid  is  increased  from  60  N/cm2  to  100  N/cm2  and  volume  decreases  by  0.2  per  cent. 
Determine  the  bulk  modulus  of  elasticity.  [Ans.  2  x  104  N/cm2] 

20.  Determine  the  bulk  modulus  of  elasticity  of  a  fluid  which  is  compressed  in  a  cylinder  from  a  volume  of 
0.009  m1  at  70  N/cm2  pressure  to  a  volume  of  0.0085  m3  at  270  N/cm2  pressure.  [Ans.  3.6  x  I03  N/cm2] 

21.  The  surface  tension  of  water  in  contact  with  air  at  20CC  is  given  as  0.0716  N/m.  The  pressure  inside  a 
droplet  of  water  is  to  be  0.0147  N/cm2  greater  than  the  outside  pressure,  calculate  the  diameter  of  the 
droplet  of  water.  [Ans.  1.94mm] 

.2.  Find  ihe  surface  tension  in  a  soap  bubble  of  30  mm  diameter  when  the  inside  pressure  is  1  962  N/m2  above 
atmosphere.  [Ans>  0  93735  N/mJ 

23.  Hie  surface  tension  of  water  in  contact  with  air  is  given  as  0.0725  N/m.  The  pressure  outside  the  droplet  of 

■water  of  diameter  0.02  mm  is  atmospheric  ^10.32  Jpj  .  Calculate  the  pressure  within  the  droplet  of 

Water  [Ans.  I  T.77  N/cm2]  , 

scanned  by  Fahid  t 
'""  PDF  created  by  AAZSwdpnil 


Properties  of  Fluids 


24 


Calculate  the  capillary  rise  in  a  glass  tube  of  3.0  mm  diameter  when  immersed  vertically  in  (a)  water,' snd 
(b)  mercury.  Take  surface  tensions  for  mercury  and  water  as  0.0725  N/m  and  0.52  N/m  respectively  in 
contact  with  air.  Specific  gravity  for  mercury  is  given  as  13.6.  [Ans.  0.966  cm,  0.3275  cm] 

The  capillary  rise  in  the  glass  tube  used  for  measuring  water  level  is  not  to  exceed  0.5  mm.  Determine  its 
minimum  size,  given  that  surface  tension  for  water  in  contact  with  air  =  0.071 12  N/m.      f  Ans.  5.8  cm] 
26.  (SI  Units).  One  litre  of  crude  oil  weighs  9.6  N.  Calculate  its  specific  weight,  density  and  specific  gravity. 

(Converted  to  SI  units,  A.M.I.E.,  Summer  1986)  [Ans.  9600  N/m3;  979.6  kg/m3  ;  0.9786] 
(SI  Units).  A  piston  796  mm  diameter  and  200  mm  long  works  in  a  cylinder  of  800  mm  diameter.  If  the 
annular  space  is  filled  with  a  lubricating  oi  l  of  viscosity  5  cp  (centi-poisc),  calculate  the  speed  of  descent  of 
the  piston  in  vertical  position.  The  weight  of  the  piston  and  axial  load  are  9.81  N.  [Ans.  7.84  m/s] 

(SI  Units).  Find  the  capillary  rise  of  water  in  a  tube  0.03  cm  diameter.  The  surface  tension  of  water  is 
0.0735  N/m.  [Ans.  9.99  cm] 

29.  Calculate  the  specific  weight,  density  and  specific  gravity  of  two  litres  of  a  liquid  which  weight  15  N. 

(Delhi  University,  April  1992)  [Ans.  7500  N/m3,  764.5  kg/m3,  0.764] 
A  150  mm  diameter  vertical  cylinder  rotates  concentrically  inside  another  cylinder  of  diameter  151  mm. 
Both  the  cylinders  are  of  250  mm  height.  The  space  between  the  cylinders  is  filled  with  a  liquid  of  viscosity 
10  poise.  Determine  the  torque  required  to  rotate  the  inner  cylinder  at  100  r.p.m. 

(Delhi  University,  April  1992)  [Ans.  13.87  Nm] 
A  shaft  of  diameter  120  mm  is  rotating  inside  a  journal  bearing  of  diameter  122  mm  at  a  speed  of  360  r.p.m. 
The  space  between  the  shaft  and  the  bearing  is  filled  with  a  lubricating  oil  of  viscosity  6  poise.  Find  the 
power  absorbed  in  oil  if  the  length  of  bearing  is  100  mm.(D_/i;  University,  May  1998)  [Arts.  1 15.73  W] 
A  shaft  of  diameter  1 00  mm  is  rotating  inside  a  journal  bearing  of  diameter  102  mm  at  a  space  of  360 
r.p.m.  The  space  between  the  shaft  and  bearing  is  filled  with  a  lubricating  oil  of  viscosity  5  poise.  The 
length  of  the  bearing  is  200  mm.  Find  the  power  absorbed  in  the  lubricating  oil. 

(Delhi  University,  June  1996)  [Ans.  1 1  1.58  W] 
33.  Assuming  that  the  bulk  modulus  of  elasticity  of  water  is  2.07  x  106  kN/m2  at  standard  atmospheric 
conditions,  determine  the  increase  of  pressure  necessary  to  produce  1%  reduction  in  volume  at  the  same 
temperature.  (Delhi  University,  June  1997) 

— —  =     -  =0.0  . 
V  100 
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[Hint.  K  =  2.07  x  106  kN/m2' 


Increase  in  pressure  (dp)  -Kx 


-<iV 


=  2.07  x  10s  x  0.01  =  2.07  x  104  kN/m2.  Ans. 


34.  A  square  plate  of  size  I  mx  1  m  and  weighing  350  N  slides  down  an  inclined  plane  with  a  uniform  velocity 
of  1.5  m/s.  The  inclined  plane  is  laid  on  a  slope  of  5  vertical  to  12  horizontal  and  has  an  oil  film  of  1  mm 


thickness.  Calculate  the  dynamic  viscosity  of  oil. 

[Hint  A  =  1  x  1  =  1  m2,W  =  350N,H  =  1.5  m/s,  tan  6  =  —  =  — 

12  AB 

Component  of  weight  along  the  plane  =  W  x  sin  8 

bc   5  [v  ac  =  Jab2  +  bc 

where  sin  G  =  - — - —  ______ 

134.615 


[J.N.T.U.,  Hyderabad,  S  2002] 


Now 


or 


F  =  W  sin  6  =  350  x- 
du 


13 


T  =  H  —- ,  where  du  =  u  -  0  =  u  =  1 .5  m/s  and 
dy 

dy  -  1  mm  =  1  x  10"3m 

|_^,,N4X^  =  ____^X__1__=0,0897 
A        dy  A    du        1  1.5  m  . 
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Chapter 


Pressure  and  its  Measurement 


►  2.1    FLUID  PRESSURE  At  A  POINT 

Consider  a  small  area  dA  in  large  mass  of  fluid.  If  the  fluid  is  stationary,  then  the  force  exerted  by 
the  surrounding  fluid  on  the  areadA  will  always  be  perpendicular  to  the  surfaced.  Let  dF is  the  force 

dF 

acting  on  the  area  dA  in  the  normal  direction.  Then  the  ratio  of         is  known  as  the  intensity  of 

dA 

pressure  or  simply  pressure  and  this  ratio  is  represented  by  p.  Hence  mathematically  the  pressure  at  a 
point  in  a  fluid  at  rest  is 

dF 

If  the  force  (F)  is  uniformly  distributed  over  the  area  (A),  then  pressure  at  any  point  is  given  by 

Force 


F 


Area 


.'.    Force  or  pressure  force,  F  =  p  x  A. 

The  units  of  pressure  are  :  (/)  kgf/m2  and  kgf/cm  2  in  MKS  units,  (i7)  Newton/m  2  or  N/m  2  and 
N/mm2in  SI  units.  N/m2  is  known  as  Pascal  and  is  represented  by  Pa.  Other  commonly  used  units  of 
pressure  are  : 

kPa  =  kilo  pascal  =  1000  N/m2 
bar=  100  kPa  =  105  N/m2. 


►  2.2    PASCAL'S  LAW 

It  states  that  the  pressure  or  intensity  of  pressure  at  a  point 
in  a  static  fluid  is  equal  in  all  directions.  This  is  proved  as  : 

The  fluid  element  is  of  very  small  dimensions  i.e.,  dx,  dy 
andds. 

Consider  an  arbitrary  fluid  element  of  wedge  shape  in  a 
fluid  mass  at  rest  as  shown  in  Fig.  2. 1 .  Let  the  width  of  the 
element  perpendicular  to  the  plane  of  paper  is  unity  and  px. 

34 


% 

B 

A 

c 

P.f  •  AX  ■  1 

F i 2 . 1    Forces  on  d  fluid  element. 
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,  and /J,  are  the  pressures  or  intensity  of  pressure  acting  on  the  face  AB,  AC  and  BC  respectively.  Let 


ZABC  =  8.  Then  the  forces  acting  on  the  element  are  : 

1.  Pressure  forces  normal  to  the  surfaces. 

2.  Weight  of  element  in  the  vertical  direction. 
The  forces  on  the  faces  are  : 

Force  on  the  face  AB  =  PXX  Area  of  face  AS 

=  p  x  x  dy  x  1 

Similarly  force  on  the  face  AC  =  pyxdxX  1 


Force  on  the  face  BC 
Weight  of  element 


-  (Mass  ofelement)  x  g 

(  ABxAC 

-  (Volume  x  p)  x  g  =  ^  


x  p  xg. 


where    p  =  density  of  fluid. 

Resolving  the  forces  in  .v-di  recti  on,  we  have 

Px  xdyxl-p(dsxl)  sin  (90°  -  6) 
or  px  x  dy  x  1  -  p-  ds  x  1  cos  B 

But  from  Fig.  2.1,  ds  cos  8 

pI  x  dy  X  1  -  p.  x  dy  X  1 
or  Px 


=  0 

=  n. 

=  AB  =  dy 
=  0 

=  Pz 


...(2.1) 


Similarly,  resolving  the  forces  in  v-direction,  we  get 

■py  x  dx  x  1  -  p.  x  ds  x  1  cos  (90c  - 


8)- 


dx  x  d\ 


xl  x  p  x  g  =  0 


..(2.2) 
...(2.3) 


or  Pyxdx-pzdssmQ  

But  ds  sin  8  =  dx  and"  also  the  element  is  very  small  and  hence  weight  is  negligible. 
pjlx  -pzx  dx  -  0 
or  Py=P: 
From  equations  (2.1)  and  (2.2),  we  have 

The  above  equation  shows  that  the  pressure  at  any  point  m  x,  y  and  z  directions  is  equal. 
Since  the  choice  of  fluid  element  was  completely  arbitrary,  which  means 'the  pressure  at  any  point 
is  the  same  in  all  directions. 

►  2.3    PRESSURE  VARIATION  IN  A  FLUID  AT  REST 

The  pressure  at  any  point  in  a  fluid  at  rest  is  obtained  by  the  Hydro- 
static Law  which  states  that  the  rate  of  increase  of  pressure  in  a 
vertically  downward  direction  must  be  equal  to  the  specific  weight  of 
the  fluid  at  that  point.  This  is  proved  as  : 

Consider  a  small  fluid  element  as  shown  in  Fig.  2.2 
Let  AA  =  Cross-sectional  area  of  element 
AZ  =  Height  of  fluid  element 
p  =  Pressure  on  face  AB 
Z=  Distance  of  fluid  element  from  free  surface 
'  The  forces  acting  on  the  fluid  element  are 


.FREE  SURFACE  OF  FLUID 


i 


Fig.  2.2    Forces  on  a  fluid  clement. 
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£.  Pressure  force  onAB=pxAA  and  acting  perpendicular  to  face  AB  in  the  downward  direction. 

2.  Pressure  force  on  CD  Jjj  +  ^AzJ  x  M,  acting  perpendicular  to  face  CD,  vertically  upward 
direction. 

3.  Weight  of  fluid  element  =  Density  x^x  Volume  =  pxgx(MxAZ) 

4.  Pressure  forces  on  surfaces  BC  and  AD  are  equal  and  opposite.  For  equilibrium  of  fluid 
element,  we  have 

pAA-      +  AA  +  pxgx(MxAZ)  =  0 


or 


or 


or 


pAA  -  pAA  -  H  AZM  +  p  x  g  x  AA  X  Z  =  0 
-  ^-^^  +  px?x  AA&Z  =  0 
^|AZM  =  p  x  g  x  A4AZ    or    |  =  px^  [cancelling  A4AZ  on  both  sides] 


3z"  "P^-,,!  ('■■  P*g  =  w)  ...(2.4) 

where  u-  =  Weight  density  of  fluid. 

Equation i  (24)  stales  (hat  rate  of  increase  of  pressure  in  a  vertical  direction  is  equal  to  weight 
density  of  the  fluid  at  that  point.  This  is  Hydrostatic  Law.  g 
By  integrating  the  above  equation  (2.4)  for  liquids,  we  get 

}dp  =  jpgZ 

°r  P  =  PSZ  .  (2.5) 

^rteJs  ^  ^  PreSSUre  3bOVe  atm°Spheric  pressure  and  Z  is  the  hei?ht  of  the  point  from  free 

From  equation  (2.5),  we  have     Z  = 

pxg  -.(2.6) 

Here  Z  is  called  pressure  head. 

Problem  2.1  A  hydraulic  press  has  a  ram  of  30  cm  diameter  and  a  plunger  of  4.5  cm  diameter  Find 
the  weigh  t  lifted  by  the  hydraulic  press  when  the  force  applied  at  the  plunger  is  500  N 
solution.  Given  : 

Dia.  of  ram,  £>  =  30  cm  =  0.3  m 

Dia.  of  plunger,  d  =  4.5  cm  =  0.045  m 

Force  on  plunger,  ^  =  500  N 

Find  weight  lifted  =  w 

Area  of  ram<  A  =  ?  D2  =  1  (0.3)2  =  0.07068  m2 

4  4 

Area  of  plunger,  a  =  |  #  =  |  {0.045)2  =  .00159  m2 
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Pressure  intensity  due  to  plunger 

Force  on  plunger  _  F  500 
Area  of  plunger      a  ,00159 


N/m\ 


Due  to  Pascal's  law,  the  intensity  of  pressure  will  be 
equally  transmitted  in  all  directions.  Hence  the  pressure 
intensity  at  the  ram 

500 


-PLUNGER 


But  pressure  intensity  at  ram 


-  =  314465.4  N/m2 
00159 

Weight_  _  W 
A 


Fig.  2.3 


W 


w 


Area  of  ram 
=  314465.4 


07068 


N/m" 


.07068 

.-.    Weight  =  314465.4  x.07068  =  22222  N  =  22.222  kN.  Ans. 

Problem  2.2  A  hydraulic  press  Has  a  ram  of 20  cm  diameter  and  a  plunger  of  3  cm  diameter.  It  is 
used  for  lifting  a  weight  of  30  kN.  Find  the  force  required  at  the  plunger. 

Solution.  Given  : 

D  =  20  cm  =  0.2  m 


Dia.  of  ram,- 
.-.    Area  of  ram, 
Dia.  of  plunger 
.-.    Area  of  plunger. 


A  =  -  D2=  -(.2)2  =  0.0314  m2 
4  4 

d  =  3  cm  =  0.03  m 

a  =  -(.03)2  =  7.068  x  10"4  nr 
4 


Weight  lifted, 
See  Fig.  2.3. 

Pressure  intensity  developed  due  to  plunger  = 


W=  30  kN  -  30  x  1000  N  -  30000  N. 
Force  F 


Area  a 

By  Pascal's  Law,  this  pressure  is  transmitted  equally  in  al!  directions 

"  .  F 

Hence  pressure  transmitted  at  the  ram  =  — 

a 

Force  acting  on  ram  =  Pressure  intensity  x  Area  of  ram 
F  Fx. 03 14 


x  A  = 
a  7.068x10" 


N 


But  force  acting  on  ram  -  Weight  lifted  =  30000  N 

Fx.0314 


30000  = 


F  = 


7.068  xlO"4 
30000x7.068x10" 
.0314 


=  675.2  %  Ans. 


Problem  2.3    Calculate  the  pressure  due  to  a  column  of  0.3  of  (a)  water,  (b)  an  oil  of  sp.  gr.  0.8, 
and  (c)  mercury  of  sp.  gr.  13.6.  Take  density  of  water,  p  -  1000  kg/m3. 
Solution.  Given  : 

Height  of  liquid  column,  Z  =  0,3  m. 
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The  pressure  at  any  point  in  a  liquid  is  given  by  equation  (2.5)  as 

P  =  9gZ 

(a)  For  water,  p  =  1000  kg/m3 

p  =  pgZ=  1000  x  9.81  x  0.3  =  2943  N/m2 


2943 
104 


N/cnr  =  0.2943  N/cm2.  Ans. 


(b)  For  oil  of  sp,  gr.  0.8, 

From  equation  (1.1  A),  we  know  that  the  density  of  a  fluid  is  equal  to  specific  gravity  of  fluid 
multiplied  by  density  of  water. 

p0  =  Sp.  gr.  of  oil  x  Density  of  water  (p0  -  Density  of  oil) 

=  0.8  x  p  -  0.8  x  1000  =  800  kg/m3 
p  =  p0  x  g  x  Z 

N       2354  4  !N 
=  800  x9.81  x  0.3  =  2354.4  Ar  =  f^L^L_, 

m2        104  cm2 


■.  Density  of  oil, 
Now  pressure, 


=  ,0.2354 


cm2 


Ans. 


(c)  For  mercury,  sp.  gr. 


=  13.6" 


Density  of  mercury, 


From  equation  (1.1A)  we  know  that  the  density  of  a  fluid  is  equal  to  specific  gravity  of  fluid 
multiplied  by  density  of  water 

ps  =  Specific  gravity  of  mercury  x  Density  of  water 

=  13.6  x  1000  =  13600  kg/m3 
P  =  Ps*SxZ 

N 

,2 


=  13600  X  9.81  x  0.3  =  40025 


nr 


400^5 


=  4.002 


N 


.  Ans 


1(T  cm' 

Problem  2.4    The  pressure  intensity  at  a  point  in  a  fluid  is  given  3.924  N/cm  .  Find  the  corre- 
sponding height  of  fluid  when  the  fluid  is  :  (a)  water,  and  (b)  oil  of  sp.  gr.  0.9. 
Solution.  Given  : 


Pressure  intensity, 


p=  3.924 


N 


=  3.924  x  104 


N 


cm*  m 
The  corresponding  height,  Z,  of  the  fluid  is  given  by  equation  (2.6)  as 

P 


(a)  For  water, 


(b)  For  oil,  sp.  gr. 
.-.  Density  of  oil 


Z 
■  P  : 

Z: 

Pa 
Z 


pxg 

1 000  kg/m3 

P    =  3.924  x  IP4 

pxg 
0.9 


1000x9.81 


=  4  m  of  water.  Ans. 


=  0.9  x  1000  =  900  kg/m3 

=  E  =  3  924  xlQ"  =  4  44  rfiWWPtkty.  Fahid 
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Problem  2.5    An  oil  ofsp.  gr.  0.9  is  contained  in  a  vessel.  At  a  point  the  height  of  oil  is  40  in.  Find 
the  corresponding  lieighl  of  water  at  the  point. 
Solution.  Given  : 

Sp.  gr.  of  oil,  Stt  =  0.9 

Height  of  oil,  Z0  =  40  m 

Density  of  oil,  p0  =  Sp.  gr.  of  oil  x  Density  of  water  -  0.9  x  1000  -  900  kg/nv1 

N 

Intensity  of  pressure,  p  =  p0  x  g  x  Z0  =  900  x  9.8 1  x  40  — 7 

m 

.'.    Corresponding  height  of  water  =  —-  

Density  of  water  x  g 

900x9.81x40     nnv,n    J-       f  t 
 =  0.9  x  40  =  36  ra  of  water.  Ans. 

1000  x  9.81 

Problem  2.6  An  open  tank  contains  water  upto  a  depth  of  2  m'and  above  it  an  oil  ofsp.  gr.  0.9  for 
a  depth  of]  m.  Find  the  pressure  intensity  (i)  at  the  interface  of  the  two  liquids,  and  (ii)  at  the  bottom 
of  the  tank. 

Solution.  Given  : 

Height  of  water,  Z,  =  2'm  J_ 

Height  of  oil,  Z2=lm  t0 

Sp.  gr.  of  oil,  S0  =  0.9  '_ 

Density  of  water,  p!  =  1000  kg/m3 

pensity  of  oil,  p2  ='Sp.  gr.  of  oil  X  Density  of  water  2.0 


=  0.9  x  1000  =  900  kg/m? 


■:-r:rr:-A:::- 
::water:-:-:-:- 


■B" 


Pressure  intensity  at  any  point  is  given  by 

'   P=pXgxZ.  Fie-2-4 

(0  At  interface,  i.e.,  at  A 

p  =  p2xgx  1.0 
=  900  x  9.81  x  1.0 

=  §829  ~  =         =  0.8829  N/cm2.  Ans. 
m2  104 

(ii)  At  the  bottom,  i.e.,  at  B 

p  =  p2  x  gZ2  +  p,  x  g  x     =  900  x  9.81  x  1.0  +  1000  x  9.81  x  2.0 

=  8829  +  19620  -  28449  N/m2  =   t-  N/cm2  =  2.8449  N/cm2.  Ans. 

104 

Problem  2.7  The  diameters  of  a  small  piston  and  a  large  piston  of  a  hydraulic  jack  ate  3  cm  and 
10  cm  respectively.  A  force  of  80  N  is  applied  on  the  small  piston.  Find  the  load  lifted  by  the  large 
piston  when  : 

(a)  the  pistons  are  at  the  same  level. 

( b )  small  piston  is  40  cm  above  the  large  piston. 

The  density  of  the  liquid  in  the  jack  is  given  as  1000  kg/tn}. 
Solution.  Given  : 

Dra.  of  small  piston,  x/=3cm 


Area  of  small  piston,  a  =  j  d2  =  j  x  (3)2  =  7.068  cm; 
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Dia,  of  large  piston, 

.'.    Area  of  larger  piston. 


D  =  10  cm 

A  =  —  x  (10)2  =  78.54  cm2 
4 

Force  on  small  piston.  F  -  80  N 

Let  the  load  lifted  =  W. 

(a)  When  the  pistons  are  at  the  same  level 

Pressure  intensity  on  small  piston 


80 


a  7.068 

This  is  transmitted  equally  on  the  large  piston. 
Pressure  intensity  on  the  large  piston 

80 


N/cm2 


W    \  I  LARGE 


SMALL 
'PISTON 


Force  on  the  large  piston 


7.068 
=  Pressure  X  Area 
80 


7.068 


x  78.54  N  =  888.96  N.  Ans, 


(b)  When  the  small  piston  is  40  cm  above  the  large  piston 

Pressure  intensity  on  the  small  piston 

=    80  N 
~  a      7.068  cm2 

.:    Pressure  intensity  at  section  A  -  A 
F 

=  —  +  Pressure  intensity  due  to  height  of  40  cm  of  liquid. 

But  pressure  intensity  due  to  40  cm  of  liquid 

-pxjxii  -  1000  x  9.81  x  0.4  N/m2 


1000x9.81 


104 

Pressure  intensity  at  section 
80 


—  N/cm2  =  0.3924  N/cm2 


Fig.  2.6 


A  —  A  = 


+  0.3924 


7.068 

=  11.32  +  0.3924  =  11,71  N/cm2 
.'.    Pressure  intensity  transmitted  to  the  large  piston  =  1 1.71  N/cm2 
.*.    Force  on  the  large  piston  =  Pressure  x  Area  of  the  large  piston 

=11.71  x  A  =  11.71  x  78.54  =  919.7  N. 

►  2.4    ABSOLUTE,  GAUGE,  ATMOSPHERIC  AND  VACUUM  PRESSURES 

The  pressure  on  a  fluid  is  measured  in  two  different  systems.  In  one  system,  it  is  measured  above 
the  absolute  zero  or  complete  vacuum  and  it  is  called  the  absolute  pressure  and  in  other  system, 
pressure  is  measured  above  the  atmospheric  pressure  and  it  is  called  gauge  pressure.  Thus  : 

1.  Absolute  pressure  is  defined  as  the  pressure  which  is  measured  with  reference  to  absolute 
vacuum  pressure. 

2.  Gauge  pressure  is  defined  as  the  pressure  which  is  measured  ^^h^h^ J^eipj^a^ressure 
measuring  instrument,  in  which  the  atmospheric  pressure  is  taken  as  dpffp  ^2l^WW>i^{ZB1Mlvr 
sure  on  the  scale  is  marked  as  zero. 
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3.  Vacuum  pressure  is  defined  as  the  pres- 
sure below  the  atmospheric  pressure. 

The  relationship  between  the  absolute  pres- 
sure, gauge  pressure  and  vacuum  pressure  are 
shown  in  Fig.  2.7. 

Mathematically : 

(i)  Absolute  pressure 

-  Atmospheric  pressure  +  Gauge  pressure 
(if)  Vacuum  pressure 

=  Atmospheric  pressure  -  Absolute  pressure. 


UJ 

U1 

VI 
W 

a. 


GAUGE  PRESSURE 


ATMOSPHERIC 
'  PRESSURE 


ABSOLUTE 
PRESSURE. 


■  VACUUM  PRESSURE 


B 





ABSOLUTE  ZERO  PRESSURE 

Fig.  2.7    Relationship  betieeen  pressures. 

Note.  (0  The  atmospheric  pressure  at  sea  level  at  I5°C  is  101.3  kN/nr  or  10.13  N/cm2  in  SI  unit.  In  case  of 
MKS  units,  it  is  equal  to  1.033  kgf/enr. 

07)  The  atmospheric  pressure  head  is  760  mm  of  mercury  or  10.33  m  of  water. 
Problem  2.8    What  are  the  gauge  pressure  and  absolute  pressure  at  a  point  3  m  below  the  free 
surf  ace  of  a  liquid  having  a  density  of  1.53  x  10*  kg/in3  if  the 'atmospheric  pressure  is  equivalent  to 
750  mm  of  mervuiy  ?  The  specific  gravity  of  mercury  is  13.6  and  density  of  water  =  lOOO.kg/m3. 

(A.M.I.E.,  Summer  1986) 


Solution.  Given  ; 
Depth  of  liquid, 
Density  of  liquid, 
Atmospheric  pressure  head. 


Z[ =  3  m 

p,  =  1.53  x  t03  kg/m3 
Z0  =  750  mm  of  Hg 
750 

-0.75  m  of  Hg 


—         1000. 

-■y?.  Atmospheric  pressure,       ;         =  p0  x  g  x  Z0 
where    p0  =  Density  of  Hg  =  Sp.  gr.  of  mercury  x  Density  of  water  =  13.6  x  1000  kg/m3 
and       Z0  =  Pressure  head  in  terms  of  mercury. 


(v    Z0  =  0.75) 


''  palm  =  (13.6  x  1000)  x  9.81  x  0.75  N/m2 

=  100062  N/m2 

Pressure  at  a  point,  which  is  at  a  depth  of  3  m  from  the  free  surface  of  the  liquid  is  given  by, 

p  =  p,  xgxZ, 
=  (1.53  x  1000)  X  9.81  X  3  =  45028  N/m2 


Gauge  pressure, 
Now  absolute  pressure 


p  =  45028  N/m2.  Ans 

=  Gauge  pressure  +  Atmospheric  pressure 
=  45028  +  100062  =  145090  N/m2.  Ans. 


►  2.5    MEASUREMENT  OF  PRESSURE 


The  pressure  of  a  fluid  is  measured  by  the  following  devices  : 

1.  Manometers  2.  Mechanical  Gauges. 

2.5. 1  Manometers.  Manometers  are  defined  as  the  devices  used  for  measuring  the  pressure  at 
i  point  in  a  fluid  by  balancing  the  column  of  fluid  by  the  same  or  anolhej^himjtiof^f'fiju.id/.  They  are 
classified  as  :  *> "  PDF  created  by  AAZSwapnil 
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la)  Simple  Manometers,  (b)  Differential  Manometers. 

2.5.2    Mechanical  Gauges.    Mechanical  gauges  are  defined  as  the  devices  used  for  measuring 
the  pressure  by  balancing  the  fluid  column  by  the  spring  or  dead  weight.  The  commonly  used  me- 
chanical pressure  gauges  are  : 
la)  Diaphragm  pressure  gauge,  (b)  Bourdon  lube  pressure  gauge, 

(c)  Dead- weight  pressure  gauge,  and  (d)  Bellows  pressure  gauge, 

►  2.6    SIMPLE  MANOMETERS 


f 


A  simple  manometer  consists  of  a  glass  tube  having  one  of  its  ends  connected  to  a  point  where 
pressure  is  to  be  measured  and  other  end  remains  open  to  atmosphere.  Common  types  of  simple 
manometers  are  : 

1.  Piezometer, 

2.  U-tube  Manometer,  and.. 

3.  Single  Column  Manometer. 

2.6.1  Piezometer.  It  is  the  simplest  form  of  manometer  used 
for  measuring  gauge  pressures.  One  end  of  this  manometer  is  con- 
nected to  the  point  where  pressure  is  to  be  measured  and  other  end  is 
open  to  the  atmosphere  as  shown  in  Fig.  2.8.  The  rise  of  liquid  gives 
the  pressure  head  at  that  point.  If  at  a  point  A,  the  height  of  liquid  say 
water  is  h  in  piezometer  tube,  then  pressure  at  A 

=  p  xg xb — . 

m" 

2.6.2  U-tube  Manometer.  It  consists  of  glass  tube  bent  in  U-shape,  one  end  of  which  is 
connected  to  a  point  at  which  pressure  is  to  be  measured  and  other  end  remains  open  to  the 
atmosphere  as  shown  in  Fig,  2.9.  The  tube  generally  contains  mercury  or  any  other  liquid  whose 
specific  gravity  is  greater  than  the  specific  gravity  of  the  liquid  whose  pressure  is  to  be  measured. 


Fig.  2.8  Pie/.ometer. 


(a)  For  gauge  pressure  (b)  For  vacuum  pressure 

Fig.  2.9    U-tube  Manometer. 

Ui)  For  Gauge  Pressure.  Let  B  is  the  point  at  which  pressure  is  to  be  measured,  whose  value  is  p. 
The  datum  iine  is  A -A. 

I.et  bi  -  Height  of  light  liquid  above  the  datum  line 

hy  =  Height  of  heavy  liquid  above  the  datum  line 

5,  -  Sp.  gr.  of  light  liquid 

p,  =,Density  of  light  liquid  =  1000  x  Sj 

S2  -  Sp.  gr.  of  heavy  liquid 

f>2  ~  Density  of  heavy  liquid  =  1000  x  S2 
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5,  =  0.9 


1000  =  0.9  x  1000  =  900  kg/m3 


S2=  13.6 


20  cm 


. .  As  the  pressure  is  the  same  for  the  horizontal  surface.  Hence  pressure  above  the  horizontal  datum 
line  A- A  in  the  left  column  and  in  the  right  column  of  U-tube  manometer  should  be  same. 

Pressure  above  A-A  in  the  left  column  =P  +  PixSx'ii 

Pressure  above  A-A  in  the  right  column  =  p2  x  g  x  ft. 

Hence  equating  the  two  pressures        p  +  p^/i,  =  p;g/i2 

p=-(p2gft,-pi  X£  x/t,).  ...(2.7) 

(b)  For  Vacuum  Pressure.  For  measuring  vacuum  pressure,  the  level  of  the  heavy  liquid  in  the 
manometer  will  be  as  shown  in  Fig.  2.9  (b):  Then 

Pressure  above  A-A  in  the  left  column  -  p2g/f2  +  Pii'^i  +  P 

Pressure  head  in  the  right  column  above    _  A-A=0  * 

P2Sh2  +  Pi^i  +/J  =  0 

P  =  -(P2^2  +  Pi^i)-  ■■■(2-8) 
Problem  2.9  The  right  limb  of  a  simple  U-iube  manometer  containing  mercury  is  open  to  the 
atmosphere  while  the  left  limb  is  connected  to  a  pipe  in  which  a  fluid  of  sp.  gr.  0.9  is  flowing.  The 
centre  of  the  pipe  is  12  cm  below  the  level  of  mercury  in  the  tight  limb.  Find  the  pressure  of  fluid  in 
the  pipe  if  the  difference  of  mercury  level  in  the  two  limbs  is  20  cm. 

Solution.  Given  : 

Sp.  gr.  of  fluid, 
.-.    Density  of  fluid, 
Sp.  gr.  of  mercury, 
.-.    Density  of  mercury. 
Difference  of  mercury  level 
'  Height  of  fluid  from  A-A,  -  - 
Let  p  =  Pressure  of  fluid  in  pipe 
Equating  the  pressure  above  A-A,  we  get 

or  'p  +  900  x  9.81  X  0.08  =  13.6  x  1000  x  9.81  X  .2 

p  =  13.6  x  1000  x  9.81  x  .2  -  900  x  9.81  x  0.08 
=  26683  -  706  ==  25977  N/m2  =  2.597  N/cm2.  Ans, 
Problem  2.10    A  simple  U-tube  manometer  containing  mercury  is  connected  to  a  pipe  in  which  a 
fluid  of  sp  gr.  0.8  and  having  vacuum  pressure  is  flowing.  The  other  end  of  the  manometer  is  open  to 
atmosphere.  Find  the  vacuum  pressure  in  pipe,  if  the  difference  of  mercury  level  in  the  two  limbs  is  40 
cm  and  the  height  of  fluid  in  the  left  from  the  centre  of  pipe  is  15  cm  below. 
Solution.  Given  : 

Sp.  gr.  of  fluid,  .      S,  =  0.8 

Sp.  gr.  of  mercury,  S2  -  13.6 

Density  of  fluid,  pf  =  800 

Density  of  mercury,  p2  =  13,6  x  1000 

Difference  of  mercury  level,  h2  =  40  cm  =  0.4  m.  Height  of  liquid  in  left  lin.ib.7i, 
=  15  cm  =  0.15  m.  Let  the  pressure  in  pipe  =  p.  Equating  pressure  above  datum 
line  A-A,  we  get  scanned  by  Fqtyd2.n 

?2S"2  +  P]Snl  +  P  =  0 


p,  a  13.6  x  1000  kg/nv 

A2  =  20  cm  =  0.2  m 

h,  =  20  -  12  =  8  cm  =  0.08  m 


Fig.  2.10 
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P  =  ~  (  P:,?>':  +  Pi^'il 
=  -  [13.6  x  1000  x  9.81  x  0.4+  800  x  9.81  x  0.15] 
=  -  [53366.4  +  1 177.2]  =  -  54543.6  N/m2  =  -  5.454  N/cm2.  Ans. 
Problem  2.1 1    A  U-Tu.be  manometer  is  used  to  measure  the  pressure  of  water  in  a  pipe  line,  which 
is  in  excess  of atmospherii -pressure.  The  right  limb  of  the  manometer  contains  mercury  and  is  open  to 
atmosphere.  The  contact  between  water  and  mercury  is  in  the  left  limb.  Determine  the  pressure  of 
water  in  the  main  line,  if  the  difference  in  level  of  mercury  in  the  limbs  of  U- tube  is  10  cm  and  the 
free  surface  of  mercury  is  in  level  with  she  centre  of  the  pipe.  If  the  pressure  of  water  in  pipe  line  is 
reduced  to  9810  N/m2,  calculate  the  new  difference  in  the  level  of  mercury.  Sketch  the  arrangements 
in  both  cases.  (A.M.I.E.,  Winter  1989) 

Solution.  Given  : 

Difference  of  mercury  =  10  cm  -  0.1  m 

The  arrangement  is  shown  in  Fig.  2.1 1  {a) 

Let  pA  -  (pressure  of  water  in  pipe  line  (i.e.,  at  point  A)  / 
The  points  B  and  C  lie  on  the  same  horizontal  line.  Hence  pressure  at  B  should  be  equal  to  pressure 
at  C.  But  pressure  at  B 

=  Pressure  at  A  +  Pressure  due  to  10  cm  (or  0.1  m) 

of  water  RIGJ 
=  PA  +  pxgxh  WATER 
where    p  =  1000  kg/m'    and  h  =  0.1  m 

=  pA  +  1000  x  9.81  xO.l 

=  PA  +  981  N/m2  ...(/) 
Pressure  at  C  =  Pressure  at  D  +  Pressure  due  to  10  cm  of  mercury  ■       left  LIMB-- 
=  0  +  Po  x  g  x  A„ 

where  p0  for  mercury  =  13.6  x  1000  kg/m3  B 
and  ha=  10  cm  =  0.1  ra 

.-.    Pressure  at  C  =  0  +  (13.6  x  1000)  X  9.81  X  0.1  MERCURY 
=  13341.6  N  ...(//) 

But  pressure  at  B  is  equal  to  pressure  at  C.  Hence  equating  the  equa- 
tions (/)  and  (j'O,  we  get 

pA  +  981  =  13341.6 

pA  =  13341.6  -  981 


Fig.  2.11  (a) 


Und  Part 

Given,    pA  =  9810  N/m2 


=  12360.6  ~ 
m2 


Ans. 


Find  new  difference  of  mercury  level.  The  arrangement  is  shown  in  Fig.  2.1 1  (b).  In  this  case  the 
pressure  at  A  is  9810  N/m2  which  is  less  than  the  12360.6  N/m2.  Hence  mercury  in  left  limb  will  rise 
The  rise  of  mercury  in  left  limb  will  be  equal  to  the  fall  of  mercury  in  right  limb  as  the  total  volume  of 
mercury  remains  same. 

Let  x  =  Rise  of  mercury  in  left  limb  in  cm 

Then  fall  of  mercury  in  right  limb  =  *  cm  scanned  by  Fahid 
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or 


or 


The  pressure  at  6*  =  Pressure  at  C* 
Pressure  at  A  +  Pressure  due  to  (10  -  x)  cm  of  water 
=  Pressure  at  D*  +  Pressure  due  to 
(10  -  2x)  cm  of  mercury 
Pa  +  Pi  *  g  *  A,  =  pD*  +  p2  x  g  x  h2 
10-x 


or    1910+  1000  x9.81 


.  v  ioo  ) 


=  0  +  (13.6  x  1000)  X9.S1  x 


'10 


100 


or 
or 
or 


x  = 


=  0.992  cm 


Fig.  2.11  (£>) 


Dividing  by  9.8!,  we  get  . 

1000  +  100  -  IQx  =  1360  -  272* 
272*-  ldx=  1360-  1100 

26Zx  =  260 
260 
262 

.-.      New  difference  of  mercury  =  10-2;tcm=10-2x  0.992 

=  8.016  cm.  Ans. 

Problem  2.12    Fig.  2.12  shows  a  conical  vessel  having  iis  outlet  at  A  to  which  a  U-tube  manometer 
is  connected.  The  reading  of  the  manometer  given  in  the  figure  shows  when  the  vessel  is  empty.  Find  the 
reading  of  the  manometer  when  the  vessel  is  completely,filled  with  water.        (A.M.  I.E.,  Winter  1975) 
Solution.  Vessel  is  empty.  Given  : 
Difference  of  mercury  level  h2  =  20  cm 

Let  A,  =  Height  of  water  above  X-X 
Sp.  gr.  of  mercury, 
Sp.  gr.  of  water, 

Density  of  mercury,  p2  =  13.6  x  1000 

Density  of  water,  pj  =  1000 

Equating  the  pressure  above  datum  line  X-X,  we  have 
P2XS  xft2  =  p,  xgxh} 
or  13.6  x  1000  x  9.81  x  0.2  =  1000  x  9.81  x  A, 

hx  =  2.72  m  of  water. 

Vessel  is  full  of  water.  When  vessel  is  full  of  water,  the  Fig.  2.12 

pressure  in  the  right  limb  will  increase  and  mercury  level  in  the  right  limb  will  go  down.  Let  the 
distance  through  which  mercury  goes  clown  in  the  right  limb  be,  y  cm  as  shown  in  Fig.  2.13.  The 
mercury  will  rise  in  the  left  by  a  distance  of  v  cm.  Now  the  datum  line  is  Z-Z.  Equating  the  pressure 
above  the  datum  line.  Z-Z. 

Pressure  in  left  limb  =  Pressure  in  right  limb 
13.6  x  1000  x  9.81  x  (0.2  +  2v/IOO) 

=  1000  x  9.81  x  (3  4-  A,  +  y/100) scanned  by  Fahid 

•   PDF  created  by  AAZSwapnil 


S2  =  13.6 
Sy  =  1.0 


"46  "  Fluid  Mechanics 


or  13.6  X  (0:2  +  2y/100)  =  (3  +  2.72  +  y/100)  (' 

or  *       2.72  +  27.2y/H)0  =  3  +  2.72  +  y/100 

or  '■  (27.2v-_v)/K)0=  3.0 

or  26.2.V  =  3  x  100  =  300 

=  1 )  .45  cm 


fe,  =  2.72  cm) 


'  26.2 

The  difference  of  mercury  level  in  two  limbs 

=  (20  +  2y)  cm  of  mercury 
=  20  +  2  x11.45  =  20  +  22.90 
=  42.90  cm  of  mercury 

Reading  of  manometer  =  42.90  cm.  Ans.    Fig.  2.13 

P  roblem  2 .1 3  A  pressure  gauge  consists  of  fwo  cylindrical  bulbs  B  and  C  each  of  10  sq.  cm.  cross- 
sectional  area,  which  are  connected  by  a  U-tube  with  vertical  limbs  each  of  0.25  sq.  cm  cross- 
sectional  area.  A  red  liquid  of  specific  gravity  0.9  is  filled  into  C  and  clear  water  is  filled  into  B,  the 
surface  of  separation  being  in  the  limb  attached  to  C.  Find  the  displacement  of  the  surface  of 
separation  when  the  pressure  on  the  surface  in  C  is  greater  than  that  in  B  by  an  amount  equal  to  1  cm 
head  of  water. 

Solution.  Given  : 

Area  of  each  bulb  B  and  C,        A  =  10  cm2 
Area  of  each  vertical  limb, 
Sp.  gr.  of  red  liquid 
Let 


(A.M.I.E.,  Summer,- 1978) 


a  =  0.25  cm2 
=  0.9  .-.    Its  density- =  900  tcg/m 

X-X  =  Initial  separation  level 
hc  -  Height  of  red  liquid  above  X-X 
hg  -  Height  of  water  above  X-X 
Pressure  above  X-X  in  the  left  limb  =  1000  x  9.81  x  hB 
Pressure  above  X-X  in  the  right  limb  =  900  x  9.81  x  hc 
Equating  the  two  pressure,  we  get 
1000  x  9.81  x  hB  =  900  x  9.81  x  hc 

hB  =  0.9  hc  .40 
When  the  pressure  head  over  the  surface  in  C  is 
increased  by  1  cm  of  water,  let  the  separation  level 
falls  by  an  amount  equal  to  Z.  Then  Y-Y  becomes  the 
final  separation  level 

Now  fall  in  surface  level  of  C  multiplied  by  cross- 
sectional -area  of  bulb  C  must  be  equal  to  the  fall  in 
separation  level  multiplied  by  cross-sectional  area  of 
limb. 

.'.   Fall  in  surface  level  of  C 

Fall  in  separation  level  x  a 
A 


FINAL 
SEPARATION 
LEVEL 


INITIAL 
SEPARATED 
LEVEL 
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Also  fall  in  surface  level  of  C 


_Zxa      Zx  0.25  _  Z 
A     ~      10      ~  40 

=  Rise  in  surface  level  of  B 

Z_ 
~  40 

The  pressure  of  1  cm  (or  0.01  m)  of  water  =  pgh  =  1000  x  9.81  X  0.01=  98.1  N/m2 
Consider  final  separation  level  Y-Y 

Pressure  above  Y-Y  in  the  left  limb  =  1000  x  9.81  ^Z  +  hB  + 

Pressure  above  Y-Y  in  the  right  limb  =  900  x  9.8  l^Z  +  hc  -  ~j  +  98. 1 
Equating  the  two  pressure,  we  get 

1000  x'9.81  [z  +  hB  =  \z  +  hc  -  j|j  900.x  9.81  +98.1 

Dividing  by  9.81,  we  get 

1000  fz  +  /!fi+-^j=  900  ^Z+hc-^j+  10 

Dividing  by  1 000,  we  get  Z  +  hB  +  ~=  0.9  ^Z  +  hc  -        +  0.01 
But  from  equation  (<),  hB  =  0.9  hc 

Z  +  0.9  hc  +  —  i=  —  X  0.9 '+  0.9  hc  +  0.01  - 
40  40 

•  41Z     39  nl 

or   =  —  x  ,9Z  +  .01 

40  40 


or 


*f&4*2$j-i    or  zfli^]=,01 
1 40       40   J  V     AG  ) 


Z  =  4QX°-Q1  =  0.0678  m  =  6.78  cm.  Ans. 

5.9 

2.6.3  Single  Column  Manometer.  Single  column  manomter  is  a  modified  form  of  a  U-tube 
manometer  in  which  a  reservoir,  having  a  large  cross-sectional  area  (about  100  times)  as  compared  to 
the  area  of  the  tube  is  connected  to  one  of  the  limbs  (say  left  limb)  of  the  manometer  as  shown  in  Fig.  2. 15. 
Due  to  large  cross -sectional  area  of  the  reservoir,  for  any  variation  in  pressure,  the  change  in  the 
liquid  level  in  the  reservoir  will  be  very  small  which  may  be  neglected  and  hence  the  pressure  is  given 
by  the  height  of  iiquid  in  the  other  limb.  The  other  limb  may  be  vertical  or  inclined.  Thus  there  are  two 
types  of  single  column  manometer  as : 

1  _  Vertical  Single  Column  Manometer. 

2.  Inclined  Single  Column  Manometer. 
I  .Vertical  Single  Column  Manometer 

Fig.  2.15  shows  the  vertical  single  column- manometer.  Let  X  X  be  the  datum  line  in  the  reservoir 
and  in  the  right  limb  of  the  manometer,  when  it  is  not  connected  to  the^w^Wrien17 dWfHmometer  is 
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□ 


connected  eo  the  pipe,  due  to  high  pressure  at  A,  the  heavy  liquid  in  the  reservoir  wili  be  pushed 
downward  and  will  rise  in  the  right  limb. 
Let  Mi  =  Fall  of  heavy  liquid  in  reservoir 

ify  =  Rise  of  heavy  liquid  in  right  limb 

ft,  =  Height  of  centre  of  pipe  above  X-X 

pA  =  Pressure  at  A,  which  is  to  be  measured 

A  =  Cross-sectional  area  of  the  reservoir 

a  =  Cross-sectional  area  of  the  right  limb 

51  -  Sp.  gr.  of  liquid  in  pipe 

52  =  Sp.  gr.  of  heavy  liquid  in  reservoir  and  right  limb 
p  j  =  Density  of  liquid  in  pipe 
p2  ~  Density  of  liquid  in  reservoir 

Fall  of  heavy  liquid  in  reservoir  will  cause  a  rise  of  heavy  liquid  level  in  the  right  limb. 

Ax  Ah  =  ax  h2 

a  X  h2  t  ~ 


Fig.  2.15  Vertical  single  column 
manometer.. 


Ah  = 


...<o  — 


Now  consider  the  datum  line  Y-Y  as  shown  in  Fig.  2.15.  Then  pressure  in  the  right  limb  above  Y-Y. 

=  p2xgx  {Ah  +  h2) 
Pressure  in  the  left  limb  above  Y-Y  =  p,  x  g  x  (Ah  +  h,)  +  pA 
Equating  these  pressures,  we  have 

p2  x  g  x  (Ah  +  h2)  =  p,  x  g  x  (Ah  +  /;,)  +  pA 


OL 


But  from  equation  (0, 


Pa  =  9iS  (Aft  +  lh)  -  pig(Ah  +  ht) 
'=  M[p2g  -  ptg]  +  h2p2g  -  ftlP,£ 

A 

Pa  =  lp2S  -  Pig]  +  h2p2g  -  /ijPjg 


.(2.9) 


As  the  area  A  is  very  large  as  compared  to  a,  hence  ratio  —  becomes  very  small  and  can  be 
neglected. 

Then  pA  =  htfrf  -  /i]P^  ...(2.10) 

From  equation  (2.10),  it  is  clear  that  as  /ij  is  known 
and  hence  by  knowing  hz  or  rise  of  heavy  liquid  in  the 
right  limb,  the  pressure  at  A  can  be  calculated. 
2.  Inclined  Single  Calumn  Manometer 

Fig.  2. 1 6  shows  the  inclined  single  column  manom- 
eter. This  manometer  is  more  sensitive.  Due  to  inclina- 
tion the  distance  moved  by  the  heavy  liquid  in  the  right  Fig.  2.1fi    ^Hfff^^k ptfftffli 
limb  m  be  more-  WmSxld  by  AAZSwapnil 
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Le(  L  =  Length  of  heavy  liquid  moved  in  right  limb  from  X-X 

Q  =  Inclination  of  right  limb  with  horizontal 

h2  =  Vertical  rise  of  heavy  liquid  in  right  limb  from  X-X  =  L  X  sin  8 
From  equation  (2.10),  the  pressure  at  A  is 

PA  =  h29i8  -AiPiS- 
Substituting  the  value  of  h2,  we  get 

PA  =  sin  exptf-Aiptf.  ...(2.11) 
Problem  2.14/4  single  column  manometer  is  connected  to  a  pipe  containing  a  liquid  of  sp.  gr.  0.9 
as  shown  in  Fig.  2.17.  Find  the  pressure  in  the  pipe  if  the  area  of  the  reservoir  is  100  limes  the  area 
of  the  tube  for  the  manometer  reading  shown  in  Fig.  2.17.  The  specific  gravity  of  mercury  is  13.6. 
Solution.  Given  : 


Sp.  gr.  of  liquid  in  pipe, 

Density 
Sp.  gr.  of  heavy  liquid, 
Density, 


P.  = 
S2  = 

p2  = 


Area  of  reservoir 
Area  of  right  limb 


Height  of  liquid, 

Rise  of  mercury  in  right  limb, 

Let 

Using  equation  (2.9),  we  get 


h2  = 
Pa  = 


0.9 

900  kg/nr 
13.6 

13.6  x  1000 
-  =  100 

CI 

20  cm  =  0.2  m 


40  cm  =  0.4  m 
Pressure  in  pipe 


Fig.  2.17 


I  A 

=  —  x0.4[13.6  x  1000  x  9.81  -900  x  9.81]  +  0.4  x  13.6  x  1000  x  9.81  -0.2  x  900  x  9.81 
100 


0.4 
100 


[133416  -  8829]  +  53366.4  -  1765.8 


=  533.664  +  53366.4  -  1765.8  N/m2  =  52134  N/m2  -  5.21  N/cm2.  Ans. 


»>  2.7    DIFFERENTIAL  MANOMETERS 


Differential  manometers  are  the  devices  used  for  measuring  the  difference  of  pressures  between 
D*o  points  in. a  pipe  or  in  two  different  pipes.  A  differential  manometer  consists  of  a  U-tube,  contain- 
ing a  heavy  liquid,  whose  two  ends  are  connected  to  the  points,  whose  difference  of  pressure  is  to  be 
measured.  Most  commonly  types  of  differential  manometers  are  : 

1.  U-tube  differential  manometer  and 

2.  Inverted  U-tube  differential  manometer. 

2.7.1    U-tube  Differential  Manometer.  Fig.  2.18  shows  the  dfffgfefMfil  fe&rteers  of  U- 
luke  npeL  .  PDF  created  by  AAZSwapnil 
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<a)Two  pipes  at  different  levels  M  A  and  B  are  at  the  same  level 

Fig.  2.18    U-tube  differential  manometers. 
Fig  2  18  (a)  Let  the  two  points  A  and  B  are  at  different  level  and  also  contains  liquids  of  different 
sp.  gr  These  points  are  connected  to  the  U-tube  differential  manometer.  Let  the  pressure  at  A  and  B 
are  pA  and  pB. 

Let       h  =  Difference  of  mercury  level  in  the  U-tube. 

y  =  Distance  of  the  centre  of  B,  from  the  mercury  level  in  the  right  limb. 
x  =  Distance  of  the  centre  of  A,  from  the  mercury  level  in  the  right  limb, 
p ,  =  Density  of  liquid  at  A. 
p2  =  Density  of  liquid  at  B. 
ps  =  Density  of  heavy  liquid  or  mercury. 
Taking  datum  line  at  X-X. 

Pressure  above  X-X  in  the  left  limb  =  p,g(A  +  x)  +  pA 
where  pA  =  pressure  at  A. 

Pressure  above  X-X  in  the  right  limb  =  p^  x  g  x  h  +  p2  xg  x  y  ,+,pB 
where  pB  =  Pressure  at  B, 

Equating  the  two  pressure,  we  have 

plg(/i  +  x)  +  pA  =  p^x  g  x  h  +  p2gy  +  pB 

PA-PB  =  psxgxh  +  p2gy  -p,g(h  +  x) 
=  h  x  g(pg-  p{)  +  p2gy  -  Pig* 
.:    Difference  of  pressure  at  A  and  B  -  hx  g(pg  -  p ,)  +  p2gy  ~  PiSx 
Fig.  2.18  ib).  A  and  B  are  at  the  same  level  and  contains  the  same  liquid  of  density  pr  Then 
Pressure  above  X-X  in  right  limb  =  pgX  g  x  h  +  p:  x  g  X  x  +  pB 
Pressure  above  X:X  in  left  limb    =  p^x  g  X  {h  +  x)  +  pA 
Equating  the  two  pressure 

pgx.gxh  +  pigx  +  Pv  =  PiXgx(h  +  x)+pA 

PA~PB  =  Pgxgxh  +  P#*  "  PiS(A  +  x) 

=  gxK?x-pil  -(2-13> 
Problem  2.15  A  pipe  contains  an  oil  of  sp.  gr.  0.9.  A  differential  manometer  connected  at  the  nvo 
points  A  and  B  shows  a  difference  in  mercury  level  as  15  cm.  Find  tkegWm&^mMm  at  the 
two  points.  PDF  created  by  AAZSwapnil 
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S,  ='  0.9  V  Density,  p,  =  0.9  x  1000  =  900  kg/m3 
ft  '=  15  cm  =  0.15  m 

3 


Ss=  13.6 


Density,  ps  =  13.6  x  1000  kg/m3 


Solution.  Given  : 
Sp.  gr.  of  oil. 

Difference  in  mercury  level, 
Sp.  gr.  of  mercury, 

The  difference  of  pressure  is  given  by  equation  (2.13) 

or  Pa-Pb  =  8  x''(Pg-  Pi) 

=  9.81  x  0.15  (13600  -  900)  =  186S8  N/m2.  Ans. 
Problem  2.16    A  differential  manometer  is  connected  at  the  two  points  A  and  B  of  two  pipes  as 
shown  in  Fig,  2,  J  9.  The  pipe  A  contains  a  liquid  of  sp.  gr.  =  L5  while  pipe  B  contains  a  liquid  of  sp. 
gr,  =  0.9.  The  pressures  at  A  and  B  are  1  kgf/an2  and  1.80  kgf/cm2  respectively.  Find  the  difference 
in  mercury  level  in  the  differential  manometer.  Sp.  gr  -  1 .5 

Solution.  Given  :  f^f  p*  =1  hgf/cm2 


Sp.  gr.  of  liquid  at  A,  S,  =  1.5  .".  p,  =  1500 
Sp.  gr.  of  liquid  at  B,  S2  =  0.9    .:    pz  =  900 


Pressure  at  A, 


pA  =  1  kgf/cm2  =  1  x  104  kgf/m2 


Pressure  at  B. 


1  kgf=9.81  N) 


1  kgf  =  9,81  K) 


or 
or 


=  104x  9.S1  N/m2( 
pB=  1 .8  kgf/cm2 
=  1.8  x  104  kgf/m2 
=  1.8  x  10^x9.81  N/m2  ( 
Density  of  mercury       =  13.6  x  1000  kg/m3 
Taking  X-X  as  datum  line. 
Pressure  above  X-X  in  the  left  limb 

=  13.6  x  1000  x  9.81  x  h  +  1500  x  9.81  x  (2  +  3)  +  pA 
=  13.6  x  1000  x  9.81  x  h  +  7500  x  9.81  +  9.81  x  10* 
Pressure  above  X-X  in  the  right  limb  =  900  x  9.81  x  (ft  +  2)  +  pB 

i  =900x9.81  x  (ft  +  2)+  1.8  x  104  x  9.81^ 

Equating  the  two  pressure,  we  get 
13,6  x  1000  x  9.81ft  +  7500  x  9.81  +  9.81  x  104  '  ' 

=  900  x  9.81  X  (ft  +  2)  +  1.8  x  104  x  9.81 
Dividing  by  1000  x  9.81,  we  get 

13.6ft  +  7.5  +  10  =  (ft  +  2.0)  x  .9  +  18 

13.6ft  +  17.5  =  0.9ft  +  1.8  +  18  =  0.9ft  +  19.8 
(13.6  -  0.9)ft  =  19.8  -  17.5  or  12.7ft  =  2.3 
2.3 


Sp.  gr.=0.9 


I.Skgf/cm' 


Fig.  2.19 


ft  = 


=  0.181  m  =  18.1  cm.  Ans. 


12.7 

Problem  2.17    A  differential  manometer  is  connected  at  the  ftro  points  A  and  B  as  shown  in  Fig. 
2.20.  At  B  air  pressure  is  9.81  N/cm1  labs),  find  the  absolute  pressure  at  A. 
Solution.  Given  : 

Air  pressure  at  B  =  9.81  N/cm2  „  ,  .  , 

.  4      2*  scanned  by  Fahid 

or  Ps-9.81  x  10  N/m  .  PDF  created  by  AAZSwapnil 
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=  0.9  x  .1000  =  900  kg/m1 


=  13.6  x  1000  kg/mJ 


Density  of  oil 
Density  of  mercury 
Let  the  pressure  at  A  is  pA 
Taking  datum  line  at  X-X 
Pressure  above  X-X  in  the  right  limb 

=  1000  X  9.81  x0.6  +  /Jjg 
=  5886  +  98100=  103986 
Pressure  above  X-X  in  the  left  limb 

=  13.6  x  1000  x9.81  x0.1  +900 
x  9.81  x  0.2  +  pA 
=  13341.6  +  1765.8  +  ftt 
Equating  the  two  pressure  head 

103986  =  13341.6  +  1765.8  +  pA 

j>A  =  103986  -.15107.4  =  88876.8 


60  cm 


1C~ 


MERCURY 
Sp.gr.  =  13.6 


Fig.  2.20 


88876.8N 


=  8.887 


N 


2.7.2 


p,  =  88876.8  N/m2- 

yA  10000cm2  cm- 

Absolute  pressure  at     A  =  8.887  N/cm2.  Ans. 

Inverted  U-tube  Differential  Manometer.   It  consists  of  an  inverted  U-tube,  contain- 


ing a  light  liquid.  The  two  ends  of  the  tube  are  connected  to  the  points  whose  difference  of  pressure  is 
to  be  measured.  It  is  used  for  measuring  difference  of  low  pressures.  Fig.  2.21  shows  an  inverted  U- 
tube  differential  manometer  connected  to  the  two  points  A  and  B.  Let  (he  pressure  at  A  is  more  than  the 
pressure  at  B. 

Let  /j,  =  Height  of  liquid  in  left  limb  below  the  datum  line  X:X 

h2  -  Height  of  liquid  in  right  limb 
h  =  Difference  of  light  liquid 
p,  =  Density  of  liquid  at  A 
p2  =  Density  of  liquid  at  B 
ps  =  Density  of  light  Hquid 
pA  =  Pressure  at  A 
pB  ~  Pressure  at  B. 
Taking  X-X  as  datum  line.  Then  pressure  in  the  left  limb  below  X-X 

=  Pa-  Pi  x8  x  h\-  Fig.  2.21 

Pressure  in  the  right  limb  Below  X-X 

=  PB-p2^SX/t2-pIx^xA 

Equating  the  two  pressure 

Pa  ~  Pi  x  8  x  K  =  Pa  ~  P2  x  8  x  hi  ~     x  8  x  k 
or  Pa~Pb  =  Pi  x  8  X  f>\  ~  P2X  8  x  hi~  Psx  S  X  fa  .,.(2.14) 

Problem  2.18    Water  is  flowing  through  two  different  pipes  to  which  an  inverted  differential 
manometer  having  an  oil  of  sp.  gr.  0.8  is  connected.  The  pressure  head  in  the  pipe  A  is  2  m  of  water, 
find  the  pressure  in  the  pipe  B  for  the  manometer  readings  as  shown  in  Fig.  2.22. 
Solution.  Given  ; 

Pressure  head  at  A  =  —  =  2  m  of  water 

P8 

Pa  =  P  x  8  *  2  =  1000  x  9.81  x  2  =  19620  N/m2 
Fig.  2.22  shows  the  arrangement.  Taking  X-X  as  datum  line.         scanned  by  Fahid 

d        £iu  ,  v  v    *ua  i„ft        -  n     n  v  o  *  /,  PDF  created  by  AAZSwa, 

Pressure  below  X-X  in  the  left  limb  =  pA-  P|  x  g  x  ni 


wapn 
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-OIL  OF 
Sp.  gr.  0.8 


Fig.  2.22 


m 

f  30 

20  | 

.LI 


OfL  OF 
Sp.  gr.  0.8 


=  19620  -  1000  x  9.81  x  0.3  =  16677  N/m2. 
Pressure  below  X-X  in  the  right  limb 

=  pE-  1000  x9.81  xO.l  -  800  x9.81  X  0.12 
=  pB-  981  -941.76  =pB-  1922.76  , 
Equating  the  two  pressure,  we  get 

16677  =Pa-  1922.76 
or  .    PB=  16677  +  1922.76  =  18599.76  N/m2 

or  pB  =  1.8599  N/cm2.  Ans. 

Problem  2.19  In  Fig.  2.23,  an  inverted  differential  manometer  is  connected  to  two  pipes  A  and  B 
which  convey  water.  The  fluid  in  manometer  is  oil  of  sp.  gr.  0.8.  For  the  manometer  readings  shown 
in  the  figure,  find  the  pressure  difference  between  A  and  B. 

Solution.  Given  : 

Sp.  gr.  of  oil  =0.8    .-.       =  800  kg/m3 

Difference  of  oil  in  the  two  limbs 

=  (30  +  20)  -  30  =  20  cm 

Taking  datum  line  at  X-X 
Pressure  in  the  left  limb  below  X-X 

=  pA  -  1000x9.81  xO 
=  ^-2943  .. 

Pressure  in  the  right  limb  below  X-X 

=  pB-  1000  x  9.S1  x  0.3  -  800  x  9.81  x  0.2 

4512.6 


=  Psr^ 

Equating  the  two  pressure  pA  -  2943  =pB  -  4512.6 

Pb-Pa  =  4512.6  -  2943  =  1569.6  N/m2.  Ans. 
Problem  2.20  /  Find  out  the  differential  reading  'h'ofan  inverted  U-tube  manometer  containing  oil  of 
specific  gravity  0.7  as  the  manometric  fluid  when  connected  across  pipes' A  and  B  as  shown  in  Fig.  2.24 
below,  conveying  liquids  of  specific  gravities  1.2  and  1.0  and  immiscible  with  manometric  fluid.  Pipes  A 
and  B  are  located  at  the  same  level  and  assume  the  pressures  at  A  and  B  to  be  equal. 

(A.M.I.E.,  Winter  1985) 

Solution.  Given  : 

Fig.  2.24  shows  the  arrangement.  Taking  X-X  as  datum  line. 


Fig.  2.23 


Sp.  gr.=0.7 


La 


Density  of  liquid  in  pipe  A 


Density  of  liquid  in  pipe  B 
Density  of  oil' 


pA  =  Pressure  at  A 
pB  =  Pressure  at  B 

=  Sp.  gr.  x  1000 

=  1.2x1000 

=  1200  kg/m2 

=  UX  1000=  1000  kg/m3 

=*0.7  x  1000  =  700  kg/m3 


30  cm 

Seated  D^3$\ZSwapnil 

PIPE  A"  PJPEB 
Fig.  2.24 
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Now  pressure  below  X-X  in  the  left  limb 

=  pA-  1200  x  9.81  x  0.3  -  700  x  9.81  x  ft 

Pressure  below  X-X  in  the  right  limb 

=  pB-  1000  x9.81  x(/i  +  0.3) 

Equating  the  two  pressure,  we  get 

pA  -  1200  x  9.81  x  0.3  -  700  x  9.81  Xft  =  pn  -  1000  x  9.81  (ft  +  0.3) 
But  pA  =  pB  (given) 

-  1200  x  9.81  x  0.3  -  700  x  9.81  x  h  =  -  1000  x  9.81  (ft  +  0.3) 
Dividing  by  1000x9.81 

-  1.2  xO.3  -0.7A  =  -(A  +  0.3) 
or  0.3  x  1.2  +  0.7ft  =  ft +  0.3  or  0.36  -  0.3  =  A  -  0.7ft  =  0.3ft 


k  = 


0.36  -  0.30  0.06 


0.30 


0.30 


m 


=  -~m  =  -  x  100  =  20  cm.  Aris. 

5         5   ~   "  ■ 

Problefri  2.21  An  inverted  U-tube  manometer  is  connected  to  two  horizontal  pipes  A  and  B 
through  which  water  is  flowing.  The  vertical  distance  between  the  axes  of  these  pipes  is  30  cm.  When 
an  oil  of  specific  gravity-  0.8  is  used  as  a  gauge  fluid,  the  vertical  heights  of  water  columns  in  the  two 
limbs  of  the  inverted  manometer  ( when  measured  from  tlhe  respective  centre  lines  of  the  pipes)  are 
found  to  be  same  and  equal  to  35  cm.  Determine  the  difference  of  pressure  between  the  pipes. 

(A.M.I.E.,  Summer  1990) 

Solution.  Given  : 

Specific  gravity  of  measuring  liqui'd  =  0.8 
The  arrangement  is  shown  in  Fig.  2.24  (a). 
Let       pA  =  pressure  at  A 
pB  =  pressure  at  B. 
The  points  C  and  D  lie  on  tiie  same  horizontal  line. 
Hence  pressure  at  C  should  be  equal  to  pressure  at  D. 
But  pressure  at  C        =  pA  -  pg  A 

=  pA  -  1000  x  9.81  x  (0.35) 
And  pressure  at  D       =  pB  -  plghl  -  p2Sn2 

=  pB-  1000  x  9.81  x  (0.35)  -  800  x  9.81  x  0.3 
But  pressure  at  C  =  pressure  at  D 
pA-  1000  x9.81  x.35 

=  p„-  1000  x  9.81  x0.35  -  800  x  9.81  x  0.3 
800  x  9.81  x  0.3  =Pb~Pa 
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►  2.8    PRESSURE  AT  A  POINT  IN  COMPRESSIBLE  FLUID 

For  compressible  fluids,  density  (p)  changes  with  the  change  of  pressure  and  temperature.  Such 
problems  arc  encountered  in  aeronautics,  oceanography  and  meteorology  where  we  are  concerned  ' 
with  atmospheric*  air  where  density,  pressure  and  temperature  changes  with  elevation.  Thus  fot 
fluids  with  variable  density,  equation  (2.4)  cannot  be  integrated,  unless  the  relationship  between  p  and' 
p  is  known.  For  gases  the  equation  of  state  is 

...(2.15) 

or  p  =  -E— 

RT 

Now  equation  (2.4)  is  —  =  w  ~  pg  =       x  g 

dZ  RT 

^  =  ^dZ  ...(2.16) 
In  equation  (2.4),  Z  is  measured  vertically  downward.  But  if  Z  is  measured  vertically  up,  then 

dp 

—  =  -  pg  and  hence  equation  (2. 1 6)  becomes 
dZ 

^  =  ^dZ  ...(2.17) 
p      RT  v  ' 

2.8.1    Isothermal  Process.    Case  L  If  temperature  T  is  constant  which  is  true  for  isothermal 
process,  equation  (2.17)  can  be  integrated  as 


r,dp=  ?_g_  _j_T* 
Jpa  p        h,  RT  RTH 


where  p0  is  the  pressure  where  height  is  Z0.  If  the  datum  line  is  taken  at  Z0.  then  7^  =  0  and  p0 
becomes  the  pressure  at  datum  line. 

log^-  =  =±  Z 
■PO  RT 

p-°  s  ,;« 

or  pressure  at  a  height  Z  is  given  by  p  =  p0e~~  gZ/KT  ...(2.18) 
2.8.2  Adiabatic  Process.  If  temperature  T  is  not  constant  but  the  process  follows  adiabatic 
law  then  the  relation  between  pressure  and  density  is  given  by 

=  Constant  =  C  ...(/) 

P 


The  standard  atmospheric  pressure,  temperature  and  density  referred  to  STP  at  the  sea-level  are  : 
Pressure  =  101.325  kN/m2  ;  Temperature  =  I5°C  and  Density  =  1.225  kgS&inned  by  Fahid 
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where  k  is  ratio  of  specific  constant. 

Then  equation  (2.4)  for  Z  measured  vertically  up  becomes, 


...(H) 


dp 


or 


dp 


(c) 


-(*) * 

-gdZor  Cm^-=-gdZ 


Integrating,  we  get  f  <$k  p~u*  dp  =  [  -  gdZ 


or 


or 


k 


r\ik  -lit* 
t-  P 


=  -g[z] 


z  • 


—  +  1 
k 


=  -*[z] 


[C  is  a  constant,  can  be  taken  inside] 


But  from  equation  (i),        ■  C" 

IP"  J 

Substituting  this  value  of  Cm  above,  we  get 


Vk 


Alt  +  I 

P  P 


+  1 


or 


J/>o 

p 


x  k 


=  -g[Z-  Zg]  or 


'.k  Pj 

mm 


r0 


or 


k-\ 


P__P± 
P  Po 


If  datum  line  is  taken  at  Zq,  where  pressure,  temperature  and  density  are  p^  Ta  and  pp,  then  Zq  =  0. 


k-\ 


P_  Po 
P  Po 


7  P    Po         7  (*  ~  0 

=  -«Z    or    ^-  — -  =  -  gZ  — — 


or 


P      Po  ^ 


P  Po 

Po  . 


i-^lgz£^ 
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or 

£xPo 
P  Po 

  i 

k    8    pQ  '#§ 

But  from  equation  (/'), 


P*  ~Po 


or 


Substituting  the  value  of  &  in  equation  (///),  we  get 
P 


)     p     P  Vpj 


Po 


or 


or 


i 


k  Po 


i 

,Po  J 

_p_ 

Po 


PoJ 


Pressure  at  a  height  Z  from  ground  level  is  given  by 

P  =  Po 


Po  J 


k 

t-i 


..(2.19) 


in  equation  (2.19),  p0  =  pressure  at  ground  level,  where  Z0  =  0 
pu  =  density  of  air  at  ground  level 


Equation  of  state  is  =  rtq  or  ^-  =  -— 

Po  Po  RT0 

Substituting  the  values  of  ^-  in  equation  (2.19),  we  get 
Po 


P  =Po 


1- 


k~\  gZ 


...(2.20) 

e  Fluid.   For  the  adiabatic  process,  the 


2.8.3    Temperature  at  any  Point  in  Compressib 

temperature  at  any  height  in  air  is  calculated  as : 

Equation  of  state  at  ground  level  and  at  a  height  Z  from  ground  level  is  written  as 


^  =  RTQ  and  ^  =  RT 
Po  P 


Dividing  these  equations,  we  get 


Po 
Pu; 


or 


P 

To 


RT 


or 


ft  xP=ic 


T  Po     P  T 

JVXP  =  JLX  Pa. 
Po     P     Po  P 
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But  —  from  equation  (2.20)  is  given  by 


Pa 


P_ 
Po 


I- 


k-\  gZ 


k  RT0 


k 

k-i 


Also  for  adiabalic  process  — r 

P 


or 


I  P  J  P 


or 


£4.1 

k-l  gZ 

k  RTQ 


i- 


k-l  gZ 
k  RTt> 


i 


Substituting  the  values  of  —  and  2fi,  in  equation  (i),  we  get 
Po  P 


1- 
T=  TQ  I- 

2.8.4    Temperature  Lapse-Rate  (L 


gZ 
k  RT0 

k-\  gZ 
k  RT„ 


!  - 


k-l  gZ 


k  RTn 


i 

'  t  - 1 


i 


1  - 


t-1  gZ 
k  RTn 


fe..  #7; 


.(2.21) 


It  is  defined  as  the  rate  at  which  the  temperature 
changes  with  elevation.  To  obtain  an  expression  for  the  temperature  lapse-rate,  the  temperature  given 
by  equation  (2.21)  is  differentiated  with  respect  to  Z  as 


dZ  ~  dZ 
where  7'0,  K,  g  and  R  are  constant 

dT_ 

"     '  dZ 


T0\l 


k-\  g 

x 


k  RT0 

The  temperature  lapse-rate  is  denoted  by  L  and  hence 


[        k    RT0  J 


o  R  \  k  J 


L=dT  =  -gfk-\} 
dZ      R  [    k  ) 


.(2.22) 


dT 


In  equation  (2.22),  if  (0  k  =  1  which  means  isothermal  process,  ~  =  0,  which  "means  temperature 
is  constant  with  height. 

07)  If  k  >  1,  the  lapse-rate  is  negative  which  means  temperature  decreases  with  the  increase  of 
height. 

.'.  In  atmosphere,  the  value  of  k  varies  with  height  and  hence  the  value  of  temperature  lapse-rate  also 
varies.  From  the  sea-level  upto  an  elevation  of  about  1 1000  m  (or  1 1  km),  the  temperature  of  air  decreases 
uniformly  at  the  rate  of  0.0065cC/m.  from  11000  m  to  32000  m,  the  t««pfMirf^>eiRai*i&ionslant 
at  -  56.5DC  and  hence  in  this  range  lapse-rate  is  zero.  Temperature  rises  agWEfmeSWOIb  bfyb&ticZSwapnil 
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Problem  2.22  (SI  Units)    If  (he  atmosphere  pressure  at  sea  level  is  10.] 43  N/cm2,  determine  the 
pressure  at  a  height  of  2500  m  assuming  the  pressure  variation  follows  (i)  Hydrostatic  law,  and  (iij 
isothermal  lew.  The  density  of  air  is  given  as  1.208  kg/m~\ 
Solution,  Given  : 

Pressure  at  sea-level,  p0  =  10.143  N/cm1  =  10.143  x  !0J  N/in2 

Height,  Z  =  2500  m 

Density  of  air,  p0  =  1.208  kg/mJ 

(0  Pressure  by  hydrostatic  law.  For  hydrostatic  law,  p  is  assumed  constant  and  hence  p  is  given 

.  dp 

by  equation  -  -  PS 

dZ 

Integrating,  we  get  fdp  =  f  -  pg  dZ  =  -  pg  f  dZ 

or  -  p-P(i^-pg[Z~Zd 

For  datum  line  at  sea-level,  Z0  =  0  • 

p-p0  =  -pgZ    or  p=p0-pgZ 

=  10.143  X  104  -  1.208  X  9.81  x  2500  I  v.  p  =  p0  =  1.208] 

=  101430  -  29626  =  71804  ~  or  N/cm2 "  ^ 


m 


104 


=  7.18  N/cm2.  Am. 

(ii)  Pressure  by  Isothermal  Law.  Pressure  at  any  height  Z  by  isothermal  law  is  given  by  equation 
(2.18)  as  ' ."  , 

-SOIRT 


P=Piie 
=  10.143  x  104  e-  p° 


^-  =  RTw<i  pQg  =  w0 
Po 


=  10.143  x  I04  e  * 

=  10  143  x  104  e'~  2500  *  ,  20S  *  9-8l)/1°  M3  *  loJ 

=  101430  X  e   292  =  10  1  430  x  — !—  =  75743  N/nr 

1.3391 

-  N/crn2  =  7.574  N/cm2.  Ans. 

104 

Problem  2.23  The  barometric  pressure  at  sea  level  is  760  mm  ofmercur)'  while  that  on  a  mountain 
top  is  735  mm,  if  the  density  of  air  is  assumed  constant  at' 1.2  kg/mJ,  what  is  the  elevation  of  the 
mountain  top.  (A.M.I.E.,  Summer,  1988) 

Solution.  Given  : 


Pressure*  at  sea,  p0  =  760  mm  of  Hg 

760  ■>  ■> 

X  13.6  X  1000  X  9.81  N/m3  '=  101396  N/m2 


1000 


*  Here  pressure  head  (Z)  is  given  as  760  mm  of  Hg.  Hence  {pipg)  =  76°  mm  of  Hg,  The  density  (p)  for  mercury 

760 
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Pressure  at  mountain.  p  =  735  mm  of  Hg 


735  x  13.6  x  1000  x  9.81  =  98060  N/m2 


1000 

Density  of  air,  p  =  1.2  kg/nr1 

Let  /;  =  Height  of  the  mountain  from  sea-level. 

We  know  that  as  the  elevation  above  the  sea-level  increases,  the  atmospheric  pressure  decreases. 
Here  the  density  of  air  is  given  constant,  hence  the  pressure  at  any  height  'ft'  above  the  sea-level  is 
given  by  the  equation, 

p=p0~pxgxh 

h  =  BCE  =  "'396  -98060  h  283.33  m.  An, 
pxg  1.2x9.81 

Problem  2.24  Calculate  the  pressure  at  a  height  of  7500  m  above  sea  level  if  the  atmospheric 
pressure  is  10. 143  N/cm2  and  temperature  is  15°C  at  the  sea-level,  assuming  (i)  air  is  incompressible, 
(ii)  pressure  variation  follows  isothermal  law,  and  (Hi)  pressure  variation  follows  adiabatic  law. 
Take  the  density  of  air  at  the  sea-level  as  equal  to  1.285  kg/mJ.  Neglect  variation  of g  with  altitude. 
Solution.  Given  : 

Height  above  sea-level,  Z  =  7500  m 

Pressure  at  sea-level,  p0  =  10.143  N/cm2  =  10.143  x  104  N/m2 

Temperature  at  sea-level,  $  =  15°C 

"      ■  '  V=  273  +  15  =  288CK 

Density  of  air,  p  =  Po  =  r-285  kS/m3 

(0  Pressure  when  air  is  incompressible  : 

dp 


\Pdp  =  -  \  pgdz    or  p  -  pa  =  -  pg\Z- Zq] 
=  10.143  x  104  -  1.285  x  9.81  x  7500 


or  p  =  pQ-pgZ  {:•    Z0=;  datum  line  =  0} 


*  -  =  101430  -  94543  =  6887  N/m2  =  0.688  -^j.Ani.  - 

cm' 

{ii)  Pressure  variation  follows  isothermal  law  : 
Using  equation  (2.18),  we  have         p  =  p0e~  gmr 

=  101430  =  101430  e'7500  * 

=  101430  e~  H2°  =  101430  x  .39376 
=  39939  N/m'  or  3.993  N/cm!.  Ans. 
(Hi)  Pressure  variation  follows  adiabatic  law  :  [k  -  1.4] 

-ikHk- if 


Using  equation  (2.19),  we  have        Pf  Pa 


1-^—  gZ 
*  Po 
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p=  101430 


,  (1.4-1.0)  „„  (7500x1.285) 
1  -  - — - — ix9.81  x  k 


14 


=  101430  [I 


1.4 

.2662]MM 


=  34310  N/m2  or  3.431 


N 


101430 
101430  x  (.7337)3J 

- .  Ans. 


1.4-1.0 


cm 


Problem  2.25    Calculate  the  pressure  and  density  of  air  at  a  height  of  4000  m  from  sea-level 
where  pressure  and  temperature  of  the  air  are  10.143  N/cm2  and  J5°C  respectively.  The  temperature 
lapse  rate  is  given  as  0.0065"  C/m.  Take  density  of  air  at  sea-level  equal  to  1.2S5  kg/tn3.  , 
Solution.  Given  : 


Height, 

Pressure  at  sea-level, 
Temperature  at  sea-level, 

Temperature  lapse-rate, 


Z  =  4000  m 

Po  =  10.143  N/cm2  =  10.143  x  104  =  101430 

nr 

To 


15°C 

273  +  15  =  288°K 


A  T 

L  =  - — =  -  0.0065°K/m 
dZ 


p0=  1.285  kg/m3 
Using  equation  (2.22),  we  have   L  =  ~  =  ~^ 

or  -  0.0065  = 


S-SlfJfc-H      u      »      Po       101430  „Ann 

 1  I    where    = -i-2-=   =  274.09 

pBTa  1.285x288 


R  {  k 

ftnni!.  -9.81  fk'-f\ 
-  0.0065  =   x   

274.09    {  k  J 
k  -  1      0.0065  x  274.09 


k 

.1815]  =  1 


9.81 


k  = 


1 


1 


=  0.1815 


=  1.222 


1  -.1815  .8184 
This  means  that  the  value  of  power  index  k  =  1,222. 
(0  Pressure  at  4000  m  height  is  given  by  equation  (2.19)  as 


P  =Pq 


k  Po. 


k 

i-1 


,  where  k  =  1.222  and  pB  =  1.285 


p=  101430 


f  1.222 -HA 
\    1.222  J 


9.81  x 


4000  x  1.285 


101430 


I  522 
1.222-1.6 


=  101430  [I  -  0.09]5'50  =  101430  x  .595 


=  60350  N/m2  =  6.035 


N 


cm 


.  Ans. 
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(f'i)  Density.  Using  equation  of  state,  we  get 


P=RT 


where    p  =  Pressure  at  4000  m  height 
p  =  Density  at  4000  m  height  . 
T  =  Temperature  at  4000  m  height 
Now  T  is  calculated  from  temperature  lapse-rate  as 

dT 


i  al  4000  m  =  :„  +  —  x  4000  =  15  -  .0065  x  4000  =  15  -  26  =  -  1 1°C 
dZ 


Density  is  given  by 


7  =  273  +  /  =  273  -  1  1  =  262°K 
p  60350 


.  kg/m3  =  0.84  kg/m3.  Ans. 


RT    274.09  x  262 ' 

Problem  2.26  An  aeroplane  is  Jiving  a!  an  altitude  oj  5000  m.  Calculate  the  pressure  around  the 
aeroplane  given  the  lapse-rate  in  the  atmosphere  as  0.0065°KJm.  Neglect  variation  oj g  with  altitude. 
Take  pressure  and  temperature  at  ground  level  as  J  0.143  N/an2  and  15°C  and  density  oj  air  as 
j.285  kg/cm- 


Solution.  Given  : 
Height, 

Lapse-rate, 

Pressure  at  ground  level. 
Density, 


Z  =  5000  m 

L  =  —  =  -.0065°K/m 
dZ 

pa=  10.143  x  104  N/m2 

r0  i  i5°c 

T0  =  273  +  15  =  288°K 
p0  =  1.285  kg/m3 
dT 


,.     Temperature  at  5000  m  height  =  TQ  +  ^  X  Height  =  288  -  .0065  x  5000 

•    ■  =  288  - 32.5  =  255.5°K 

First  find  the  value  of  power  index  k  as 


or 


dT  g(k-l\ 

From  equation  (2.22),  we  have   L  =  ^  =  ~  ^\~jT  ) 


-  .0065 


where    R  - 


Po  Z 


101430 


=  274.09 


p0rn     1.285x  288 

_.  oo65  -±mjm 

274.09  1   k  J 
k  =  1.222 

The  pressure  is  given  by  equation  (2119)  as 


P  =Po 


<!  Po 


ft' 

{ iTi )      scanned  py  Fahid 

.  PDF  created  by  AAZSwapnil 


=  101430 


=  101430 


1.222 

(  Mil  - 1.0  ^    no,    5000  x  1.285 1 1.212- 1.0 

  x  9.81  x  ■ 

I    1.222    )  101430  J 


.222  5000x1.285 
I  x  9.8 1  x 


U22 
"222 


1.222  101430 
=  101430  [1  -  0.1 1288]5  50  =  101430  x  0.5175  =  52490  N/m3 
=  5.249  N/cm2.  Ans. 

 t.^.,  ,        .  r  .„.     k        J^ji,uiultl|jua1am<>^ypr" SSMSS  "  ••  .  -    »rri'  *  ". 

HIGHLIGHTS 

1.  The  pressure  at  any  point  in  a  fluid  is  defined  as  the  force  per  unit  area. 

2.  The  Pascal's  law  states  that  intensity  of  pressure  for  a  fluid  at  rest  is  equal  in  all  directions. 

3.  Pressure  variation  at  a  point  in  a  fluid  at  rest  is  given  by  the  hydrostatic  law  which,  states  that  the  rate 
of  increase  of  pressure  in  the  vertically  downward  direction  is  equal  the  specific  weight  of  the  fluid, 

dp 


dZ 


— 4.~Trie' pressure  "aT an y-p6ihrih'a"  incompressible  fluid  (liquid)  is-equal  to'  the  -pro  duct  T>fTlerisity-of- 
fluid  at  that  point,  acceleration  due  to  gravity  and  vertical  height  from  free  surface  of  fluid, 
p  =  pxgxZ. 

5.  Absolute  pressure  is  the  pressure  in  which  absolute  vacuum  pressure  is  taken  as  datum  while 
gauge  pressure  is  the  pressure  in  which  the  atmospheric  pressure  is  taken  as  datum, 

Pubs.  ~  Pitta  ^gaugc. 

6.  Manometer  is  a  device  used  for  measuring  pressure  at  a  point  in  a  fluid. 

7.  Manometers  are  classified  as  (a)  Simple  manometers  and  (ft)  Differential  manometers. 

8.  Simple  manometers  are  used  for  measuring  pressure  at  a  point  while  differential  manometers  are  used 
for  measuring  the  difference  of  pressures  between  the  two  points  in  a  pipe,  or  two  different  pipes. 

9.  A  single  column  manometer  (or  micrometer)  is  used  for  measuring  small  pressures,  where  accuracy  is 
required. 

10.  The  pressure  at  a  point  in  static  compressible  fluid  is  obtained  by  combining  two  equations,  i.e., 
equation  of  state  for  a  gas  and  equation  given  by  hydrostatic  law. 

11.  The  pressure  at  a  height  Z  in  a  static  compressible  fluid  (gas)  under  going  isothermal  compression 

( P  ^1 

—  =  const.     .  ■  , 

\P  J  x  ■ 

where  pa  -  Absolute  pressure  at  sea-level  or  at  ground  level 
Z  =  Height  from  sea  or  ground  level 
R  =  Gas  constant 
T-  Absolute  temperature. 

12.  The  pressure  and  temperature  at  a  height  2  in  a  static  compressible  fluid  (gas)  undergoing  adiabatic 
compression  (plpk  -  const.) 


Jt-1  gZ 


t-1 
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and  temperature, 


4' 


k-i  g2 


RT0 


where  p0,  Ta  are  pressure  and  temperature  at  sea- level  k  =  1.4  for  air. 
13.  The  rate  at  which  the  temperature  changes  with  elevation  is  known  as  Temperature  Lapse-Rate.  It  is 
given  by 


if    ((')  k  =  1,  temperature  is  zero. 

(ii)  k  >  1,  temperature  decreases  with  the  increase  of  height. 


EXERCISE  2 


(A)  THEORETICAL  PROBLEMS 

1,  Define  pressure.  Obtain  an  expression  for  the  pressure  intensity  at  a  point  in  a  fluid. 
2*.  Stale  and  prove  the  Pascal's  law. 

3.  What  do  you  understand  by  Hydrostatic  Law  ? 

4.  Differentiate  between  :  (i)  Absolute  and  gauge  pressure,  (ii)  Simple  manometer  and  differential  ma- 
nometer, and  (hi)  Piezometer  and  pressure  gauges. 

5.  What  do  you  mean  by  vacuum  pressure  ? 

6.  What  is  a  manometer  ?  How  are  they  classified  ? 

7.  What  do  you  mean  by  single  column  manometers  ?  How  are  they  used  for  the  measurement  of 
pressure  ? 

a.  What  is  the  difference  between  U-tube  differential  manometers  and  inverted  U-tube  differential 

manometers  ?  Where  are  they  used  ? 
9.  Distinguish  between  manometers  and  mechanical  gauges.  What  are  the  different  types  of  mechanical 

pressure  gauges  ? 

10.  Derive  an  expression  for  the  pressure  at  a  height  Z  from  sea-level  for  a  static  air  when  the  compression 
of  the  air  is  assumed  isothermal.  The  pressure  and  temperature  at  sea-levels  are  pa  and  T0  respectively. 

1 1 .  Prove  that  the  pressure  and  temperature  for  an  adiabatic  process  at  a  height  Z  from  sea-level  for  a  static 
air  are  ; 


Po-Po 


1- 


k  RTC 


o  J 


k 


andr=r0 


1- 


k-l  gZ 


k  RTa 


Where  p0  and  7"0  are  the  pressure  and  temperature  at  sea-level. 
12.  What  do  you  understand  by  the  term,  'Temperature  Lapse-Rate'  ?  Obtain  an  expression  for  the 
temperature  Lapse-Rate. 

1  ^   What  is  hydrostatic  pressure  distribution  ?  Give  one  example  where  pressure  distribution  is  non- 
'  hydrostatic.  (A.M.I.E.,  Winter  1990) 

]4.  Explain  briefly  the  working  principle  of  Bourdon  Pressure  Gauge  with  a  neat  sketch. 

(J.N.T.U.,  Hyderabad,  S  2002) 

(B)  NUMERICAL  PROBLEMS 

1 .  A  hydraulic  press  has  a  ram  of  30  cm  diameter  and  a  plunger  of  5  cm  diameter.  Find  the  weight  lifted  by 
the  hydraulic  press  when  the  force  applied  at  the  plunger  is  400  N.  JAns.  14.4  kN] 

2  A  hydraulic  press  bas  a  ram  of  20  cm  diameter  and  a  plunger  of  4  crr^ffiSmeW  Fris  ^sffl'ftr  lifting  a 
,  *  -Weight  qUP.  kN.  Find  the  force  required  at  the  plunger.  ■      PDF  Created  byiAAZ&MQnil 
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Calculate  the  pressure  due  to  acolumn  of  0.4  m  of  (a)  water,  (b)  an  oil  of  sp.  gr.  0.9,  and  (c)  mercury  of  sp.  gr. 
13.6.  Take  density  of  water,  p  =  lOCO-^.  [Ans.  (a)  0.3924  N/cm2.  (h)  0.353  N/cm2.      5.33  N/cm2] 

The  pressure  intensity  at  a  point  in  a  fluid  is  given  4.9  N/cm2.  Find  the  corresponding  height  of  fluid  when 
An  ni  nf      "  n« W  "  "  °f/P-  gr  °8-  («)  5  m  of  water,     6.25  m  of  of 

h-;:  s*s  js^r*  in  a  r? At  a  poim  tiie  hdght  °f  oii  is  20  m- Find  *-Tp-^ 

An  open  tank  contain,  water  up.o  a  depth  of  1.5  m  and  above  it  an  oil  of  sp.  gr.  0.8  for  a  *£btf  2  m 
Find  the  pressure  mtewty  :  «  at  the  interface  of  the  two  liquids,  and  (,7)  at  the  bottom  of  the  tank. 

Therl  ,        „  .  i  [Ans.  (/)  1,57  N/cm2,  (//)  3.04  NVcm2] 

The  diameters  of  a  small  p.ston  and  a  large  piston  of  a  hydraulic  jack  are  2  cm  and  10  cm  respectively  A 
force  of  60  N  »  app ted  on  the  small  piston.  Find  the  load  lifted  by  the  large  piston,  when  :  („)  the  pistons 
are  at  the  same  level,  and  (A)  small  piston  is  20  cm  above  the  large  piston.  The  density  of  the  liquid  in  the 
jack  is  given  as  1000 


m 


[Ans.  (a)  1 500  N,  (b)  1 520.5  N] 

Determine  the  gauge  an'd  absolute  pressure  at  a  point  which  is  2.0  m  below  the  free  surface  of  water  Take 
atmospheric  pressure  as  10.1043  N/cm2.  [Ans.  1 .962  N/cm2  (gauge),  12.066  N/cm2  tabs  )] 

A  simple  manometer  is  used  to  measure  the  pressure  of  oil  (sp.  gr.  =  0.8)  flowing  in  a  pipe  line.  Its  rieh 
hmb  ,s  open  to  the  atmosphere  and  left  limb  is  connected  to  the  pipe.  The  centre  of  the  pipe  is  9  cm 
below  the  level  of  mercuryXsp.  gr.  13.6)  in  the  right  limb.Jf  the  difference  of  mercury  level  in  the  two 
hmhs  is  15  cm,  determine  the .absolute  pressure  of  the oil  in  the  pipe  in  N/cm2. JAM.lk  Winter,  1977) 

A  simple  manometer  (U-tube)  containing  mercury  is  connected  to  a  pipe  in  which  an^ToSpT uTis 
flowmg^The  pressure  in  the  p.pe  is  vacuum.  The  other  end  of  the  manometer  is  open  to  the  atmo- 
sphere. Find  the  vacuum  pressure  in  pipe,  if  the  difference  of  mercury  level  in  the  two  limbs  is  20  cm 
and  height  of  oil  ,n  the  left  hmb  from  the  centre  of  the  pipe  is  1 5  cm  below.  [Ans.  -  27  86  N/cm2l 
A  single  column  vertical  manometer  {i.e.,  micrometer)  is  connected  to  a  pipe  containing  oil  of  sp  gr  0  9 

I   T,?  S  1S  80         mS  area  °f  the  m» e*r  tube.  The  reservoir  contains  mercury  of 

sp  gr.  13.6.  The  level  of  mercury  in  the  reservoir  is  at  a  height  of  30  cm  below  the  centre  of  the  pipe  and 
deference  of  mercury  levels  in  the  reservoir  and  right  limb  is  50  cm.  Find  the  pressure  in  the  pipe. 

,tPnLT KinS  °f  SP-  r'  °-8'  A  differential  manometer  connected  at  the  two^oTn'ts'A^B  of 
the  pipe  shows  a  difference  m  mercury  level  as  20  cm.  Find  the  difference  of  pressure  at  the  two  points 

a  n  t,,^  Hiff,  i  [Ans.25113.6N/rn2] 
A  U-tube  differential  manometer  connects  two  pressure  pipes  A  and  B.  Pipe  A  contains  carbon  tetrachlo- 
nde  havmg  a  specific  gravity  1 JM  under  a  pressure  of  1 1 .772  N/cm2  and  pipe  B  contams  oil  of  sp.  gr  0  8 
under  a  pressure  of  11.772  N/cm2.  THe  pipe  A  lies  2.5  m  above  pipe  B.  Find  the  difference  of  pressure 
measured  by  mercury  as  fluid  filling  U-tube.  (A.M.I.E.  December,  1974)  (Ans.  31.36  cm  of  merely 
A  differential  manometer  is  connected  at  the  two  points  A  and  B  as  shown  in  Fig.  2.25.  At  B  air  pressure 
•S  7.848  N/cm  (abs.),  find  the  absolute  pressure  at  A,  rAns,  6  9  j  N/cm2] 


OIL  Sp.gr.=0.8 


.OIL  Sp.  gr. 
OS 


50  cm 


MERCURY 
Sp.  gr.  =  13.6 
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If.  An  inverted  differential  manometer  containing  an"  oil  of  sp.  gr.  0.9  is  connected  to  find  the  difference  of 
pressures  at  two  points  of  a  pipe  containing  water.  If  Ihe  manometer  reading  is  40  cm,  find  ihe  differ- 
ence of  pressures.  [Ans  392.4  N/nrJ 

16.  In  above  Fig.  2.26  shows  an  inverted  differential  manometer  connected  to  two  pipes  A  and  B  containing 
water.  The  fluid  in  manometer  is  oil  of  sp.  gr.  0,8.  For  the  manometer  readings  shown  in  the  figure,  find  the 
difference  of  pressure  head  between  A  and  B.  [Ans.  0.26  in  of  water] 

17.  If  the  atmospheric  pressure  ai  sea-level  is  10.143  N/cm2,  determine  the  pressure  at  a  height  of  2000  m 
assuming  thai  the  pressure  variation,  follows  :  (0  Hydrostatic  law,  and  (;i)  Isothermal  law.  The  density 
of  air  is  given  as  1 .208  kg/m3.  [Ans.  (j)  7.77  N/cm2,  (ii)  8.03  N/cm3J 

18.  Calculate  the  pressure  at  a  height  of  8000  m  above  sea-level  if  the  atmospheric  pressure  is  101.3  kN/m2 
and  temperature  is  15°C  at  the  sea-level  assuming  (i)  air  is  incompressible,  (it)  pressure  variation 
follows  adiabatic  law,  and  (Hi)  pressure  variation  follows  isothermal  law.  Take  the  density  of  air  at  the 
sea-level  as  equal  to  1.285  kg/m3.  Neglect  variation  of  g  with  altitude. 

[Ans.  (i)6E)7.5  N/m2,  (ii)  3 1.5  kN/m2  (Hi)  37.45  kN/m2] 

19.  Calculate  the  pressure  and  density  of  air  at  a  height  of  3000  m  above  sea-level  where  pressure  and 
temperature  of  the  air  are  10.143  N/cm2  and  15°C  respectively.  The  temperature  lapse-rate  is  given  as 
0.0065°  K/m.  Take  density  of  air  at  sea-level  equal  to  1.285  kg/m3.      [Ans.  6.896  N/cm3. 0.937  kg/m'5] 

20.  An  aeroplane  is  flying  at  an  altitude  of  4000  m.  Calculate  the  pressure  around  the  aeroplane,  given  the 
lapse-rate  in  the  atmosphere  as  0.0065°  K/m.  Neglect  variation  of  g  with  altitude.  Take  pressure  and 
temperature  at  ground  level  as  10.143  N/cm2  and  I5°C  respectively.  The  density  of  air  at  ground  level 
is  given  as  1 .285  kg/nv.  [Am  6.038  N/cm2] 

21.  The  atmosphere  pressure  at  the  sea-ievel  is  101.3  kN/m2  and  the  temperature  is  15°C.  Calculate  the 
pressure  8000  rn  above  sea-level,  assuming  (i)  air  is  in  compressible,  (if)  isothermal  variation  of  pres- 
sure and  density,  and  (Hi)  adiabatic  variation  of  pressure  and  density.  Assume  density  of  air  at  sea- 
level  as  1.285  kg/m3.  Neglect  variation  of  'g'  with  altitude. 

[Ans.  (i)  50 1 .3  N/m2,  (ii)  37.45  kN/m2,  (Hi)  31.5  kN/m2] 

22.  An  oil  of  sp.  gr.  is  0,8  under  a  pressure  of  137.2  kN/m1 

(t)  What  is  the  pressure  head  expressed  in  metre  of  water  ? 

(ii)  What  is  the  pressure  head  expressed  in  metre  of  oil  ?  [Ans.  (i)  14  m,  {//)  17.5  m] 

23.  The  atmospheric  pressure  at  the  sea-level  is  101.3  kN/m1  and  temperature  is  15°C.  Calculate  the  pres- 
sure 8000  m  above  sea-level,  assuming  :  (f)  isothermal  variation  of  pressure  and  density,  and  (it) 
adiabatic  variation  of  pressure  and  density.  Assume  density  of  air  at  sea-level  as  1 .285  kg/m3.  Neglect 
variation  of  V  with  altitude. 

Derive  the  formula  that  you  may  use.    (Delhi  University,  1992)  [Ans.  (i)  37.45  kN/m2  (ii)  31 .5  kN/m3] 

24.  What  are  the  gauge  pressure  and  absolute  pressure  at  a  point  4  m  below  the  free  surface  of  a  liquid  of 
specific  gravity  1 .53,  if  atmospheric  pressure  is  equivalent  to  750  mm  of  mercury. 

(Delhi  University,  1992)  [Ans.  60037  N/m2  and  160099  N/m2] 

25.  Find  the  gauge  pressure  and  absolute  pressure  in  N/m2  at  a  point  4  m  below  the  free  surface  of  a  liquid 
of  sp.  gr.  1.2,  if  the  atmospheric  pressure  is  equivalent  to  750  mm  of  mercury, 

(Delhi  University,  May  1998)  [Ans.  47088  N/m2  ;  147150  N/m2] 

26.  A  tank  contains  a  liquid  of  specific  gravity  0.8.  Find  the  absolute  pressure  and  gauge  pressure  at  a 
point,  which  is  2  m  below  the  free  surface  of  the  liquid.  The  atmospheric  pressure  head  is  equivalent  to 
760  mm  of  mercury.  (Delhi  University.  June  1996)  [Ans.  1 17092  N/m2  ;  15696  N/m2] 
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Chapter 

Hydrostatic  Forces  on  Surfaces 


►  3.1  INTRODUCTION 

This  chapter  deals  with  the  fluids  (i.e.,  liquids  and  gases)  at  rest.  This  means  that  there  will  be  no 
relative  motion  between  adjacent  or  neighbouring  fluid  layers.  The  velocity  gradient,  which  is  equal  to 
the  change  of  velocity  between  two  adjacent  fluid  layers  divided  by  the  distance  between  the  layers,  will 

be.zero  or  ^  =  °-  The  shear  stress  which  is  equal  to  u  ||  will  also  be  zero.  Then  the  forces  acting  on 
the  fluid  particles  will  be  : 

1 .  due  to  pressure  of  fluid  normal  to  the  surface, 

2.  due  to  gravity  (or  self-weight  of  fluid  particles). 

k-  3.2    TOTAL  PRESSURE  AND  CENTRE  OF  PRESSURE 

Total  pressure  is  defined  as  the  force  exerted  by  a  static  fluid  on  a  surface  either  plane  or  curved  when 
the  fluid  comes  m  contact  with  the  surfaces.  This  force  always  acts  normal  to  the  surface. 

Centre  of  pressure  is  defined  as  the  point  of  application  of  the  total  pressure  on  the  surface.  There 
are  four  cases  of  submerged  surfaces  on  which  the  total  pressure  force  and  centre  of  pressure  is  to  he 
determined.  The  submerged  surfaces  may  be  : 

1 .  Vertical  plane  surface, 

2.  Horizontal  plane  surface, 

3.  Inclined  plane  surface,  and 

4.  Curved  surface. 


►  3.3    VERTICAL  PLANE  SURFACE  SUBMERGED  IN  LIQUID 

Consider  a  plane  vertical  surface  of  arbitrary  shape  immersed  in  a  liquid  as  shown  in  Fi».  3. 1 . 
Let    A  ==  Total  area  of  the  surface 

h  =  Distance  of  C.G.  of  the  area  from  free  surface  of  liquid 

G  =  Centre  of  gravity  of  plane  surface 

P  =  Centre  of  pressure 

ft*  =  Distance  of  centre  of  pressure  from  free  surface  of  liquid. 
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(a)  Tula!  Pressure  i  D.  The  total  pressure  on  the  surface  may 
be  determined  by  dividing  the  entire  surface  into  a  number  of 
small  parallel  strips.  The  force  on  small  strip  is  then  calculated 
and  the  total  pressure  force  on  the  whole  area  is  calculated  by 
integrating  the  force  on  small  strip. 

Consider  a  strip  of  thickness  dh  and  width  b  at  a  depth  of  h 
from  free  surface  of  liquid  as  shown  in  Fig.  3.1 

Pressure  intensity  on  the  strip. 


FREE  SURFACE  OF  LIQUID 


P  =  pgh 

(See  equation  2.5) 

dA  '=  b  X  dh 

dF  =  px  Area 
=  pgh  xbxdh 
Total  pressure  force  on  the  whole  surface. 


Area  of  the  strip, 
Total  pressure  force  on  strip 


Fig,  3.1 


But 


F=$dF  =  jpghxbxdh  =  pgjbxhxdh 
jbxhxdh  =  jh  xdA 

=  Moment  of  surface  area  about  the  free  surface  of  liquid 
=  Area  of  surface  x  Distance  of  C.G.  from  free  surface 


.(3.1) 


.    =  A  X  /; 

F  =  pgAh 

For  water  the  value  of  p  =  1000  kg/m3  and  g  =  9.81  m/s2.  The  force  will  be  in  Newton. 

(£)  Centre  of  Pressure  (ti*).  Centre  of  pressure  is  calculated  by  using  the  "Principle  of  Moments", 
which  states  that  the  moment  of  the  resultant  force  about  an  axis  is  equal  to  the  sum  of  moments  of  the 
components  about  the  same  axis. 

■;  The  resultant  force  F  is  acting  at  P,  at  a  distance  fi*  from  free  surface  of  the  liquid  as  shown  in 
Fig.  3.1.  Hence  moment  of  the  force  F  about  free  surface  of  the  liquid  =  Fxh* 
.Moment  of  force  dF,  acting  on  a  strip  about  free  surface  of  liquid 

=  dFxh  { v 

=  pghxbxdhxk 
Sum  of  moments  of  all  such  forces  about  free  surface  of  liquid 


...(3.2) 
dF  =  pghxbxdh) 


Bui 


=  jpgh  xbxdhxh  =  pg  jbxhxhdh 
=  pgjbh1dk  =  pgjh2dA 
jirdA  =  jb/rdh 


(v    bdh  =  dA) 


.".  Sum  of  moments  about  free  surface 
Equating  (3.2)  and  (3.3),  we  get 


=  Moment  of  Inertia  of  the  surface  about  free  surface  of  liquid 
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or 


Fxh*  =  pgl0 

But  F=pgAh  - 

pgAhxh*  =  pgI0 

h*  =        __  Jo_ 
pgAh  Ah 
By  the  theorem  of  parallel  axis,  we  have 

ID  =  lr.  +  A  x  h1 
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...(3.4) 


where  Iq  =  Moment  of  Inertia  of  area  about  an  axis  passing  through  the  C.G.  of  the  area  and  parallel  to 
the  free  surface  of  liquid. 

Substituting  lc  in  equation  (3.4),  we  get 


Ah  Ah 


...(3.5) 

In  equation  (3.5),  ft  is  the  distance  of  C.G.  of  the  area  of  the  vertical  surface  from  free  surface  of  the 
liquid.  Hence  from  equation  (3.5),  it  is  clear  that : 

(0  Centre  of  pressure  (i.e.;  ft*)  lies  below  the  centre  of  gravity  of  the  vertical  surface. 
00  The  distance  of  centre  of  pressure  from  free  surface  of  liquid  is  independent  of  the  density  of  the 
liquid. 

Tabic  3.1    The  moments  of  inertia  and  other  geometric  properties  of  some  important  plane  surfaces 


Plane  surface 


C.G.  from  the 
base 


1.  Rectangle 


2.  Triangle 


Moment  of  inertia 
j  about  an  axis  passing 
Area         through  C.G.  and 
  parallel  to  base  (lG) 


d 

x  =  — 
2 


ft 

x  =  — 
3 


bd 


bh_ 

2 


Moment  of 
inertia  about 
base  (10) 


ML 
12 


bh3 
36 


3 


bl?_ 
12 
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Plane  surface 


3.  Circle 


4,  Trapezium 


C.G.  from  the 
base 


d 

x=  — 
2 


Area 


{a  +  b) 


xh 


Moment  of  inertia 
about  an  axis  passing 

through  C.G.  and 
parallel  to  base  (Ia) 


64 


36{a  +  b) 


xh' 


Moment  of 
inertia  about 
base  (f0) 


Problem  3.1  A  rectangular  plane  surface  is  2  m  wide  and  3  in  deep.  It  lies  in  vertical  plane  in 
water.  Determine  the  total  pressure  and  position  of  centre  of  pressure  on  the  plane  surface  when  its 
upper  edge  is  horizontal  and  (a)  coincides  with  water  surface,  (b)  2.5  m  below  the  free  water  surface. 

Solution.  Given : 

Width  of  plane  surface,       b  =  2  m 

Depth  of  plane  surface,       d  =  3  m 

(a)  Upper  edge  coincides  with  water  surface  (Fig.  3.2).  Total  pressure  is  given  by  equation 
(3.1)  as 


wne 


F  =pgAh 

where      p  =  1000  kg/m3,  g  =  9.8  i  m/s2 

A  =  3  x  2  =  6  m2,  h  =  -  (3)  =  1.5  m. 
2 

F  =  1000x9.81  x  6x  1.5 
=  88290  N.  Ans. 
Depth  of  centre  of  pressure  is  given  by  equation  (3.5)  as 

h*  =  M,  +  h 
Ah 

where     IG  =  M.O.I,  about  C.G.  of  the  area  of  surface 


FREE  WATER  SURFACE 


bdl  2x33 


12 


12 


=  4.5  m* 


Fig.  3.2 
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B  = 


4.5 
6x].5 


+  1.5-0.5+1.5=2.0  m.  Ans. 


m  Upper  edge  is  2.5  m  below  water  surface  (Fig.  3.3).  Total  pressure  (F)h  given  by  (3. 1 ) 


F  =  pgA  h 

wlierc    h  =  Distance  of  C.G.  from  free  surface  of  water 


WATER  SURFACE 


=  2.5  +  -=4.0  m 
2 


2.5  m 


F=  1000x9.81  x  6x4.0 
=  235440  N.  Ans. 


Centre  of  pressure  is  given  by  h*  =      +  h 

Ah 


where  Iq  ~  4.5,  A  =  6.0,  h  =  4.0 


h*  = 


4.5 


6.0x4,0 


+  4.0 


3.0  m 


D    „.      _- .  ,  ^  =0.1875  +  4.0  =  4.1875  =  4.1875  m.  Ans. 

Problem  3.2  D,«te  tf*  *rtfl/pr^«fe  ^  a  circular  plate  of  diameter  1.5  ,n  nhich  is  placed 
mmcalfy  m  wter  tn  such  a  Way  that  the  centre  of  the  plate  is  3  m  belo*  the  free  surface  of  lZr 
rind  the  Dosition  nt  rpmre  (i/n,«t„™  „j„„  J  ■<  J 


F«td  the  position  of  centre  of  pressure  also 
Solution.  Given  :  Dia.  of  plate,  d=  1 .5  m 


FREE  SURFACE 


Area, 


A  =  -  (1.5)2=  J  ,767  m2 
4 


h  =  3.0  m 

Total  pressure  is  given  by  equation  (3.1), 

F~ pgAh 
=  1000  x  9.81  x  1.767  x  3.0  N 
=  52002.81  N.  Ans. 

Position  of  centre  of  pressure  (A*)  is  given  by  equation  (3.5) 


h*  =  -S^  +  h 
Ah 


where  In  = 


ltd4     tixI.54  nndn 
 =  =  0.2485  m4 


64 


64 


,4  0.2485 

k  =  1767^0"  +3'°  =  00468  +  30 
=  3.0468  m.  Ans. 
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Problem  3.3  A  rectangular  sluice  gate  is  situated  on  the  vertical  wait  of  a  lock.  The  vertical  side  of 
the  sluice  is  d'  metres  in  length  and  depth  of  cent  mid  of  the  urea  is  >'  m  below  the  water  surface. 


Prove  that  the  depth  of  pressure  is  equal  to  \p  + 


12  p 


FREE  SURFACE 


Solution.  Given  : 
Depth  of  vertical  gate 
Let  the  width  of  gate 
.*.  Area, 


=  dm 

=  b  m 
A  =  b  x  d  m2 


Fig.  3.5 


Depth  of  C.G.  from  free  surface 

ft  =p  m. 

Let  h*  is  the  depth  of  centre  of  pressure  from  free  surface,  which  is  given  by  equation  (3.5)  as 


!r  bd 
ft*  =  -4L-  +  ft,  where  lG  = 


Ah 


bd" 


12 


h*  =  \'^r/bx<ixp\+p 


d1  d1  \ 
  +  p    or    p  +  — .  Ans. 

12  p  12 


Problem  3.4    A  circular  opening,  3  m  diameter,  in  a  vertical  side  of  a  tank  is  closed  by  a  disc  of 
3  m  diameter  which  can  rotate  about  a  horizontal  diameter.  Calculate  : 
(i)  the  force  on  the  disc,  and 

fii)  the  torque  required  to  maintain  the  disc  in  equilibrium  in  the  vertical  position  when  the  head 
of  water  above  the  horizontal  diameter  is  4  m.  (A.M. I.E.,  Winter,  1 977) 

Solution.  Given : 
Dia.  of  opening,  d  =  3  m 


Area, 


A  =  -  x  32  =  7.0685  m2. 
4 


Depth  of  C.G.,  ft=4m 

(0  Force  on  the  disc  is  given  by  equation  (3.1)  as 

F  =  pgAh  =  1000  X9.81  x  7.0685  x  4.0 
=  27736S"N  =  277.368  kN.  Ans. 

07)  To  find  the  torque  required  to  maintain  the  disc  in  equilibrium,  first  calculate  the  point  of  applica- 
tion of  force  acting  on  the  disc,  i.e.,  centre  of  pressure  of  the  force  F.  The  depth  of  centre  of  pressure  (ft*) 
is  given  by  equation  (3.5)  as 


=  IlL  +  h 
Ah 


*-d* 
64  

'd1  x4.0 


+  4.0 


-  d2 

16  x  4.0- 


+  4.0  = 


16x4.0 


+  4.0  =  0.14 +  4.0  =  4.14  m 
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4  m 


1.0.  J 


TT 

h  h* 


Fig.  3.6 

The  force  F  is  acting  at  a  distance  of  4. 14  m  from  free  surface.  Moment  of  this  force  about  horizontal 
diameter  X-X 

=  Fx(h*-h)  =  277368  (4. 14  -  4.0)  =  38831  Nm.  Ans. 

Hence  a  torque  of  38831  Nm  must  be  applied  on  the  disc  in  the  clockwise  direction. 
Problem  3.5    A  pipe  line  which  is  4  m  in  diameter  contains  a  gate  valve.  The  pressure  at  the  centre 
of  the  pipe  is  19.6  N/cm2.  If  the  pipe  is  filled  with  oil  of  sp.  gr.  0.87,  find  the  force  exerted  by  the  oil 
upon  the  gate  and  position  of  centre  of  pressure.      (Converted  to  SI  Units,  A.M. I.E.,  Winter,  1975) 

Solution.  Given  :  ■  - 

Dia.  of  pipe,  d  =  4m 


S  =  0.87 


.".  Area, 

Sp.  gr.  of  oil, 

.-.    Density  of  oil, 

,\    Weight  density  of  oil, 

Pressure  at  the  centre  of  pipe, 


A  = 

S 
Po 
«'o 

P 


Pressure  head  at  the  centre 


-GATE  VALVE 
Fig.  3.7 

-  x  4  =  4  it  mz 
4 

=  0.87 

m  0.87  x  1000  =  870  kg/m3 
=  p0x^  =  870x9.81  N/nr1 
=  19.6  N/cm2  k  19.6  x  104  N/m2 

19.6X104  „„noo 
■     „    nn   =22.988  m 
870x9.81 


.-.    The  height  of  equivalent  free  oil  surface  from  the  centre'of  pipe  =  22.988  m. 
The  depth  of  C.G.  of  the  gate  valve  from  free  oil  surface  It  =  22.988  m. 
£9  Now  the  force  exerted  by  the  oil  on  the  gate  is  given  by 

F  =  p#A  // 
where  p  =  density  of  oil  =  870  kg/m3 

F  =  870  x  9.8 1  x  4ji  X  22.988  =!  2465500  N  =  2.465  MN.  Ans. 
(«")  Position  of  centre  of  pressure  (/r*)  is  given  by  (3.5)  as 
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K  ef1  2  1 

,.*_ie_  +  ft-_6t        +  k=~  +  h  =  -     4"        +  22.988 

"  AA         *^xji  16/1  16x22.988 

4 

=  0.043  +  22.988  -  23.031  m.  Ans. 
Or  centre  of  pressure  is  below  ihe  centre  of  the  pipe  by  a  distance  of  0.043  m.  Ans. 
Problem  3  6    Detennine  the  total  pressure  and  centre  of  pressure  on  an  isosceles  triangular  plate 
of  base  4  m  and  altitude  4  m  when  it  is  immersed  vertically  in  an  oil  of  sp.  gr.  0.9.  The  base  of  the  plate 

coincides  with  the  free  surface  of  oil.  FREE  OIL  H  4  m  — 

Solution.  Given  i  ^R-FA_^5\      j  /-.j-.-. 

Base  ct" plate,  b  =  4  m  " "        "  \      jG  / 

Heisht  of  plate,  /i=4m  \IP/4m 

\  l  / 

bxh    4x4  i  \./ 

,  ■-■    Area,  A  =  _-  =  — =  8.0  m  V.  _L 

Sp.gr.  of  oil.  5  =  0.9  Fig.  3.8 

.-.    Density  of  oil  p  =  900  kg/m\ 

The  distance  of  C.G.  from  free  surface  of  oil, 

J,  =  —  x  h  =  -  x  4  =  1 ,33  m. 

3  3 

Total  pressure  (F)  is  given  by/"=  pgAh 

'  =  900  x  9.81  x  8.0  x  1.33  N  =  9597.6.  N.  Ans. 
Centre  of  pressure  (/i*)  from  free  surface  of  oil  is  given  by 

Ah 

where  lc  =  M.O.I,  of  triangular  section  about  its  C.G. 

=  M^=4x^  =  ?llm4 
36  36 

/,*  =  _  711     +  1.33  =  0.6667  +  1.33  =  1.99  m.  Ans. 

8.0  x  1.33 

Problem  3.7    A  vmica/  sluice  gale  is  used  tc  cover  an  opening  in  a  dam.  The  opening  is  2  m  wide 
and  1.2  m  high.  On  the  upstream  of  the  gate,  the  liquid  of  sp.  gr.  1.45,  lies  upto  a  height  of  1.5  m  ' 
mm  the  top  of  the  gate,  whereas  on  the  downstream  side  the  water  is  available  upto  a  height  touch-  _ 
ing  the  top  of  the  gate.  Find  the  resultant  force  acting  on  the  gate  and  position  of  centre  of  pressure. 
Find  also  the  force  acting  horizontally  at  the  top  of  the  gate  which  is  capable  of  opening  it.  Assume 
that  the  gate  is  hinged  at  the  bottom.  (A.M.I.E.,  May,  1975) 

Solution.  Given  : 

Width  of  gate.  b  =  2m 

Depth  of  gate.  d-  1.2  m 

Area  A=bxd=2x  1.2  =  2.4  nr 

Sp.  gr.  rf 'liquid       -  =1-45  s^ned  ^y  FaMd 
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.-.    Density  of  liquid,       p,  =  1.45  x  1000=  1450  kg/iir 
Lei  F j  =  Force  exerted  by  the  fluid  of  sp.  gr.  1 .45  on  gate 

F2  —  Force  exerted  by  water  on  the  gate. 

The  force  Fj  is  given  by     F,  =  p,g  x  A  x  In 
where    p,  =  1.45x  1000=  1450  kg/nr 

fti  =  Depth  of  C.G.  of  gate  from  free  surface  of  liquid 

=  1.5  +  —  =2.1  m. 
2 


FREE  SURFACE  OF  LIQUID 


LIQUID  OF 

Sp.gr.=1.45 

UPSTREAM 


1.5  m 


i 

FREE 


FREE  SURFACE 
WATER 


i  r/r.---^ 

!        K *  -"-»"_-".  WAT  E  R  -"  -~  -" 


DOWN  STREAM 
-HINGE 


Fig.  i.9 

F,  =  1450x9.81  x2.4x2.1  =71691  N 
F2  =  p2g Ahi 


Similarly, 
where    p2  =  1,000  kg/m3 

J12  =  Depth  of  C.G.  of  gate  from  free  surface  of  water 

=  -  x  1 .2  =  0.6  m 
2 

F2  =  1000  x  9.81  x  2.4  x  0.6  =  14126  N 
(0  Resultant  force  on  the  gate  £  F,  -  F2  =  71691  -  14126  =  57565  N.  Ans. 
{it)  Position  of  centre  of  pressure  of  resultant  force.  The  force  Fl  will  be  acting  at  a  depth  of 
from  free  surface  of  liquid,  given  by  the  relation 

1  Ah, 


»here     lr  =  ^-  =  ±T±Z.  =  0.288  m4 


12 


12 


S,*  = 


.28S 


+  2.1  =0.0571  +  2.1  =  2.1571  m 


24  x  2.1 
.-.    Distance  of  F,  from  hinge 

"■  =  (1.5  +  1.2)  -A,*  =  2.7  -  2.1571  =0.5429  m 
The  force  F2  will  be  acting  at  a  depth  of  /i2*  from  free  surface  of  w@mmikjd$}yeB<tofyid '■ 
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where    lc  =  0.288  m4,  h  2  =  0.6  m,  A  =  2.4  m 

0.288 


hz*  = 


+  0.6  =  0.2 +  0.6  =  0.8  m 


2.4x0.6 

Distance  of  F2  from  hinge       =  1 .2  -  0.8  =  0.4  m 
The  resultant  force  57565  N  will  be  acting  at  a  distance  given  by 

71691  x. 5429 -14126x0.4 
57565 

=  38921  -565^m  above  hinge 
57565 

=  0.578  m  above  the  hinge.  Ans. 
m  Force  at  the  top  of  gate  which  is  capable  of  opening  the  gate.  Let  F  is  the  force  required  on 
the  top  of  the  gate  to  open  it  as  shown  in  Fig.  3.9.  Taking  the  moments  of  F,  Fj  and  F2  about  the  hinge, 
we  get 


or 


Fx  1.2  +  F2x0.4  =  F1  x.5429 
F  = 


F,  x  .5429  -F2x  0.4 


1.2 


71691  x  .5429 -141 26  x  0.4  38921-5650.4 

=  "    ~    "TT       ~=  ■  i.2 

=  27725.5  N.  Ans.  . 

Problem  3  8  A  caisson  for  dosing  the  entrance  to  a  dry  dock  is  of  trapezoidal  form  16  m  wide  at 
the  top  and  10  m  wide  at  the  bottom  and  6  m  deep.  Find  the  total  pressure  and  centre  of  pressure  on 
the  caisson  if  the  water  on  the  outside  is  just  level  with  the  top  and  dock  is  empty. 


Solution.  Given 
Width  at  top  =16m 
Width  at  bottom  =  10  m 

Depth,  d  =  6m 

Area  of  trapezoidal  ABCD, 

(BC+AD) 

~2 
(10  +  16) 


WATER  SURFACE 
l„  -  16m 


A  = 


xrf 


x  6  =  78  nf 


Depth  of  C.G.  of  trapezoidal  area  ABCD  from  free  surface  of  water, 


h  - 


„    (16-10)    ,    1  , 
10x6x3  +  - — —  x  6  X  -  x  6 


78 


180  +  36 


=  2.769  m  from  water  surface. 
78  scanned  by Fahid 
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F=  pgA%  =  1000  x  9.81  x  78  X  2.769  N 
=  21 18783  N  =  2.1 18783  MN.  Ans. 
00  Centre  of  Pressure  (h*).  Centre  of  pressure  is  given  by  equation  (3.5)  as 

Ah 

where  IG  =  M.O.I,  of  trapezoidal  ABCD  about  its  C.G. 


Let 


Then 


IC[  =  M.O.I,  of  rectangle  FBCE  about  its  C.G. 

7Ci  =  M.O.I,  of  two  As  ASF  and  ECD  about  its  C.G. 


fc  = 


bd-  10x6" 


12 


12 


=  180  m4 


IGi  is  the  M.O.I,  of  the  rectangle  about  the  axis  passing  through  Gj. 

.-.    M.O.I,  of  the  rectangle  about  the  axis  passing  through  the  C.G.  of  the  trapezoidal      +  Area  of 

i  2  » 

rectangle  X  Jtj 

where  x,  is  distance  between  the  C.G.  of  rectangle  and  C.G.  of  trapezoidal 

=  (3.0-  2. 769)  =  0.231  m 
.'.    M.O.I,  of  FBCE  passing  through  C.G.  of  trapezoidal 

=  180  +  10x6x(0.231)2  =  180  +  3.20=  183.20  m4 

Now  lr, 


bdi 

-M.O.I,  of  MBDm¥\%.  3.11  about  G,  =  — 


(16-10)x6J     ,  4 

=   =  36  m   

36 

The  distance  between  the  C.G.  of  triangle  and  C.G.  of  trapezoidal 

=  (2.769 -2.0)  =0.769 
.-.    M.O.I,  of  the  two  As  about  an  axis  passing  through  C.G,  of  trapezoidal 
'  -  /C;  +  Area  of  triangles  x  (.769)2  -  A 

6x6 


=  36.0  + 


x(.?69)z 


=  36.0+  10.64  =  46.64 
la  =  M.O.I,  of  trapezoidal  about  its  C.G.  . 

=  M.O.I,  of  rectangle  about  the  C.G.  of  trapezoidai 

+  M.O.I,  of  triangles  about  the  C.G.  of  the  trapezoidal 
=  183.20  +  46.64  =  229.84  m4 


Ah 


where     A  =  78,  h  =  2.769 


A*  = 


229.84 


78x2.769 
Alternate  Method 

The  distance  of  the  C.G.  of  the  trapezoidal  channel  from  surface  A 

PB£C69) 


+  2.769  m  1 .064  +  2.769  =  3.833  m.  Ans. 


able  3.1  on 

iZSwapml 


78    Fluid  Mechanics 


(v    a  =  10,  b  =  16  and  /;  =  6) 


AZa  +  b)  k 
X     {a  +  b)  3 

(2x10  +  16)  6 
(10+16)  '3 

=  -x2=  2,769  m 
26 

This  is  also  equal  to  the  distance  of  the  C.G.  of  the  trapezoidal  from  free  surface  of  water. 

h  =  2.769  m 


.;  Total  pressure, 
Centre  of  Pressure 


F  =  pgAh 

=  1000  x  9.81  x  78  x  2.769  N  -  2118783  N.  Ans. 


(v    A  =  78) 


An 


Now  IG  from  Table  3.1  is  given  by, 

(a2+4ab  +  b2)      Z     (l02+4xl0xl6  +  162) 

/  _  \  I  x  h  =  —  ■  x  6 

36(a  +  &)  36(10  +  16) 


_(100  +  640  +  256)x216  =  229  846  m4 

36x26 


(v    ,4  =  78  m2) 


78  x  2.769 
=  3.833  m.  Ans. 

Problem  3.9    A  trapezoidal  channel  2  m  wide  at  the  bottom  and  1  m  deep  has  side  slopes  1  :  1. 

Determine  : 

(i)  the  total  pressure,  and 

fii)  the  centre  of  pressure  on  the  vertical  gate  closing  the  channel  when  it  is  full  of  water. 

'  T  (A.M.1.E-,  Summer,  1978) 

Solution.  Given  : 


Width  at  bottom 

Depth, 

Side  slopes 

.-.    Top  width, 

Area  of  rectangle  FBEC, 


=  2  m 
d  =  1  m 
=  1:1 
/tD  =  2+  l  +  l=4m 
A ,  =  2  x  1  =  2  m2 

(4-2) 


-4  m  - 
A  WATER  SURFACE 


Area  of  two  triangles  4  Wand  BCD,  A2  =  — —  X  1  =  1  m 

.-.  Area  of  trapezoidal  ABCD,  A  =  A}  +  A2  =  2  +  1=3  m3 
Depth  of  C.G.  of  rectangle  FBEC  from  water  surface, 

5,  =  1  =  0.5  m 
2 


scanned  by  Fahid 

PDF  created  by  AAZSwapnil 


Hydrostatic  Forces  on  Surfaces  79 


Depth  of  C.G.  of  two  triangles  ABF  and  ECD  from  water  surface, 

7      1     ,  1 

h2  -  -  x  1  =-  m 

3  3 

.*.    Depth  of  C.G.  of  trapezoidal  ABCD  from  free  surface  of  water 

T  _  A,  xh,  +  A2xh~2  _  2  x  0.5  +  1  x  0.33333  _  ,AAAA 
(A  +A2)  (2  +  1) 

(0  Total  Pressure  (F).  Total  pressure  F  is  given  by 

F=pgAh 

=  1000  x  9.8 1  x  3.0  x  0.44444  =  13079.9  N.  Ans. 
(»)  Centre  of  Pressure  (h*).  M.O.I,  of  rectangle  FBCE  about  its  C.G., 

/    -  —  -  2x13  -  I  ni4 
C|  ~  12        12    ~  6  m 

M.O.I,  of  FBCE  about  an  axis  passing  through  the  C.G.  of  trapezoidal 

or  /C|*  =  /C]  +  A:  x  [Distance  between  C.G.  of  rectangle  and  C.G. 


of  trapezoidal] 


2 


=  -  +  2x  [h,  -hf 


=  -+2x  [0.5  -  .4444]2  =  .1666  +  .006182  =  0.1727 
6 

M.OJ.  of  the  two  triangles  ABF  and  ECD  about  their  C.G., 

=  M3=(l  +  l)xl3=  2  =  1  m4 
Cs      36          36         36  18 
M.O.I,  of  the  two  triangles  about  the  C.G.  of  trapezoidal, 

IG*  -  /G]  +  A2  x  [Distance  between  C.G -of  triangles  and  C.G. 

of  trapezoidal]2 

=  —  +  lx[ft~/j2f  =  — +lx[". 4444-- 
18        L        J      18        L  3. 

=  —  +  (.11  ID2  =  0.0555  +(.11  ll)2 
1 8 

=  .0555  +  0.01234  =  0.06789  m4 
,\    M.O.I,  of  the  trapezoidal  about  its  C.G. 

!c=  !G  *  +  /0,  *  =  .1727  +  .06789  =  0.24059  m4 
Then  centre  of  pressure  (/?*)  on  the  vertical  trapezoidal. 

h*  =  ^L  +  h=  U  +  .4444  =  0.1 8046  +  .4444  =  0.6248 

Ah  3  x. 4444 

^  0.625  m.  Ans.  •  scanned  by  Fahid 
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Alternate  Method 

The  distance  of  the  C.G.  of  the  trapezoidal  channel  from  surface  AD  is  given  by  (refer  to  Table  3.1  on 

page  69). 

(2a +  b)     h     (2x2  +  4)  1 


x  = 


x  —  = 


Total  pressure, 


{et  +  b)      3       (2  +  4)  3 
=  0.444  m 
k  =  x  =  0.444  in 

F  =  pgAh  -  1000  X  9.81  x  3.0  x  .444 
=  13079  N.  Ans. 


(v    a  =  2,  b  =  4  and  h  =  1) 


(v    A  =  3.0) 


/ 


Centre  of  pressure, 

where  lc  from  Table  3. 1  is  given  by 

(a2+4ab  +  b2)     .    (2!+4x2x4  +  42)     ,      52  Jm  \ 

lr  =A  L  x/i3=  i  '-  x  13=  =0.2407  m4 

G     '   36{a  +  2>)  36(2  +  4)  .  36x6 


0.2407 


V 


+  ,444  =  0.625  m.  Ans. 


3.0  x  .444 

Problem  3.10  A  square  aperture  in  the  vertical  side  of  a  tank  has  one  diagonal  vertical  and  is 
completely  covered  by  a  plane  plate  hinged  along  one  of  the  upper  sides  of  the  aperture.  The  diago- 
nals of  the  aperture  are  2  m  long  and  the  tank  contains  a  liquid  of  specific  gravity  7.75.  The  centre  of 
aperture  is  7.5  m  below  the  free  surface.  Calculate  the  thrust  exerted  on  the  plate  by  the  liquid  and 
position  of  its  centre  of  pressure.  (A.M. I.E.,  Summer,  1986) 

Solution.  Given  :  Diagonals  of  aperture,  AC  =  BD  =  2  m 

.-.  Area  of  square  aperture,  A  =  Area  of  AACS  +  Area  of  AACD 


ACxBO  ACxOD 
 .  +  — — . 


=  1.15 


Sp.  gr.  of  liquid 
.%    Density  of  liquid,        p  =  1.15  x  1000=  1150kg/m3 
Depth  of  centre  of  aperture  from  free  surface, 

ft  =  1.5  m. 


1.5  m 


Sp.  gf  =1.15 


B  SQUARE 
APERTURE 
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(t)  The  thrust  on  the  plate  is  given  by 

F  =  pgAh  =  11  50  x  9.81  x  2  x  1.5  =  33844.5.  Ans. 
(it)  Centre  of  pressure  (h*)  is  given  by 

h*  =  h=  +  h 
Ah 

where  IG  =  M.O.I,  of  ,4BCZJ  about  diagonal  AC 

=  M.O.I,  of  triangle  ABO  about  AC  +  M.O.I,  of  triangle  A  CD  about  /I  C 


ACxOB1  ACxOD3 

 +  - 

12 

2xl3 


2xlJ 


12 


12 


12 

1     1     1  4 

6     6  3 

1 


bh 

M.  O.  I.  of  a  triangle  about  its  base  =  - — - 

12  j 


1 


/,*  =  +  1.5  = 

2x1.5  3x2x1.5 


f  1.5  s=  1.611  m.  Ans. 


Problem  3.1 1    A  tank  contains  water  upto  a  height  of  0.5  m  above  the  base.  An  immiscible  liquid  of 
sp.  gr.  O.S  is  ft  J  led  on  the  top  of  water  upto  I  m  height.  Calculate  : 
'{ i)  total  pressure  on  one  side  of  the  tank, 

(ii)  the  position  of  centre  of  pressure  for  one  side  of  the  tank,  which  is  2  m  wide. 
Solution.  Given  : 

Depth  of  water  =0.5  m 

Depth  of  liquid  =  1  m 

Sp.  gr.  of  liquid  =  0.8 

Density  of  liquid,  -  p,  =  0.8  x  1000  =  800  kg/m3 

Density  of  water,  p2  =  1000  kg/m3 

Width  of  tank  =2  m 

(0  Total  pressure  on  one  side  is  calculated  by  drawing  pressure  diagram,  which  is  shown  in  Fig.  3. 14. 
Intensity  of  pressure  on  top,  Pa  =  ® 

Intensity  of  pressure  on  D  {or  DE),    pB  -  p^g.h^ 

=  800x9.81  x  1.0  =  7848  N/m2 


::::  liquid 


T 

1  m 

L 

ol  m  ^  WATER 


Fi».  .i.14 

Intensity  of  pressure  on  base  (orSC).  pB  =         +  p2g  x  0-5 

=  7848  +  1000  x  9.81  x  0.5  =  7848  4-  4905  =  12753  N/m1 
Now  force  Ft  =  Area  of  AADE  x  Width  of  tank 
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ZD 


Force 


F2  -  Area  of  rectangle  DBFE  x  Width  of  tank 

=5  0.5  x  7848  x  2  =  784S  N 
F3  =  Area  of  AEFC  x  Width  of  tank 

=  ^  x  EF  x  FC  x  2.0  =  --  x  0.5  x  4905  x  2.0  =  2452.5  N 
2  2 


.-.  Total  pressure, 


F=F,  +F2  +  F3 
-  7848  +  7848  +  2452.5  =  18148.5  N.  Ans. 
(«)  Centre  of  Pressure  (h*).  Taking  the  moments  of  all  force  about  A,  we  get 

Fx  h*  =  F,  x  |  AD  +  F2  (AD  +  -  BD)  +  Fy[AD  +  -  BD] 
3  2  3 

18148.5  x  ft*  =  7848  x  |  x  1  +  7848  \lQ+®~j  +  2452.5  j^l.O  + 1  x  .sj 

=  5232  +  9810+  3270  =  18312 
1 83 1 2 

ft*s  =  1.009  m  from  top.  Ans.. 

18148.5   

Problem  3.12    A  cubical  tank  has  sides  of  1.5  m.  It  contains  water  for  the  lower  0.6  m  depth.  The 

upper  remaining  part  is  fdled  with  oil  of  specific  gravity.  0.9.  Calculate  for  one  vertical  side  of  the 

tank  : 

(a)  total  pressure,  and 

(b)  position  of  centre  of  pressure.  (A.M. I.E.,  Winter,  1987) 
Solution.  Given  : 

Cubical  tank  of  sides  1 .5  m  means  the  dimensions  of  the  tank  are  1.5  m  x  1.5  m  x  1 .5  m. 

Depth  of  water  =  0.6  in 

Depth  of  liquid        '  =  1 .5'-  0.6  =  0.9  m 

Sp.  gr.  of  liquid  k  0.9  . 

Density  of  liquid,  p,  =  0.9  X  1000  =  900  kg/m3 

Density  of  water,  p;  =  1000  kg/m3 

(a)  Total  pressure  on  one  vertical  side  is  calculated  by  drawing  pressure  diagram,  which  is  shown  in 
Fig.  3.15. 

A  An 


0.9  m 
1.5  m 


OIL  OF  SP.  GR,=0.9 


o.fim.::::::  water  zznz 


1.5  m 


Fig.  3.15 
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Intensity  of  pressure  at  A,  pA=0 

Intensity  of  pressure  at  D,  pD  =  ptgxh~  900  x  9.8 1  x  0.9  =  7946. 1  N/m2 
Intensity  of  pressure  mB,  pB  =  p^/jj  +  p2gh2  =  900  x  9.8  I  x  0,9  +  1000  x  9.81  x  0.6 

=  7946.1  +  5886  =  13832.1  N/m* 

Hence  in  pressure  diagram  : 

DE  =  7946. 1  N/m2,  BC  =  13832. 1  N/m2,  FC  =  5886  N/m2 
The  pressure  diagram  is  split  into  triangle  ADE,  rectangle  BDEF  and  triangle  EEC.  The  total  pres- 
sure force  consists  of  the  following  components  : 

(0  Force  Fi  =  Area  of  triangle  ADE  x  Width  of  tank 

=  (jxAOxD£)xl.5  (v    Width  =  1 .5  m) 

=  (|  x  0.9  x  7946.1)  x  1.5  N  =  5363.6  N 

? 

This  force  will  be  acting  at  the  C.G.  of  the  triangle  ADE,  i.e.,  at  a  distance  of  —  x  0.9  =  0.6  m  below  A 

(ii)  Force  F ;  =  Area  of  rectangle  BDEF  x  Width  of  tank 

'  =  (BDx  DE)  x  1.5  =  (0.6  x  7946.1)  x  1.5  -  7151.5 

This  force  will  be  acting  at  the  C.G.  of  the  rectancle  BDEF  i.e.,  at  a  distance  of  0.9  +  —  =  1 .2  m 

"  "  '  2 

below  A. 

(Hi)  Force  F,  =  Area  of  tri  angle  EFC  x  Width  of  tank 

=  (±xEFxFC)  X  1,5  =  (1x0.6x5886)  X  1.5  =  2648.7  N 

2 

This  force  will  be  acting  at  the  C.G.  of  the  triangle  EFC.  i.e.,  at  a  distance  of  0.9  +  -  x  0.6  =  1.30  m 
belowA. 

/.    Total  pressure  force  on  one  vertical  face  of  the  tank, 

F  =  Fi+F2  +  F% 
J  =5363.6  +  7151.5  +  2648.7  =  15163.8  N.  Ans. 

(b)  Position  of  centre  of  pressure 

Let  the  total  force  F  is  acting  .at  a  depth  of  h*  from  the  free  surface  of  liquid,  i.e.,  from  A. 
Taking  the  moments  of  all  forces  about  A,  we  get 

Fxh*  =Fj  x0.6  +  F2x 1.2  +  F3X  1.3 


or  ft*  = 


Fl  x0.6  +  F2  x].2  +  F3  xl.3  . 

5363.6  x  0.6  +  7151.5  X  1.2  +  2648.7  x  1.3 


15163.8 
=  1.005  m  from  A.  Ans. 

►  3.4    HORIZONTAL  PLANE  SURFACE  SUBMERGED  IN  LIQUID 

Consider  a  plane  horizontal  surface  immersed  in  a  static  fluid.  As  every  point  of  the  surface  is  at  the 
same  depth  from  the  free  surface  of  the  liquid,  the  pressure  intensity  will  be  equal  on  the  entire  surface 
and  equal  to.p  =  pgh,  where  h  is  depth  of  surface.  scanned  by  Fahid 
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Let  A  =  Total  area  of  surface 

Then  total  force,  F,  on  the  surface 


FREE  SURFACE 


Fig.  3.16 


~p  x  Area  -  pg  x  h  xA  ~  pgAh 

where    h  =  Depth  of  C.G.  from  free  surface  of  liquid  =  h 
also     /i*  -  Depth  of  centre  of  pressure  from  free  surface  =  h. 
Problem  3.13    Fig.  3.17  shows  a  lank  full  of  water.  Find  : 

(i)  Total  pressure  on  the  bottom  of  tank. 

(ii)  Weight  of  water  in  the  tank. 

(Hi)  Hydrostatic  paradox  between  the  results  of  (i)  and  (ii).  Width  of  tank  is  2  m. 

Solution,  Given  :  0,4m 
Depth  of  water  on  bottom  of  tank 

A,  =  3  +  0.6  =  3.6  m 

=  2  m 
~  =  4  m 
4=4x2  =  8  m2 
(0  Total  pressure  F,  on  the  bottom  is 

F  =  pgAk  =  1000  x  9.81  x  8  x  3.6 


Width  of  tank 

Length  of  tank  at  bottom 

.*.    Area  at  the  bottom, 


3m 


^  —  ~ " — -  -  - 


4  m- 


i 

0.6  m 


T 


Fig.  3.17 


=  282528  N.  Ans. 

(ii)  Weight  of  water  in  tank  =  pg  x  Volume  of  tank 

=  1000  x  9.81  x  [3  X  0.4  x  2  +  4  X  .6  x  2J 
=  1000  x  9.81  [2.4  +  4.8]  =  70632  N.  Ans. 

(Hi)  From  the  results  of  (i)  and  07),  it  is  observed  that  the  total  weight  of  water  in  the  tank  is  much 
less  than  the  total  pressure  at  the  bottom  of  the  tank.  This  is  known  as  Hydrostatic  paradox. 

►  3.5    INCLINED  PLANE  SURFACE  SUBMERGED  IN  LIQUID 

Consider  a  plane  surface  of  arbitrary  shape  immersed  in  a  liquid  in  such  a  way  that  the  plane  of  the 
surface  makes  an  angle  0  with  the  free  surface  of  the  liquid  as  shown  in  Fig.  3.18. 

FREE  LIQUID  SURFACE! 

•  r 


Let 


AREA  dA 


Fig.  3.18    Inclined  immersed  surface. 
A  =s  Total  area  of  inclined  surface 


h  =  Depth  of  C.G.  of  inclined  area  from  free  surface 
h*  =  Distance  of  centre  of  pressure  from  free  surface  of  liquid 
0  =  Angle  made  by  the  plane  of  the  surface  with  free  liquid  surfacg^^g^  Fahid 
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Let  the  plane  of  the  surface,  if  produced  meet  the  free  liquid  surface  at  O.  Then  O-O  is  the  axis 
perpendicular  to  the  plane  of  the  surface. 

Let  v  =  distance  of  the  C.G.  of  the  inclined  surface  from  0-0 

y*  =  distance  of  the  centre  of  pressure  from  O-O. 
Consider  a  small  strip  of  area  dA  at  a  depth  'ft'  from  free  surface  and  at  a  distance  y  from  the  axis 
O-O  as  shown  in  Fig.  3.18. 

Pressure  intensity  on  the  strip,  p  =  pgh 

Pressure  force,  dF,  on  the  strip,    dF=px  Area  of  strip  =  pgh  x  dA 

Total  pressure  force  on  the  whole  area,  F  =  jdF  =  ^pghdA 

h     h  h* 

But  from  Fig.  3.18,  -=-  =  —  =  sin  0 

.  >•    y  y* 

h  =  v  sin  0 

F  =  Jpg  x  y  x  sin  9  x  dA  =  pg  sin  djydA 

But  JysM=Ay 

where  y  =  Distance  of  C.G.  from  axis  0-0 

F  =  pg  sin  9  y  x  A 
=  pgAh  (v    h  =  y  sin  9)  ...{3.6} 

Centre  of  Pressure  (h*) 

Pressure  force  on  the  strip,  dF  =  pghdA 

=  pgy  sin  BdA  [h  =  y  sin  0] 

Moment  of  the  force;  dF,  about  axis  O-O 

=  dFxy  =  pgy  sin  9  dA  x  y  =  pg  sin  8  y^M 
Sum  of  moments  of  all  such  forces  about  O-O 


=  Jpgsin  9y2  dA  =  pg  sin  0  Jy2  dA  - 
But  Jy2  dA  =  M.O.I,  of  the  surface  about  0-0  =  10 


.*.    Sum  of  moments  of  all  forces  about  0-0  =  pg  sin  9 70  ...(3.7) 
Moment  of  the  total  force,  F,  about  O-O  is  also  given  by 

=  F*y*  -(3.8) 
where    y*  -  Distance  of  centre  of  pressure  from  O-O. 

Equating  the  two  values  given  by  equations  (3.7)  and  (3.8) 
Fx  y*  -  pg  sin  9  /0 

v*  =  m&M  ...(3.9) 

F 

h*       '        -  '' 

Now  v*  =  -.F=pgAh-    -  .  ■ 

sin  6 

and  /0  by  the  theorem  of  parallel  axis  =  IG  +  Ay2.  scanned  by  Fahid 

%  PDF  created  by  AAZSwapnil 


1 86  FluidMechanics 


Substituting  these,  values  in  equation  (3.9),  we  get 


But 


or 


sin  6 
ft*  = 
| 

IK 

y 

h*  = 
ft*  = 


pgAh 

^[l0  +  Ay2] 
A  h 

sin  9    or    v  = 


h 

sin  8 


sm29  fr  l'-'  h1 
—  |  fG  +  A  x 


Aft 

7,,sin20  ,  - 


sin2  9 


Aft 


-  +  ft 


..(3.10) 


FREE  WATER  SURFACE 

J£   & 


If  9  =  90°,  equation  (3.10)  becomes  same  as  equation  (3.5)  which  is  applicable  to/vertically  plane 

SUtZ^tm  L  =  M.OX  of  inclined  surfaces  about  an  axis  passing  throughG  and  parallel  to-  O-O. 
Problem  3.1 4  (a)  A  rectangular  plane  surface  2  m  Wide  and  3  m  deep  lie,  in  water  m  such  a  way 
m  its  plane  makes  an  angle  of 30°  with  the  free  surface  of  water.  Detune  the  total  pressure  and 
position  of  centre  of  pressure  when  the  upper  edge  is  1.5  m  below  the  free  water  surface. 

Solution.  Given  : 

Width  of  plane  surface,    b  =  2  m 

Depth,  A  =  3  m 

Angle,  B  =  30° 

Distance  of  upper  edge  from  free  water  surface  =  1 .5  m 

(t)  Total  pressure  force  is  given  by  equation  (3.6)  as 
F  =  pgAh 

where  p  =  1000kg/m3 

A=ixd=3x2=6m 

ft  =  Depth  of  C.G.  from  free  water  surface 
=  1.5  +1.5  sin  30° 

{ v.    A  =  AE  +  EB  =  \  .5  +  BC  sin  30°  =  1 .5  +  1 .5  sin  30c } 

=  1.5  +  1. 5x^=2.25m 

F  =  1000  x  9.81  x  6  x  2.25  =  13243S  N.  Ans. 

(n)  Centre  of  pressure  (h*) 

Using  equation  (3.10),  we  have 

ft*  =  ^ — +  ft ,    where  Ic  =  ■  =  ■   4.3  m 


Fig.  3.19 


ft*  = 


Ah 
4.5  x  sin3  30° 


12 
1 


12 


+  2.25 


4.5  X- 

-2-  +  2.25 


6  X  2.25  6  x  2.25 

=  0.0833  +  225  =  2.3333  m.  Ans.       scanned  by  Fahid 
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Free  surface  of  waler 


Problem  3.14  (fa)  A  rectangular  plane  surface  3  m  wide  and  4  m  deep  lies  in  water  in  such  a  wav 
that  its  plane  makes  an  angle  of  30°  with  the  free  surface  of  water.  Determine  the  total  pressure  force 
and  position  of  centre  of  pressure,  when  the  upper  edge  is  2  m  below  the  free  surface. 

(Delhi  University,  Dec.  2002) 

Solution.  Given  : 

h  =  3  m  ,  d  =  4  m,  6  =  30° 
Distance  of  upper  edge  from  free  surface  of  water  -2m 
(i)  Total  pressure  force  is  given  by  equation  (3.6)  as 

F=pgAh 
where     p  =  1000  kg/m\ 


A=bxd  =  3x4=12m2 

and   .     h  =  Depth  of  C.G.  of  plate  from 
free  water  surface 
=  2  +  BE  =  2  +  BCsin9 

=  2  +  2  sin  30°  =  2  +  2  x  -  =  3  m 

2  Fig.  3.19  (a) 

F=  1000  x  9.81  x  12  x  3  =  353167  N  =  353.167  kN.  Ans. 
(iff)  Centre  of  pressure  (h*) 


View  normal 
to  plate 


Using  equation  (3. 10),  we  have  /i*  = 


_  /g_sirre  - 


where  /G  = 


bd  3x43 


12  12 


=  16m4 


1 

16  x  sin2  30°     ,     16  x  7  „ 
h*  =  — :  +  3  =  -i.  +  3  -  3.111  m.  Ans. 


12x3  36 

Problem  3.15  (a)    A  circular  plate  3.0  m  diameter  isimmersed  in  water  in  such  a  way  that  its 
greatest  and  least  depth  below  the  free  surface  are  4  m  and  J. 5  m  respectively.  Determine  the  total 
pressure  on  one  face  of  the  plate  and  position  of  the  centre  of  pressure. 
Solution.  Given  : 


Dia.  of  plate, 
.'.  Area, 
Distance 


d  =  3.Qm 
71 


/FREE  WATER  SURFACE 
/      E  D 


A  =  —  d2  =  —  (3.0)2  =  7.0685  m 


4  4 
DC  =  1 .5  m.  BE  =  4  m 


Distance  of  C.G.  from  free  surface 

=  h  =  CD  +  GC  sin  6  -  1 .5  +  1 .5  sin  0 
AB     BE- At     4.0 -  DC  4.0-1,5 


But 


sin  6  = 


BC 

|4 

3.0 


BC 
=  0.8333. 

jf 

3 


h  =  1.5  +  1.5  x  .8333 


3.0 
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(0  Total  pressure  (F) 

F  =  pgA  h 

.  .  "          '  =  1000  x  9. SI  x  7.0685  x  2.749  =  190621  N.  Ans. 

.y>Vt*,t>°-  '>5V..  -jr. 
iii)  Centre  of  pressure  (b*) 

Using  equation  (3.10),  we  have  fi*  =  -= —  +  « 


A  A 


where       =  g£  ^  =  ~7  '(3)4  =  3.976  m4 


64 


64 


'  =  3j>76x  (.8333)  x. 8333  +  2  ?4g  _  q.1420  +  2.749 
7.0685x2.749 

=  2.891  m,  Ans. 


I 


Problem  3.1 5  (b)  If  in  the  above  problem,  the  given  circular  plate  is  having  a  concentric  circular 
hole  of  diameter  1.5  m,  then  calculate  the  total  pressure  and  position  of  the  centre  of  pressure  on  one 

face  of  the  plate.  

■   Solution.  Given  s  [Refer  to  Fig.  3.20  (a)] 
Dia.  of  plate,  d  -  3.0  m 


Area  of  solid  plate  =  -  d2  =  -  (3)2  =  7.0685  m2 
4  4 

Dia.. of  hole  in  the  plate,  rf0  =  1 .5  m 
.%  Area  of  hole 


View  normal 
to  plate 


=  *  d2  =  -(\.5)2  =  1.7671  m2 


4  4 

.■.  Area  of  the  given  plate,  A  =  Area  of  solid  plate  -  Area  of  hole 

=  7.0685  -  1.7671  =  5.3014  m2 

■ 

Distance  CD  =  1.5,  BE=4m 
Distance  of  C.G.  from  the  free  surface, 

h  =  CD  +  GC  sin  6 
=  1.5+  1.5  sinO 

AB     BE-AE     4-1.5  2^ 

3 


But 


sin  6  =  — -  =  ■ 


BC 


BC 


h  =  1.5'+  1.5  x  —  =  1.5  +  1.25  -  2.75  m 
3 


(/)  Total  pressure  force  (F) 

F  =  pgAh 


=  1000x  9.81  x  5. 3014  x2.75 
=  143018  N  =  143,018  kN.  Ans. 
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(it)  Position  of  centre  of  pressure  (h*) 
Using  equation  (3.10),  we  have 


Ah 


where  IG^~  [d*  -  d*]  =  g,  [34  -  1 .5*1  m4 

^=Ttrf2-^  =  -  [32-l-52]m2  U 
4  4 

2  5- 
sin  8  =  - —  and  /z  =  2.75 
3 


-'*]«(¥)' 

m  =  %  +  2.75 

-[32  -1.52lx2.75 
4  L  J 


16i  ■    *    \  3  J    +275  =lxll.25x6.25  +  2  7, 

2.75  16x2.75x9 
J    =  0.177  +  2.75  =  2.927  m.  Ans. 
Problem  3.16    A  circular  plate  3  metre  diameter  is  submerged  in  water  as  shown  in  Fig.  3.21.  Its 
greatest  and  least  depths  are  below  the  surfaces  being  2  metre  and  1  metre  respectively.  Find :  (i )  the 
total  pressure  an  front  face  of  the  plate,  and  (ii)  the  position  of  centre  of  pressure. 

(A.M.I.E.,  Winter,  1983) 
Solution.  Given  :                                                                         .  Water  surface 

Dia.  of  plate,  d  =  3.0m  .   i 

.-.    Area,    ■  A  =  -  (3.0)2  =  7.0685  m2 

'  4  c 

Distance,  DC  =  1  m,  BE  =  2  m 

,    .  .__  '  ,'        AB    "BE-AE    BE -DC    2.0-1.0  1 

In  AABC,  sin  6  -  — -  =  — — —  =  =  =  — 

AC        BC BC  3.0.       3  Fig.  .3.21 

The  centre  of  gravity  of  the  plate  is  at  the  middle  of  BC,  i.e.,  at  a  distance  1 .5  m  from  C. 

The  distance  of  centre  of  gravity  from  the  free  surface  of  the  water  is  given  by 

h  -  CD  +  CC  sin  8  =  1.0  +  1.5  x  ^  ■  (vsm9=j) 

=  1.5  m. 

(0  Total  pressure  on  the  front  face  of  the  plate  is  given  by 
F=pgAh 

■  =  1000x9.81  x  7.0685  x  1.5  =  104013  N.  Ans. 
Let  the  distance  of  the  centre  of  pressure  from  the  free  surface  of  the  water  bc^i*.  Then  using  equation 
f  3. 10),  we  have 

a*  =  MsSl^ 
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where    lr=  —  di  =  —  (3)\  A  =  §  d;  h  =  1  -5  m  and  sin  6  =  ± 
G     64         64  4 

Substituting  the  values,  we  get 


-   <T  x, 
64  U 

Vxl.5 


rf2  1 

+  1.5  =  —  x   -t 

16  9x1.5 


1.5 


+  1.5  =  .0416  +  1.5  =  1.5416  m.  Ans. 


■  16x9x1.5 

Problem  3.1 7  A  rectangular  gate  5mx2  m  is  hinged  at  its  base  and  inclined  at  60°  to  the  horizoti- 
tal  as  shown  in  Fig.  3.22.  To  keep  the  gate  in  a  stable  position,  a  counter  weight  of  5000  kgf  is 
attached  at  the  upper  end  of  the  gate  as  shown  in  figure.  Find  the  depth  of  water  at.which  the  gate 
begins  to  fall.  Neglect  the  weight  of  the  gate  and  friction  at  the  hinge  and  pulley. 


Solution.  Given 
Length  of  gate 
Width  of  gate 


=  5m 

 =  2m    _  _  .  .  .  

B  =  60° 

Weight,  W  =  5000  kgf 

=  5000  x9.81  N 

=  49050  N        (v  1  kgf  =  9.81  N) 
As  the  pulley  is  frictionless,  the  force  acting  atiJ  =  49050  N.  First 
find  the  total  force  F  acting  on  the  gate  AB  for  a  given  depth  of  water. 

,  ~     AE         b     -    5    -  2h 
From  figure,  AD  = 


HINGE 


Fig.  3.22 


sin  0. 


sin  60    Jl/2  S 
2h 


Ah  2 
—i=  nr 
V3 


19620 


Area  of  gate  immersed  in  water,  A  =  AD  x  Width  x  -j^  x  2 

-  h 

Also  depth  of  the  C.G.  of  the  immersed  area  =  h  =  —  =  0.5  h 

Ah  I 

.-.  Total  force  F  is  given  by  F=  pgAh  =  1000  X  9.81  x  -j=x-j=  =  — 
The  centre  of  pressure  of  the  immersed  surface,  h*  is  given  by 

Ah 

where    /c  =  M.O.I,  of  the  immersed  area 

=  bx(AD)'  =  2  (2h 
12         12  \S 


h2N 


16/^  Ah 3  4 

12x3xV3~9xV3  m 
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h*  -  — — _  x 


2  J 


=r  X  -- 

V3  ■  2 


Now  in  the  AC//0, 


CH  =  h*  =  ~L ,  ZCDH  =  60° 
CH 

m  =  sin  60= 


CD 


CH 


2k 


Ah 


sin  60°    sin  60°  3xV3 


AC  =  AD-CD  =  ^t-  4h 


Taking  the  moments  about  hinge,  we  get 
49050  x  5.0  =  Fx  AC  = 


J  6h  -  Ah  2h 
V3     3V3~    3V3  ~ip 


m 


19620  ; 
h  x 


2A 


V3  B  xwr 


or 


.245250  = 


3x3 

,j_  9x245250     „  ^ 

n  =  ~ —  =  56  25 

39240 

/I  =  (56.25)]/3  =  3.83m.Ans.  '" 

Solution,  diven  :  -      <A-M  I-E.,  Summer,  1980) 

A  =  Area  of  gate  =1.2x5.0  =  6.0  m2 
Depth  of  C.G.  of  the  gate  from  free  surface  of  the  water  *  h 

== DG  =  BC-  BE 

=  5.0  -  BG  sin  45° 

-  5.0  -  0.6  x-jL  =  4.576  m 
The  total  pressure  force  (F)  acting  on  the  gate, 
F  =  h 
=  1000x9.8]  X  6.0x4.576 
=  269343  N 

This  force  is  acting  at  H,  where  the  depth  of  H  from 
free  surface  is  given  by 

Ah 


FREE  WATER  SURFACE  O    C  D 


Wg.  3.23 
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where    lc  =  M.O.I,  of  gale  =  —  =  =  0.72  m 

12  12  . 

.   •  „     .  '  ,  ...     0.72xsin3  45° 

. .    Depth  of  centre  of  pressure    /t*  =  —  •  +  4.576  =  0. 1 3  +  4.576  =  4.589  m 

6  X  4,576 

h* 

But  from  Fig.  3.23  (a),   =  sin  45° 

OH 

i{4       4  5S0 

•■•    Distance,  OH  =  ~—  =  — —  .  4.589  X  4l  =  6.489  m 

sm  45 

V2 

Distance,  BO  =  — ~  =  5x^2  =  7.071  m 

sin  45° 

Stance,  BH  =  BO-OH  =  7.071  -  6.489  =  0.582  m 

/.    Distance  AH  =AB  -  BH=  1.2  -  0.582  =  0.618  m  / 

Taking  the  moments  about  the  hinged 

PxAB  =  F  x  (AH) 
where  P  is  the  force  normal  to  the  gate  applied  at  B 

Px  1.2  =  269343  x  0.61 8 

r>     269343  x0.618     a^umS*,  , 
P  =  —   =  138708  N.  Ans, 

Problem  3,1 9   A  gate  supporting  water  is  shown  in  Fig.  3.24.  Find  the  height  h  of  the  water  so  that 
the  gate  tips  about  the  hinge.  Take  the  width  of  the  gate  as  unity. 
Solution.  Given  :  0  =  60° 

Distance,  AC  =  — ~  =  ~ 

-    sin  60°  V3 

where  h  =  Depth  of  water. 

The  gate  will  start  tipping  about  hinge  B  if  the  resultant  pressure  force  acts  at  B.  If  the  resultant 
pressure  force  passes  through  a  point  which  is  lying  from  B  to  Cany  where  on  the  gate,  the  gate  will  tip 
over  the  hinge.  Hence  limiting  case  is  when  the  resultant  force  passes  through  B.  But  the  resultant  force 
passes  through  the  centre  of  pressure.  Hence  for  the  given  position  point  B  becomes  the  centre  of  pres- 
sure. Hence  depth  of  centre  of  pressure, 

h*  =  (h  -  3)  m  FREE  WATER  SURFACE 

But  h*  is  also  given  by  =  /g  sm  1.  + 1 

Ah 

Taking  width  of  gate  unity.  Then  (i  i —  jj^INGE 

Area,  A=ACx  1  =~  x  1  ;  h  =  - 

73  2 


_  bd*     1  x  AC* 
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h,_    2ft3    ^  sin2 60°  |  h  =  2h"X  |     ft_A     A  2ft 
9xV3     ^.x^    2       9ft~:        2     6    2  3 


V3  2 


Equating  the  two  values  of  A*, 


A  -  3  =  —    or    ft  =3    or    — =3 

3  3  3 

ft=3x3=9m 

/.    Height  of  water  for  tipping  the  gate  =  9  m.  Ans. 

Problem  3.20    A  rectangular  sluice  gate  AB,  2  m  wide  and  3  m  long  is  hinged  at  A  as  shown  in 
Fig.  3.25.  It  is  kept  closed  by  a  weight  fixed  to  the  gate.  The  total  weight  of  the  gate  and  weight  fixed 
to  the  gate  is  343350  N.  Find  the  height  of  the  water  'h '  which  will  just  cause  the  gate  to  open.  The 
centre  of  gravity  of  the  weight  and  gate  is  at  G. 
Solution.  Given  : 

Width  of  gate,  b  =  2  m  ;  Length  of  gate  L  =  3,m 

:.    Area,  A  -  2  x  3  =  6  nr 

Weight  of  gate  and  IV  =  343350  N 

Angleofinclination,  9=45° 
Let  h  is  the  required  height  of  water. 

Depth  of  C.G.  of  the  gate  and  weight  =  ft 
From  Fig:  3.25  (a), 


k=h-ED  =  h-{AD-AE) 

)       I:'  tan  9  = 

EG 


f  AE 

=  ft  -  {AB  sin  9  -  EG  tan  6)       i  v  tan  9  =  —  .♦.  AE  =  EG  tan  9 1 


f  =  ft '-(3  sin  45° -0.6  tan  459) 

=  h~  (2.121  -0.6)  =  (ft-  1.521)  m 
The  total  pressure  force,  Fis  given  by 

F  =  pgAh  =  1000  x  9.81  x  6  x  (ft  -  1.521) 
=  58860  (ft- 1.521)  N. 

The  total  force  F  is  acting  at  the  centre  of  pressure  as  shown  in  Fig.  3.25  (ft)  at  H.  The  depth  of  H  from 
free  surface  is  given  by  ft*  which  is  equal  to 

»     'Gsin29    -     ,         .   bdi     2  x33     54      '  ■  4 

*  =-Ah-  +  h-wtieTClG  =  17  =  -Tr=n=4-5m 

•  4.5  *  sin' 45   +  (/;_[521)  =     0-375  _  ^ 

6  x  (ft -1.521)  (ft -1.521)  ' 
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FREE  WATER  SURFACE-, 


(a) 


0.6 

B=  45" 


f 


Fig,  3.25 


Now  taking  moments  about  hinge  A,  we  get 
343350  x EG  =  Fx  AH 


or 


343350  x  0.6  =  Fx 


AK 

sin  45° 


From  AAKH,  Fig.  3.24  (b)  AK  =  AH  sin  6  =  AH  sin  45°  ,\  AH  = 

_  58860(ft-1.521)xdJC 
sin  45° 

343350  x  0.6  x  sin  45     0.3535  x  7 


AK 
sin  45° 


But 

But 


AK=h+-AC  = 


58860  {h  —  1.521)       {h  -1.521) 
.375 


+  (A-1.521)-AC 


(h  -1.521) 

AC=  CD  ~  AD  =  h-AB  sin  45  =  ft  -  3  x  sin  45°  =  k-  2.121 
.    Substituting  this  value  in  (it), we  get 

375 


••(«') 
•00 


,4^  = 


A  -  1.521 
.375 


+  (/!  -  1.521)  -  (A  -  2.121) 
.375 


A  -  1.521 

Equating  the  two  values  of  AK  from  (t)  and  (Hi) 


+  2.121  -  1.521  = 


+  0.6 


-fii'O 
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0.3535x7 


0.375 


+  0.6 


or 
or 


0.3535  x  7  =  0.375  +  0.6  (h  -  1.521)  =  0.375  +  0.6  /z  -  0.6  x  1.521 
0.6/i  b  2.4745  -  .375  +  0.6  x  1.521  =  2.0995  +  0.9126  =  3.0121 


h  = 


3.0121 
0.6 


=  5.02  m.  Ans. 


Problem  3.21  Find  the  tota}  pressure  and  position  of  centre  of  pressure  on  a  triangular  plate  of 
base  2  rn  and  height  3  m  which  is  immersed  in  water  in  such  a  way  that  the  plan  of  the  plate'  makes  an 
angle  of 60°  with  the  free  surface  of  the  water.  The  base  of  the  plate  is  parallel  to  water  surface  and  at 
a  depth  of  2.5  m  from  water  surface. 

Solution.  Given : 

Base  of  plate,       •  d-2m 

Height  of  plate,  h  =  3  m 

bxh 


FREE  WATER  SURFACE 


Area, 


A  = 


2x3 


=  3m2 


2 

Inclination,  0  =  60° 

Depth  of  centre  of  gravity  from  free  surface  of  water, 

h  =  2.5  +  AG  sin  60° 

=  2.5  +  -x3x^ 
3  2 

=  2.5  +  . 866  m  =  3. 366  m 

(()  Total  pressure  force  (F) 

F  =  pgA h  =  1000x9.81  x  3  x  3.366  =  99061.38  N.  Ans. 
(i7)  Centre  of  pressure  (h*).  Depth  of  centre  of  pressure  from  free  surface  of  water  is  given  by 


AG  =  -  of  height  of  triangle 
3 


Ah 


.      bh*    2  x  33    3    ,  _  4 

where    Ia  =  =  =  —  =  1.5  m 

G     36       36  2 


h*  = 


1.5  x  sin2  60 
3x3.366 


+  3.366  =  0.1 1 14  +  3.366  =  3.477  m.  Ans. 


►  3.6    CURVED  SURFACE  SUB-MERGED  IN  LIQUID 

Consider  a  curved  surface  ABt  sub-merged  in  a  static  fluid  as  shown  in  Fig.  3.27.  Let  dA  is  the  area 
of  a  small  strip  at  a  depth  of  h  from  water  surface. 

Then  pressure  intensity'on  the  area  dA  is  =  pgh 
and  pressure  force,  dF~px  Area  =  pgh  x  dA  ...(3.11) 

This  force  (IF  acts  normal  to  the  surface. 

Hence  total  pressure  force  on  the  curved  surface  should  be 


•=  J  pghJA 


...(3.12) 
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WATER 
SURFACE 


6 


dF 


"AREA  dA 


(a) 


Fig.  3.27 

But  here  as  the  direction  of  the  forces  on  the  small  areas  are  not  in  the  same  direction,  but  varies  from 
point  to  point.  Hence  integration  of  equation  (3.1 1)  for  curved  surface  is  impossible.  The  problem  can 
however,  be  solved  by  resolving  the  force  dF  in  two  components  dFx  and  dFy  in  the  x  and  v  directions 
respectively.  The  total  force  in  the  ,v  an  d  v  directions,  i.e.,  Fx  andFv  are  obtained  by  integrating^  and 
at-,.  1  lien  total  force  on  the  curved  surface  is 


and  inclination  of  resultant  with  horizontal  is  tan  <ti  =  & 

Resolving  the  force  dF  given  by  equation  (3.  L|i)  mix  and  y  directions  : 
dFx  =  dF  sin  9  =  pghdA  sin  9 
- 1,1(1  dFx  =  dF  cos  9  =  pghdA  cos9 

Tola!  forces  in  the  x  and  V-  direction  are  :  ■    -  ---- 


and 


Fx  =  j  dFx=  j  pghdA  sin  8  =  pg  J  hdA  sin  9 
F,  =  J  dFy  =  J  pghdA  cos  6  =  pg  j  hdA  cos  8 


...(3.13) 
...(3.14) 

{:■  dF=  pghdA] 

...(3.15) 
...(3.16) 


Fig.  3.27  (£>)  shows  the  enlarged  area  dA.  From  this  figure,  i.e.,  AEFG, 

EF  =  dA 
FG  =  dA  sinQ 
EG  =  dA  cos  9 

Thus  in  equation  (3. 15)  dA  sin  6  =  FG  =  Vertical  projection  of  the  area^  and  hence  the  expression 
p|  J  hdA  sin  6  represents  the  total  pressure  force  on  the  projected  area  of  the  curved  surface  on  the 
vertical  plane.  Thus 

Ft  =  Total  pressure  force  on  the  projected  area  of  the  curved  surface  on  vertical  plane  -  (3  1 7) 
Also  dA  cos  8=  EG  =  horizontal  projection  of  dA  and  hence  hdA  cos  9  is  the  volume  of  the  liquid 

contained  in  the  elementary  areadrf  up  to  free  surface  of  the  liquid.  Thus  J  hdA  cos  9  is  the  total  volume 

contained  between  the  curved  surface  extended  upto  free  surface. 

Hence  pg  j  hdA  cos  9  is  the  total  weight  supported  hy  the  curved  surface.  Thus 

Fv  =  pg.  f  hdA  cos  9  scanned  by  Fahid 

J  PDF  created  by,  AAZSwapnil 


Hydrostatic  Forces  on  Surfaces  97 


=  weight  of  liquid  supported  by  the  curved  surface  upto  free 
surface  of  liquid.  ...(3.18) 

In  Fig.  3.28,  the  curved  surface  AB  is  not  supporting  any  fluid.  In 
such  cases,  Fv  is  equal  to  the  weight  of"  the  imaginary  liquid  supported 
by  AB  upto  free  surface  of  liquid.  The  direction  of  F  will  be  taken  in 
upward  direction. 

Problem  3.22    Compute  the  horizontal  and  vertical  components 
of  the  total  force  acting  on  a  curved  surface  AB,  which  is  in  the  form 
cf  a  quadrant  of  a  circle  of  radius  2  m  as  shown  in  Fig.  3.29.  Take 
the  width  of  the  gate  as  unity. 
Solution.  Given: 

=  1.0  m 
=  2.0m 
AO  -OB  =  2  m 

Fx  exerted  by  water  on  gate  is  given  by 


WATER  SURFACE 


Width  of  gate 
Radius  of  the  gate 

Distance 
Horizontal  force, 
equation  (3.17)  as 

W.x=  Total  pressure  force  on  the  projected  area  of  curved 
surface  AB  on  vertical  plane  C- 

-   =  Total  pressure  force  on  OB 


FREE  SURFACE  OF  WATER 


Fig.  3.29 

{projected  area  of  curved  surface  on  vertical  plane  =  OB  x  1 } 


=  pgAfi 

=  1000x  9.81  x  2x  1  x 


{v    Area  ofOB=A  =  BOX  1=2x1  =  2, 


h  =  Depth  of  C.G.  of  OB  from  free  surface  = 
Fs  =  9,8 1  x  2000  x  2.5  ==  49050  N.  Ans. 

lG  - 

The  point  of  application  of  F,  is  given  by  h*  =  —j+  ft 

Ah 


.5  +  -i- } 


Ic  =  M.O.I,  of  OB  about  its  C.G.  = 


bcT_ 
12 


1x2-     2  4 

 -  =  —  m 

12  3 


ft*  =  ■  -  3    ■  +  2.5  =  — 
2  x  2.5  7.5 


+  2.5  m 


=  0. 1 333  +  2.5  =  2.633  m  from  free  surface. 
Vertical  force,  Fy,  exerted  by  water  is  given  by  equation  (3.18) 

Fy  =  Weight  of  water  supported  by  AB  upto  free  surface 
=  Weight  of  portion  DA  ROC 
=  Weight  of  DAOC  +  Weight  of  water  AOB 
=  pg  [Volume  of  DAOC  +  Volume  of  A  OB] 

K 


=  1000x9.81 


AD  x  AO  X  I  +—  {AO)"  xl 
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=  100.0x9.81 


1.5  x  2.0  x  1  +  -  x  22  x  1 
4 


=  1000x9.81  [3.0  +  ji|N  =  60249.1  N.  Ans. 
Problem  3.23    Fig.  330  shows  a  gate  having  a  quadrant  shape  of  radius  2  m.  Find  the  resultant 
farce  due  to  water  per  metre  length  of  the  gate.  Find  also  the  angle  at  which  the  total  force  will  act 
Solution.  Given  ■ 


Solution.  Given 
Radius  of  gate 
Width  of  gate 
Horizontal  Force 


=  2  m 
=  1  m 


WATER  SURFACE  A 


Fx  -  Force  on  the  projected  area  of  the 
curved  surface  on  vertical  plane 
=  Force  on  BO  =  pgAh 

where   A  =  Area  of  BO  =  2x1=2  m2,  A  =  -  x  2  =  1  m  • 

2 

Fx  =  1000  x  9.81  x  2  x  1  =  19620  N 
2  4 

This  will  act  aj  a  depth  of  -  x  2  =  —  m  from  free  surface  of  liquid, 
Vertical  Force,  F}. 

Fy  =  Weight  of  water  (imagined)  supported  by  AB 
=  pg  x  AreaoM(?fix  1.0 

=  1 000  x  9.81  x  -  (If  x  1.0  =  30819  N 
4 

4  R  4x20 

This  will  act  at  a  distance  of  —  =  - — _  =  0.848  m  from  OB. 

37t  3it 
.-.    Resultant  force,  F is  given  by 


Fig.  3.30 


+  F2 

y 


=  V19620  +  30819"  =  /384944400  +  949810761 
=  36534.4  N.  Ans. 
The  angle  made  by  the  resultant  with  horizontal  is  given  by 

«  30819 
,an9  =  ^  =  T9i20=L5708 

6  =  tan"1  1.5708  =  57°  31'.  Ans. 
Problem  3.24    Find  the  magnitude  and  direction  of  the  resultant  force  due  to  water  acting  on  a 
roller  gate  of  cylindrical  form  of  4.0  m  diameter,  when  the  gate  is  placed  on  the  dam  in  such  a  way 
that  water  is  just  going  to  spill.  Take  the  length  of  the  gate  as  8  m. 
Solution.  Given  : 
Dia.  of  gate  =  4  m 

.-.    Radius,  R  =  2  m 

Length  of  gate,       .        1  i  =  g  m  scanned  by  Fahid 
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Horizontal  force,  ft  acting  on  the  gate  is 

Pt  -  pgAh  =  Force  on  projected  area  of  curved  surface ACB 
on  vertical  plane 
=  Force  on  vertical  area  AOB 
where   A  =  Area  of  AOB  =  4.0  x  8.0  =  32.0  m2 


WATER 
SURFACE 


DAM 


4.0  rn 

L 


h  =  Depth  of  C.G.  of  AOB  =  4/2  =  2.0  m 

Fx  =  100n  x  9.81  x  32.0x2.0 
"  =  627840  N.  Kg.  3.31 

Vertical  force,  Fy  is  given  by 

Fy  =  Weight  of  water  enclosed  or  supported  (actually  or  imaginary)  by 

the  curved  surface  ACB 
=  pg  x  Volume  of  portion  ACB 
=  pgx  Area  of  ACB  x  I 

=  1000  x  9.81  x  -(Rf  x  8.Q  =  9810  x  -(2)1  x  8.0  =  493104  N 
~>  2 


It  will  be  acting  in  the  upward  direction. 


.-.    Resultant  force,  F  =        +  F?  =  V 627840  +  493304  =  798328  N.  Ans. 

F      493  ]  04 

Direction  of  resultant  force  is  given  by  lan  0  =       =  — j— —  =  0.7853 

6  =  ?V  8'.  Ans. 

Problem  3.25    Find  the  horizontal  and  vertical  component  of  water  pressure  acting  on  the  face  of 
a  taintergale  of  90°  sector  of  radius  4  m  as  show  ifi  Fig.  3.32.  Take  width  of  gale  unity. 
Solution.  Given  : 

Radius  of  gate.  ff  =  4  m 

Horizontal  component,  F,  offeree  acting  on  the  gate  is 

Fx  =  Force  on  area  of  gate 

projected  on  vertical  plane 
=  Force  on  area  ADB 

=  pgAh 


WATER  SURFAC 


where 


A  =  4BxWidth  of  gate 
=2xADx 1 

=  2  x  4  x  sin  45°  =  8  x  .707  =  5.656  nr 


fy  AB  =  2AD) 
{■:  AD  =  4  sin  45°) 


Fig.  3.32 


h  = 


AB  5.656 


Vertical  component 


=  2.828  m 

Fx  =  1000  x  9.8!  x  x  2.8 1 8  N  =  156911  N.  Ans. 

Fv  =  Weight  of  water  supported  or  enclosed  by  the  curved  surface 
=  Weight  of  water  in  portion  ACB  DA 
=  ptc  x  Area  of  A  CBDA  x  Width  of  gale 
=  1 000  x  9,81  x  [Area  of  sector  AC  BOA  -  Area  of  MBO\  x  I 
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=  9810  x 


=  98I0x 


AO 


AAOB  is  a  right  angled] 


4  2 


=  44796  N.  Ans. 


Problem  3.26    Calculate  the  horizontal  and  vertical  components  of  the  water  pressure  exerted  on 
a  ra,  liter  gate  of  radius  8  m  as  shown  in  Fig.  3.3.1  Take  width  of  gate  unity. 
Solution.  The  horizontal  component  of  water  pressure  is  given  by  - 


:  pgAh  =  Force  on  the  area  projected  on  vertical  plane 


=  Force  on  the  vertical  area  of  BD  WATER  SURFACE 

where    A  =  BD  x  Width  of  gate  =  4.0  x  1  =  4.0  m 

2 

Fl  =  1000  x9.81.x  4.0x2.0  =  78480  N.  Ans. 
Vertical  component  of  the  water  pressure  is  given  by 

Fv  =  Weight  of  water  supported  or  enclosed  (imaginary)  by  curved 
surface  CB 

=  Weight  of  water  in  the  portion  CBDC 

=  pgx  [Area  of  portion  CBDC]  x  Width  of  gate 

=  PS  *  [Area  of  sector  CBO  -  Area  of  the  triangle  BOD]  x  1 


Fig.  3.33 


=  1000x9.81  X 


.360  2 


=  9810xU-jrx82- 


,2  4.0x8.8cos30 


{v  DO  =  BO  cos  30°  =  8xcos  30°}' 
-  9810  x  (16.755  -  13.856]  =  28439  N.  Ans.  " 
Problem  3.27    A  cylindrical  gate  of  4  m  diameter  2  m  long  has  water  on  its  both  sides  as  shown  in 
tig.  3.34.  Determine  the  magnitude,  location  and  direction  of  the  resultant  force  exerted  by  the  water 
on  the  gate.  Find  also  the  least  weight  of  the  cylinder  so  that  it  may  not  be  lifted  away  from  the  floor 

SolLrtion.  Given:  WATER  SURFACE  A 

Dia.  of  gate  =  4  m 

Radius  =  2  m 

(()  The  forces  acting  on  the  left  side  of  the  cylinder  are 
The  horizontal  component, Fx 
where    F^  =  Force  of  water  on  area  projected  on  vertical  V"  V  "A  ' 

.   plane  ^<">r->r->rc->:V% 
-  Force  on  area  AOC 


=  pgAh 

=  1000  x9.81  x  8  x  2 
=  1 56960  N 


WATER 
O  iD  SURFACE 


where   A  =  AC  x  Width  =  4x2 
=  8nT 


Fig.  3.34 


=h=~x4=2m 
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Fy.  ~  weight  of  water  enclosed  by  ABCOA 


x  2.0  =  9810.x  -  x  21  x  2.0  =  123276  N. 


-R 

2     J      .  '  2 


=  1000x9.81  x 
Right  Side  of  the  Cylinder 

■ 

FXi  =  pgA2ii2  =  Force  on  vertical  area  CO  . 

=  1000x9.81  x2x2x|  jv  A2  =  CO  x  1  =  2  x  1  =  2  m2,7n  =  |  =  l.oj 

=  39240  N 
F},2  =  Weight  of  water  enclosed  by  DOCD 

x  Width  of  gate 


=  1000x9.81  x-  x  22  x2  =  61638  N 
4 

/.    Resultant  force  inthedirectionofjr, 

F.x  =  FXi  -F^=  156960  -  39240  =  1 17720  N 
Resultant  force  in  the  direction  of  y, 

F  =  F  +  '>,.  =  123276  +  61638  =  184914  N 
(0  Resultant  force,  F  is  given  as 

F  =  JfJVfJ  -  7(1  i"77"20)2  +  (184914)2  =  219206  N.  Ans. 
07)  Direction  of  resultant  force  is  given  by 

tane  =  ^=i_^,4  =  j57o7 
Fx  117720 

,-,  -  0  =  57°  31'.  Ans. 

{Hi)  Location  of  the  resultant  force 

2x4 

Force,  FXi  acts  al  a  distance  of  — —  =  2.67  m  from  the  top  surface  of  water  on  left  side,  white  Fx, 
2 

acts  at  a  distance  of  —  x  2  =  1 .33  m  from  free  surface  on  the  right  side  of  the  cylinder.  The  resultant 

force  F^tn  the  direction  of  x  will  act  at  a  distance  ofy  from  the  bottom  as 
Fs  xy=  FXi  [4  -  2.67 J  -  FX2  [2  -  1 .33] 

1 17720  x  y  =  156960  X  1.33  -  39240  x  .67  =  208756.8  -  26290.8  =  182466 

182466     ,  „  r 

v  =  =  1 .5:>  m  from  the  bottom. 

1 17720 

4R  4x20 

Force  F,.  acts  at  a  distance  —  from  AOC  or  at  a  distance  —  =  0.8488  m  from  AOC  towards 

3ti  3ji 

fcft  of  AOC. 

4R 

Abo  F,  acts  at  a  distance  —  =  0.8488  m  from  AOC  towards  the  right  o\'AOC.  The  resultant  force 
3n 

act  at  a  distance  x  from  AOC  which  is  given  by 
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or 


Fv  xx  =  FV|  x  .8488  -  Fv,  x  .8488 

184914  XX  =  1 23276  x  ,8488  -  61638  x  .8488  =  .8488  [  1 23276  -  61638J  =  52318.4 

■  52318  4 
x  =  ——  =  0.2829  m  from  AOC. 
184914 

(iv)  Least  Weight  of  Cylinder.  The  resultant  force  in  the  upward  direction  is 
Fy  =  184914  N 

Thus  the  weight  of  cylinder  should  not  be  less  than  the  upward  force  Fy.  Hence  least  weight  of 
cylinder  should  be  at  least. 

=  184914  N.  Ans. 

Problem  3.28  Fig.  3.35  shows  the  cross-section  of.  a  tank  full  of  water  under  pressure.  The  length 
of  the  tank  is  2  m.  An  empty  cylinder  lies  along  the  length  of  the  tank  on  one  of  its  comer  as  shown. 
Find  the  horizontal  and  vertical  components  of  the  force  acting  on  the  curved  surface  ABC  of  the 


cylinder. 

Solution.  Radius, 
Length  of  tank. 
Pressure, 


Pressure  head, 


fi  =  lm 
7  =  2  m 

p  =  0.2  kgf/cnr  =  0.2  x  9.81  N/cm3 
=  1.962  N/cnr  =  1.962  x  104  N/m2 


h  =  -^  = 


p     1.962  x  10" 


=  2  m 


pg     1000  x  9.81 

.-.  Free  surface  of  water  will  be  at  a  height  of  2  m  from 
the  top  of  the  tank. 

.*.    Fig.  3.36  shows  the  equivalent  free  surface  of  water. 

(i)  Horizontal  Component  of  Force 

Fx  =  pgAh 

where  A  =  Area  projected  on  vertical  plane 
-  1.5x2.0  =  3.0  m2 
15 

h  =2  +  ~  =  2.75 
2 


(A.M.I.E.,  May  1974) 
0.2  kgflcm 


1.5 

-:->>- :---x 

TANK  FULL  OF  WATER 


Fig.  3.35 
F  E 


-;>-;-:-:2A:-]-:- 
:-:-»_:_-l_bl  -I 


-*-B 

_-_-_-_i.sm_ 


Fig.  3.36 


Fx  =  1000  x  9.81  x  3.0  x  2.75 
=  S0932.5  N.  Ans. 
(//)  Vertical  Component  of  Force 

Fj,  =  Weight  of  water  enclosed  or  supported 

actually  or  imaginary  by  curved  surface  ABC 
=  Weight  of  water  in  the  portion  CODE  ABC 
=  Weight  of  water  in  CODFBC  -  Weight  of  water  in  AEFB 
But  weight  of  water  in  CODFBC 

=  Weight  of  water  in  [COB  +  ODFBO] 


+  BOxOD 


x  2  =  1000  x  9,81 


-xl-  +1.0x2.5 
4 


x  2 


=  64458.5  N 

Weight  of  water  in  AEFB  =  pg  [Area  of  AEFB]  x  2.0 
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=  1000  x  9.81  [Area  of  (AEFG  +  AGBH  -  AHB)]  X  2.0 

In  MHO,  sin  6  =  —  =  —  =  0.5       .-.    0  =  30° 

AO  1.0 

BH=BO~HO=  1.0 -AO  cos  6  =  1.0-1  x  cos  30°  =  0. 134 
Area,  ABB  =  Area  ABO  -  Area  AHO 

mm = _  mm  =  0.0453 

360        2.0  12  2 

.*.    Weight  of  water  in  AEFB 

=  9810  x  [AE  xAG  +  AG  x  AH  -  0.0453]  x  2.0 
=  9810  X  [2.0  X  .134+  .134  x  .5  -  .0453]  x  2.0 
=  9810  x  [.268  +  .067  -  .0453]  x  2.0=  5684  N 
,v     .  ,  s  iv^  64458.5 -5684  =  58774.5  N.  Ans, 

P  ro  b  I  e  m  3 . 2  9    Find  the  magnitude  and  direction  of the  resultant  water  pressure  acting  on  a  curved 

face  of  a  dam  which  is  shaped  according  to  the  relation  y  =  —  as  shown  in  Fig.  3.37.  The  height  of 

the  water  retained  by  the  dam  is  JO  m.  Consider  the  width  of  the  dam  as  unity. 
Solution.  Equation  of  curve  AB  is  i 

g  ,  y  c  /Jf^ 

Height  of  water,  /?  =  10m  •  $&f^~"~9  w 

width,  b    :  va  •   b"'- y-.-.- ::^.:-.-^x 

The  horizontal  component,  Fx  is  given  by  Fit?.  3.37 

Fx  =  Pressure  due  to  water  on  the  curved  area  projected  on  vertical  plane 
=  Pressure  on  area  BC 

=  pgAh 

where    A  =  BC  x  1  =  10  x  1  m2,  Ti  =  \  X  10  =  5  m 
Fx  =  1000  x  9.81  X  10  X  5  =  490500  N 
Vertical  component,  F  is  given  by 

Fy  =  Weight  of  water  supported  by  the  curve  AB 
=  Weight  of  water  in  the  portion  ABC 
=  p#[Area  of  ABC]  x  Width  of  dam 


-  pg  x  x  rfyj  x  1 .0  I  Area  of  strip  =  xdy  .:  Area  ABC  =  jjjraCvj 
=  1 000  x  9. 8 1  x  J '°  3  Jydy  { y  at  =  3  Jy  } 


= 29430 


r  .V2 
3/2 


=  29430  x  -  [ y "2  ]    =  !  9620  [  1  Cf3] 
'  Jo  3  " 

=  ! 9620  x  3 !  .622  =  620439  N 
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.'.    Resultant  water  pressure  on  dam 

F  =  ^Fs2  +  Fy  -  7(490500)2  +  (620439)2 
=  790907  N  =  790.907  kN.  Ans. 
Direction  of  the  resultant  is  given  by 

n     Fy     620439  , 

tan  0  =  -*-  =   =  1.265 

F  490500 


0  =  51°  40'.  Ans. 


Problem  3.30    A  dam  has  a  parabolic  shape  y  =  y0 


as  shown  in  Fig.  3.38  below  having  x0  =  6m 


and  yg  =  9  m.  The  fluid  is  water  with  density  =  WOO  kg/m' .  Compute  the  horizontal,  vertical  and  the 


resultant  thrust  exerted  by  water  per  metre  length  of  the  dam. 
Solution.  Given  : 
Equation  of  the  curve  OA  is 

,2 


(A.M.I.E.,  Summer,  1985) 


or 


■x  =  4y 

x  =  V47  =  2yul 
Width  of  dam,  b  =  1  m. 

(i)  Horizontal  thrust  exerted  by  water 

F,  =  Force  exerted  by  water  on  vertical  surface 
OB,  i.e.,  the  surface  obtained  by  projecting 
the  curved  surface  on  vertical  plane 

=  pgAh 


ORIGIN 


Fig.  3.3S 


=  1000  x  9.81  x  {9  x  1)  x  -  =  397305  N.  Ans. 

2 


(ii)  Vertical  thrust  exerted  by  water 

Fy  =  Weight  of  water  supported  by  curved  surface  OA  upto  free  surface  of 
water 

-  Weight  of  water  in  the  portion  ABO 
=  pg  x  Area  of  OAB  x  Width  of  dam 


=  1000x9.81 


x  1.0 


=  1000  x  9.81  x  [j*2yin  xdy]  x  1.0 

b/2>J0 


=  19620  x 


19620x-  (93/2] 
3 


=  19620  x  -  x  27  =  353160  N.  Ans. 


(v  x  =  2ym) 
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{Hi)  Resultant  thrust  exerted  by  water 

F=1jF;  +  F;  =V397305  +  353160  it  531574  N.  Ans. 
Direction  of  resultant  is  given  by 


tan  6= 


>■  - 


353160 


=  0.888 


WATER  SURFACE 


Fx  397305 
6  =  tan"'  0.888  -  41.63°.  Ans. 
Problem  3.31    A  cylinder  3  m  in  diameter  and  4  m  long  retains  water  on  one  side.  The  cylinder  is 
supported  as  shown  in  Fig.  3.39.  Determine  the  horizontal  reaction  at  A  and  the  vertical  reaction  at 
B.  The  cylinder  weighs  196.2  kN.  Ignore  friction. 
Solution.  Given ; 
Dia.  of  cylinder  =  3  m 

Length  of  cylinder  =  4  m 

Weight  of  cylinder,      W  =  196.2  kN  =  196200  N 
Horizontal  force  exerted  by  water 

Fx  =  f  orce  on  vertical  area  BOC 

-  pgAh 

■>  -  1 

where    A  =  BOC  x  (  =  3  x  4  =  1 2  rn?,  h  =  -  x  3  =  1 .5  in 

2 

Fx  =  1000  x  9.81  x  12  x  1 .5  =  1  W65m  N 
The  vertical  force  exerted  by  water 

F  =  Weight  of  water  enclosed  in  BDCOB 


Fig.  3.39 


=  pg  x  (—  R2^  x  .'  -  " 
V2  / 


1000x9.81  x  -  x(1.5)'x4  =  138684  N 

2 


Force  Fy  is  acting  in  the  upward  direction. 
For  the  equilibrium  of  cylinder 

Horizontal  reaction  at  ,  A  =  Fs  =  1 76580  N 
Vertical  reaction  at       B  =  Weightof  cylinder  -  Fy 

=  196200  -  1386'',  =CT5I6N.  Ans. 


►  3.7    TOTAL  PRESSURE  AND  CENTRE  OF  PRESSURE  ON  LOCK  GATES 

Lock  gates  are  the  devices  used  for  changing  the  water  level  in  a  canal  or  a  river  for  navigation. 
Fig.  3.40  shows  plan  and  elevation  of  a  pal?  i  ■ '  -  ck  g ;;tes.  Let  AB  and  SC  be  the  two  lock  gates.  Each 
gale  is  supported  on  two  hinges  fixed  on  their  nrtd  bottom  at  the  ends  A  and  C.  In  theciosed  position, 
the  gates  meet  at  B. 

Let     F  =  Resultant  force  due  to  water  on  the  gate  AB  cr  BC  acting  are  right  angles  to  the  gate 
R  =  Reaction  at  the  lower  and  upper  hinge 

P  =  Reaction  at  the  common  contact  surface  of  the  two  gates  and  acting  perpendicular  to  the 
contact  surface. 

Let  the  force  P  and  F  meet  at  O.  Then  the  reaction  R  must  pass  through  O  as  the  gate  AB  is  in  the 
equilibrium  under  the  action  of  three  forces.  Let  6  is  the  inclination  of  the  lock  gate  with  the  normal  lo 
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lti  ZABO.  ZOAB  =  ZABO=Q. 

Resoh;ing  alt  force  along  the  gate  AB  and  putting  equal  to  zero,  we  get 
R  cos  9  -  Pcos  8  =  0  or  R  =  P 


.(3.19) 


WATER  SURFACE 


ELEVATION 


T 

I  Hl/3 

I 


--HINGE 


WATER  SURFACE 


HINGE 

C 


UPSTREAM  SIDE 


DOWNSTREAM 
SIDE 


or 


PLAN 

Fig.  3.40 

Resolving  forces  normal  to  the  gate  AB 

R  sin  0  +  Psin9-F  =  0 
.'•       F  =  R  sin  0  +  P  sin  9  =  2P  sin  9 

P  -  F 


(-.-/?  =  P} 
...(3.20) 


2  sin0 
To  calculate  P  and.R 

In  equation  (3.20),  P  can  be  calculated  if  F  and  8  are  known.  The  value  of  6  is  calculated  from  the 
angle  between  the  ioek  gates.  The  angle  between  the  two  lock  gate  is  equal  to  1 80  -  29.  Hence  0  can  be 
calculated.  The  value  of  F  is  calculated  as  : 


Let 


Now' 


Fi  = 
1  = 

F,  = 


Height  of  water  on  the  upstream  side 

Height  of  water  on  the  downstream  side 

Water  pressure  on  the  gate  on  upstream  side 

Water  pressure  on  the  gate  on  downstream  side  of  the  gate 

Width  of  gate 

pgAju 

„         ,  Hi 

pg  x  //,  xl  x  — '- 


= pg' -f- 


A  =  H.  Xf,  h,  =^!- 
2 


Similarly, 


Resultant  force 


F2  -  pgA2ln  =pgx  (tf2  x  /)  x 

F-F     F  =  PS'H?  PS'Hl 
1      2        2  2 


H2  pglHi 


Substituting  the  value  of  9  and  F  in  equation  (3.20),  the  value  of  P  and  R  can  be  calculated. 

Reactions  at  the  top  .and  bottom  hinges  scanned  by  Fahid 
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Rb  =  Reaction  of  the  bottom  hinge 
Then  R  =  R,  +  Rb 

The  resultant  water  pressure  Facts  normal  to  the  gate.  Half  of  the  value  of  F  is  resisted  by  the  hinges 
of  one  lock  gates  and  other  half  will  be  resisted  by  the  hinges  of  other  lock  gale.  Also  Fj  acts  at  a 

H  H 
distance  of  —  from  bottom  while  F,  acts  at  a  distance  of  — L  from  bottom, 
3  -  3 

Taking  moments  about  the  lower  hinge 

2      3  2 
where    //  =  Distance  between  two  hinges 
Resolving  forces  horizontally 

F  F 

R,  sin  9  +  Rh  sin  6  =  —  - 

'..  b  2  2 


R.  x  sin  6x//=^x-^- Llx^3, 

'  T  ^  1  T 


...0) 


.(it) 


From  equations  (i)  and  (h),  we  can  find  if,  and  RB. 
Problem  3.32    Each  gate  of  a  lock  is  6  m  high  and  is  supported  by  two  hinges  placed  on  the  top  and 
bottom  of  the  gate.  When  the  gates  are  closed,  they  make  an  angle  of  120°.  The  width  of  lock  is  5  m. 
If  the  water  levels  are  4  m  and  2  m  on  the  upstream  and  downstream  sides  respectively,  determine  the 
magnitudes  of  the  forces  on  the  hinges  due  to  watet  pressure. 
Solution.  Given  : 
Hei  ght  of  lock  =  6  m 

Width  of  lock  =  5  tn 

Width  of  each  lock  gate    =  AB  j 

AD  2.5 


or 


Angle  between  gates 


1  = 

cos  30-     cos  30° 
=  2.8S7  m 
=.120° 
6_  180-120^60  ^3QC 
2  2 


Height  of  water  on  upstream  side 
Hl  =4  m 

and  //2  =  2  m 

.-.    Total  water  pressure  on  Pipstream  side 


DOWNSTREAM 


PLAN  A  30° 
Fig.  3.41 


F,  =pgAjhi,  where  A,  =  //,  x  1  =  4.0x2.887  m2 
=  1000x9.81  x  4x2.887x2.0 
=  226571  N 

Force  F,  will  be  acting  at  a  distance  of  - 


H  4 

— L  =  -  -  1.33  m  from  bottom. 


3  3 

Similarly,  total  water  pressure  on  the  downstream  side 

F2  =  pgA.h-,  where  A2  =  H2x  !  =  2x  2.8H7  m2 


=  1000  x  9,81  x  2  x  2.887  x  1.0 


hi 


Hi  2 

-  =  —  =  1 .()  in 
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=  56643  N 

F2  will  act  at  a  distance  of  — =  y  =0.67  m  from  bottom, 

Resultant  water  pressure  on  each  gate 

F=Fl-F2  =  22657 1  -  56643  = .  1 69928  N. 
Let*  is  height  off  from  the  bottom,  then  taking  moments  of  F,,  F2  and  F  about  the  bottom,  we  have 
Fx  a  =  F,  x  1.33  -  F,  x  0.67 


or 


169928  x  a-  =  226571  x  1.33  -56643  x  0.67 

226571  x  1.33  -  56643  x  0.67    301339  -  37950 


From  equation  (3.20).    P  = 


169928 
F    _  169928 
2sin0  ~  2sin  30 


169928 


=  1.55  m 


=  169928  N. 


From  equation  (3.19),    R  =  P  =  169928  N. 

If  RTand  RB  are  the  reaction  at  the  top  and  bottom  hinges,  then  RT+  RB  =  R  -  169928  N. 
Taking  movements  of  hinge  reactions  Rr,  RB  and  R  about  the  bottom  hinges,  we  have 
RT  x  6:0  +  RB  x  0  =  R  x  1.55 

169928x  1.55  =4389gN 
1  6.0 

RB  =  R-RT  =  169928 - 43898  =  126030 N.  Ans. 
Problem  3.33    The  end  gates  ABC  of  a  lock  are  9  m  high  and  when  closed  include  on  angle  of  120°. 
The  width  of  the  lock  is  10  m.  Each  gale  is  supported  by  two  hinges  located  at  1  m  and  6  m  above  the 
bottom  of  the  lock.  The  depths  of  water  on  the  two  sides  are  8  m  and  4  m  respectively.  Find  : 

(i)  Resultant  water  force  on  each  gate, 

(ii)  Reaction  between  the  gates  AB  and  BC,  and 

(Hi)  Force  on  each  hinge,  considering  the  reaction  of  the  gale  acting  in  the  same  horizontal  plane 
as  resultant  water  pressure. 
Solution.  Given  : 

=  9  m 
=  120° 


Height  of  gate 
Inclination  of  gate 


6  = 


180-120 


=  30° 


(b)  ELEVATION 

Fis  3  42  'Scanned  by  Fahid 
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Width  of  lock  =  10m 

A    Width  of  each  lock  =  — ^—  or /=  5.773  m 

cos  30 

Depth  of  water  on  upstream  side,  =  8  m 

Depth  of  water  on  downstream  side,    H2  =  4  m 
0)  Water  pressure  on  upstream  side 

where   A,  =  I  x  ff,  =  5.773  x  8  =  46.184  m,  Tn  =      =  |  =  4.0  m 

Jf,  =  1000x9.81  x  46.184  X  4.0=  1812260  N=  1812.26  kN 
Water  pressure  on  downstream  side, 

F2  =  PgAifa 

where   A2  =  I  x  H2  =  5.773  x  4  =  23.092  m,  hi  =  |  =  2.0 

F2  =  1000  x  9.81  x  23.092  x  2.0  =  453065  N  =  453.065  kN 

.-.    Resultant  water  pressure 

=  F,  -F2  =  1812.26-453.065  =  1359.195  kN  * 
(if)  Reaction  between  the  gates  AR  and  AC.  The  reaction  (P)  between  the  gates  AB  and  AC  is 
given  by  equation  (3.20)  as 

F  =  -  —  -      -  ~  =  1359.195  kN.  Ans. 

.    2  sin  8    2  x  sin  30 

(Hi)  Force  of  each  hinge.  If  lir  and  R,.:  arfe  the  reactions  at  the  top  and  bottom  hinges  then 

rt+rb  =  R 
But  from  equation  (3.19),ff  =  P  =  1359.195 

RT+RB  =  1359.195 

H     8  H  A 

The  force  Fj  is  acting  at  — L  =  -  =  2.67  m  from  bottom  and  F2  at      =  -  =  1 .33  m  from  bottom.  The 
3      3  3  3 

resultant  force  F  will  act  at  a  distance x from  bottom  given  by 

Fx*  =  FjX2.67-F,xl.33 

F.  x2.67-Fxl.33  1812.26x2.67-453.065x1.33 

n  r  r  — 1  — — —  =  ■  ■  

F  1359.195 

=  i83™-^°^=  3.1 16  =  3.11m 
1359.195 

Hence  R  is  also  acting  at  a  distance  3.1 1m  from  bottom. 
Taking  moments  of  RT  and  R  about  the  bottom  hinge 
Frx  [6.0-  1.0]  -Fx  (x-  1.0) 


Fv(,-1.0)  =  1359.195x2.n  =  ^  N 
r         5.0  5.0 
RB  =  R-Rr=  1359.195  -573.58 

=  785.615  kN.  Ans.  ,  ,    „  ,  .  , 
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>  3.8    PRESSURE  DISTRIBUTION  IN  A  LIQUID  SUBJECTED  TO  CONSTANT 
HORIZONTAL/VERTICAL  ACCELERATION 

In  chapters  2  and  3,  the  containers  which  contains  liquids,  are  assumed  to  be  at  rest.  Hence  the  liquids 
are  also  at  rest.  They  are  in  static  equilibrium  with  respect  to  containers.  But  if  the  container  containing 
a  liquid  is  made  to  move  with  a  constant  acceleration,  the  liquid  panicles  initially  will  move  relative  to 
each  other  and  after  some  time,  there  will  not  be  any  relati  ve  motion  between  the  liquid  particles  and 
boundaries  of  the  container.  The  liquid  will  take  up  a  new  position  under  the  effect  of  acceleration 
imparted  to  its  container.  The  liquid  will  come  to  rest  in  this  new  position  relative  to  the  container.  The 
entire  fluid  mass  moves  as  a  single  unit.  Since  the  liquid  after  attaining  a  new  position  is  in  static 
condition  relative  to  the  container,  the  laws  of  hydrostatic  can  be  applied  to  determine  the  liquid  pres- 
sure. As  there  is  no  relative  motion  between  the  liquid  particles,  hence  the  shear  stresses  and  shear 
forces  between  liquid  particles  will  be  zero.  The  pressure  will  be  normal  to  the  surface  in  contact  with 
the  liquid. 

The  following  are  the  important  cases  under  consideration  :  -  '• 

(i)  Liquid  containers  subject  to  constant  horizontal  acceleration. 
((7)  Liquid  containers  subject  to  constant  vertical  acceleration. 
3.8.  i  Liquid  Containers  Subject  to  Constant  Horizontal  Acceleration.  Fig.  3.43  (a) 
shows  a  tank  containing  a  liquid  upto  a  certain  depth.  The  tank  is  stationary  and  free  surface  of  liquid  is 
horizontal.  Let  this  tank  is  moving  with  a  constant  acceleration  'a'  in  the  horizontal  direction  towards 
right  as  shown  in  Fig.  3.43  (b).  The  initial  free  surface  of  liquid  which  was  horizontal,  now  takes  the 
shape  as  shown  in  Fig.  3.43  (b).  Now  AB  represents  the  new  free  surface  of  the  liquid.  Thus  the  free 
surface  of  liquid  due  to  horizontal  acceleration  will  become  a  downward  sloping  inclined  plane,  with  the 
liquid  rising  at  the  back  end  the  liquid  falling  at  the  front  end.  The  equation  for  the  free  liquid  surface 
can  be  derived  by  considering  the  equilibrium  of  a  fluid  element  C  lying  on  the  free  surface.  The  forces 
acting  on  the  element  C  are  :  ' 


Free  surface  of 
liquid 


Tank 

(stationary) 


Free  surface  of 
liquid 


Original  liquid 
surface 


Moving  horizontal 


(a) 


Tank  moving 


(c) 


Fi£>.  3.43 


(i)  the  pressure  force  P  exerted  by  the  surrounding  fluid  on  the  element  C.  This  force  is  normal  to  the 
free  surface. 

07)  the  weight  of  the  fluid  clement  i.e.,  m  x  g  acting  vertically  downward. 
(»0  accelerating  force  i.e..  m  x  a  acting  in  horizontal  direction. 
Resolving  the  forces  horizontally,  we  get  scanned  by  Fahid 
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P  sin  9  +  m  x  a  =  0 
or  P  sin8=-  ma 

Resolving  the  forces  vertically,  we  get 
P  cos  8  -  mg  =  0 
or  P  cos  8  =  nt  x  g 

Dividing  (jj  by  (/;),  we  get 

tan  8  =  -  — 


..(0 


.(3.20A) 


or  —  Numerically 

g    V  S 

The  above  equation,  gives  the  slope  of  the  free  surface  of  the  liquid  which  is  contained  in  a  tank 
which  is  subjected  to  horizontal  constant  acceleration.  The  term  (alg)  is  a  constant  and  hence  tan  8  will 
be  constant.  The  -ve  sign  shows  that  the  free  surface  of  liquid  is  sloping  downwards.  Hence  the  free 
surface  is  a  straight  plane  inclined  down  at  an  angle  6  along  the  direction  of  acceleration. 

Now  let  us  find  the  expression  for  the  pressure  at  any  point  D  in  the  liquid  mass  subjected  to  horizon- 
tal acceleration.  Let  the  point  D  is  at  a  depth  of'h'  from  the  free  surface.  Consider  an  elementary  prism 
DE  of  height  'ft'  and  cross -sectional  area<£4  as  shown  in  Fig.  3.44. 


Lines  of  constant 
pressure 


L  L. 

0 


7$)  N  , 
Fig.  3.44 


-pgh2  —  - 


Consider  the  equilibrium  of  the  elementary  prism  DE. 

The  forces  acting  on  this  prism  DE  in  the  vertical  direction  are  : 

(i)  the  atmospheric  pressure  force  (p0  X  dA)  at  the  top  end  of  the  prism  acting  downwards, 
(ii)  the  weight  of  the  element  (px  gxhx  dA)  at  the  C.G.  of  the  element  acting  in  the  downward 
direction,  and 

(Hi)  the  pressure  force  (p  x  dA)  at  the  bottom  end  of  the  prism  acting  upwards. 

Since  there  is  no  vertical  acceleration  given  to  the  tank,  hence  net  force  acting  vertically  should  be 
zero. 

p  x  dA  -  pQ  x  dA  -  pgh  dA  =  0 
«*  P  ~  Pa  ~  Pgh  =  0    or    P  =  Pa  +  Pgh 

or  p-Po^Psh 
or    Gauge  pressure  at  point  D  is  given  by 

p  =  pgh 

P_ 
Pg 


or    pressure  head  at  point  D, 


=  /j. 
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From  the  above  equation,  it  is  clear  that  pressure  head  at  any  point  in  a  liquid  subjected  to  a  constant 
honzon  a!  accelerate  is  equal  to  the  height  of  the  liquid  column  above  ^^mS^^S, 

*£&££  The  M:i Jected 10  a  constant  horizontal  acceleration  is  S  as  5£K5Z£ 

Mg.  3.44.  Th,s  Fig.  3.44  also  shows  the  variation  of  pressure  on  the  rear  and  from  of  the  tank. 
If        /t,  -  Depth  of  liquid  at  the  rear  end  of  the  tank 
A2  =  Depth  of  liquid  at  the  front  end  of  the  tank 
F,  =  Total  pressure  force  exerted  by  liquid  on  the  rear  side  of  the  tank 
F2  =  Total  pressure  force  exerted  by  liquid  on  the  front  side  of  the  tank, 
=  (Area  of  triangle  AML)  x  Width 


then 


and 


=  (4x/.WxMxi),|x  pghi  xk]xb  =  MjM. 

2 

F2  =  {Area  of  traingle  BNO)  x  Width 

=  <i*  BN  x  HO)  =  Vxh2x  p8h2  xb  =  BiA^L 


where  b  =  Width  of  tank  perpendicular  to  the  plane  of  the  paper 
The  values  of  F ,  and     can  also  be  obtained  as 
[Refer  to  Fig.  3.44  (a)) 

F]  =pXgxAlxhu  where  A,  =  ft,  x  b  and 


and 


=  pxgx(hlxb)x^  =  ±pg.b.hi 
F2^pxgxA2xTu 


where  A2  =  h2xb  and  h2  = 


=  P  x  g  *  (h2  x  b)  x  h- 
2 

It  can  also  be  proved  that  the  difference  of  these  two  forces  (i.e.,  F,  -  F0)  is  equal  to  the  force 
required  to  accelerate  the  mass  of  theJiquid  contained  in  the  tank  L, 

Fl~F2  =  Mxa 
where  M  =  Total  mass  of  the  liquid  contained  in  the  tank 
a  =  Horizontal  constant  acceleration 

equation  tan  6  =  -  -  will  be  developed 

(u)  m  tank  partly  filled  with  liquid  and  open  at  the  top  is  subjected  to  a  constant  horizontal  acceleration 
Spi"ln«  °  ,he  ,,l*u,d  ^  ^  P'a«  ^pending  upon  the  rnagnit.de  of  the  acceleration 

tion  rPlue!y  filIen       'lqUid      C'OSed  31  thC  tOP  iS  SUbjCCted  10  a c™  accelera- 

te, then  the  hqutd  would  not  sprll  out  from  the  tank  and  also  there  will  be  no  adjustment  in  the  surface  elevation 

of  the  liquid.  But  the  equation  tan  9  =  -  -  is  applicable  for  this  case  also.      Scanned  by  Fahid 
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Problem  3.34    A  rectangular  tank  is  moving  horizontally  in  the  direction  of  its  length  with  a  con- 
stant acceleration  of  2.4  m/s2.  The  length,  width  and  depth  of  the  tank  are  6  m,  2.5  rn  and  2  m  respec- 
tively, ff  the  depth  of  water  in  the  tank  is  I  m  and  tank  is  open  at  the  top  then  calculate  : 
(i)  the  angle  of  the  water  sutface  to  the  horizontal, 
(ii)  the  maximum  and  minimum  pressure  intensities  at  the  bottom, 
(Hi)  the  total  force  due  to  water  acting  on  each  end  of  the  tank. 
Solution.  Given:  If  achate  jjjjg"* 

Constant  acceleration,     a  =  2.4  m/s2. 


Length  =  6  m  ;  Width  =  2.5  m  and  depth  =  2  m. 
Depth  of  water  in  tank,    h  =  1  m 
(0  The  a.  .J  A  the  water  surface  to  the  horizontal 
Let  6  -  the  angle  of  water  surface  to  the  horizontal 
Using  equation  (3.20),  we  get 


2  m 


if 


------- -- --_-----_-----.-.-.-.-.--.-„-  i 

.- -.-r-.-.---.-.- h,  =  i 

■-  -  -  -  -  - .  -  -  - -  -- 1  i  1 


a  =  2.4  m/s* 
■  0.2662  m 


tan6  =  =  ■ 

& 


2.4 

9.81 


=  -  0.2446 


-6  m  

Fig.  3.45 


and 


(the  -ve  sign  shows  that  the  free  surface  of  water  is  sloping  downward  as  shown  in  Fig.  3.45) 
tan  6  =  0.2446  (slope  downward) 

9  =  tan-1  0.2446  =  13.7446°  or  13°  44,6'.  Ans. 
(if)  The  maximum  and  minimum  pressure  intensities  at  the  bottom  of  the  tank 
From  the  Fig.  3.45, 
Depth  of  water  at  the  front  end, 

A,  =  1  -  3  tan  0  =  1  -  3  x  0.2446  =  0.2662  m 
Depth  of  water  at  the  rear  end, 

h2  =  1  +  3  tan  9  =  1  +  3  x  0.2446  =  1.7338  m 
The  pressure  intensity  will  be  maximum  at  the  bottom,  where  depth  of  water  is  maximum. 
Now  the  maximum  pressure  intensity  at  the  bottom  will  be  at  point  A  and  it  is  given  by, 

Pm**  =  P  x  g  x  A2 

=  1000  x  9.81  x  1.7338  N/m2  =  17008.5  N/m2.  Ans. 
The  minimum  pressure  intensity  at  the  bottom  will  be  at  point  L  and  it  is  given  by 
Pmin  =  P.X£XAj 

=  1000  x  9.81  x  0.2662  =  2611.4  N/m3.  Ans. 
(ii7)  The  total  force  due  to  water  acting  on  each  end  of  the  tank 
Let  Fx  =  total  force  acting  on  the  front  side  (i.e.,  on  face  BD) 

F2  -  total  force  acting  on  the  rear  side  (i.e.,  on  face  AC) 

Then  F,  =  pgAlhi,  where  A,  =  BD  x  width  of  tank  =  h,  x  2.5  =  0.2662  X  2.5 

A,  02662 

~2~~ 


r  BD 


=  0. 1 33 1  m 


=  1000  x9.81  x  (0.2662  x  2.5)  X  0.1331 
=  868.95  N.  Ans. 
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□ 


and 


F2  =  p.g.A2.h 
h2  = 


AB  _hz  _  1.7338 


where  A2  =  ABx  width  of  tank  =  h2  x  2.5  =  1 .7338  x  2.5 
=  0.8669  m 


2      2  2 
=  1000  x  9,81  x  (1.7338  x  2.5)  x  0.8669 
=  36861,8  N.  Ans. 
Resultant  force  =F]-  F2 

=  36861.8  N  -  868.95 
=  35992.88  N 
Note.  The  difference  of  the  forces  acting  on  the  two  ends  of 
the  lank  is  equal  to  the  force  necessary  to  accelerate  Ihe  liquid 
mass.  This  can  be  proved  as  shown  below  ; 

Consider  the  control  volume  of  the  liquid  i.e..  control  vol- 
ume is  ACDBA  as  shown  in  Fig.  3.46.  The  net  force  acting  on 
the  control  volume  in  the  horizontal  direction  must  be  equal  to 
the  product  of  mass  of  the  liquid  in  control  volume  and  accel- 
eration of  the  liquid. 

-  (p  x  volume  of  control  volume)  x  a 
=  (1000  x  Area  of  ABDCE  x  width)  x  2.4 


Liquid  (water) 


A 

B 

 —              o  ni 

Fig.  3.46 

=  [lOOOxj^ 


AC-t BD\ 


j  x  AB  x  width 


x2.4 


(AC  +  BD~\ 
Area  of  trapezium  =4  Jx 


AS 


=  1000x(L733S;a2662lx6x2.5x2.4 


=  36000  N 

( v  AC  =  h2  =  1.7338  m,  BD  =  ft,  =  0.2662  m,  and  AB  =  6  m,  width  =  2.5  m) 
The  above  force  is  nearly  the  same  as  the  difference  of  the  forces  acting  on  the  two  ends  of  the  tank,  (i.e., 
35992.88  =  36000). 

Problem  3.35    The  rectangular  tank  of  the  above  problem  contains  water  to  a  depth  of  1.5  m.  Fmd 
the  horizontal  acceleration  which  may  be  imparted  to  the  tank  in  the  direction  of  its  length  so  that 
(/)  the  spilling  of  water  from  the  tank  is  just  on  the  verge  of  taking  place, 

(ii)  the  front  bottom  corner  of  the  tank  is  just  exposed, 

(Hi)  the  bottom  of  the  tank  is  exposed  upto  its  mid-point. 

■Also  calculate  the  total  forces  exerted  by  the  water  on  each  end  of  the  tank  in  each  case.  Also  prove 
that  the  difference  between  these  forces  is  equal  to  the  force  necessary  to  accelerate  the  mass  of  water 
tank. 

Solution.  Given : 

Dimensions^  the  tank  from  previous  problem,  scanned  byfahid 
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Depth  of  water  in  tank.        It  =  1.5  m 

(i)  Horizontal  acceleration  imparted  to  the  tank  __ 

(a)  When  the  spilling  of  water  from  the  tank  is  just  j 
on  the  verge  of  taking  place 

Let  a  =  required  horizontal  acceleration 

When  the  spilling  of  water  from  the  tank  is  just  on  the 
verge  of  taking  place,  the  water  would  rise  upto  the  rear 
top  corner  of  the  tank  as  shown  in  Fig.  3.47  (a) 

AC    (2-1.5)  0.5 


0.5  m 


•4 


tan  6  = 


AO 


-  =  0.1667  ;  .„.      ,  .  . 

3  Fig.  3.47    (a)  Spilling  of  -water  is  put  on 

the  verge  of  taking  place. 


But  from  equation  (3.20)  tan  9  =  —  (Numerically) 

a  =  g  x  tan  6  =  9.81  x  0.1667  =  1.635  m/s2.  Ans. 

(b)  Total  forces  exerted  by  water  on  each  end  of  the  tank 
The  force  exerted  by  water  on  the  end  CE  of  the  tank  is 

F,  =  pgAjn.  where  Aj  =  CE  x  width  of  the  tank  =  2  X  2.5 

CE 


/ii  = 


■  =  —  =  1  m 

2  . 


=  1000  x9.81  x(2x2.5)x  1 
=  49050  N.  Ans. 
The  force  exerted  by  water  on  the  end  ED  of  the  tank  is 

F2  =  P8A2  x       where  A2  =  FD  x  width  =1x2.5 

(v  AC  =  fiD  =  0.5m,    .:.    FD  =  BF-  BD  =  1.5  -  0.5  =  1) 


=  1000x9.81  x(l  x  2.5)  x  0.5     "ki  = 


FD  1 


-  =  0.5  m 
2 


=  12262.5  N.  Ans. 

(c)  Difference  of  the  forces  is  equal  to  the  force  necessary  to  accelerate  the  mass  of  water  in  the  tank 
Difference  of  the  forces  =  E,-F2 

=  49050  -  12262.5  =  36787.5  N 
Volume  of  water  in  the  tank  before  acceleration  is  imparted  to  it  =  L  x  b  x  depth  of  water 

=  6x2.5  x  1.5  =  22.5  m3. 
The  force  necessary  to  accelerate  the  mass  of  water  in  the  tank 

=  Mass  of  water  in  tank  x  Acceleration 

=  (p  x  volume  of  water)  x  1.635  (v  a=  1.635  m/s2) 

=  1000  x  22.5  x  1.635  [There  is  no  spilling  of  water  and  volume  of 

water  =  22.5  m5) 
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116   Fluid  Mechanics 


x6x2.5^  22.5  m3. 


Free  surface  Original  free 
after  acceleration  surface 


Hence  the  difference  between  the  forces  on  the  two  ends  of  the  tank  is  equal  to  the  force  necessary  to 
accelerate  the  mass  of  water  in  the  tank. 

Volume  of  water  in  the  tank  can  also  be  calculated  as  volume  =  (~B+  FD  ]  xEFx  Width  [Refer  to 
Fig.  3.47  (a)} 

#f   . 

(«)  (a)  Horizontal  accek-i ,  :on  when  the  front 
bottom  corner  of  the  tank  is  jits  exposed. 

Refer  to.  Fig.  3.^-7  (b).  In  thi;  case  the  free  sur- 
face of  wu  sr  in  t'.j  tank  will  h  jlong  (  O. 
Let  a  -  required  horizontal  acceleration. 

CE    2  1 


In  this  case,  tan  0  = 

But  from  equation  (3.17), 


ED    6  3 


tan  6  =  -  (Numerically) 

8 


Fig.  3.47  (i>) 


t  =  g  X  tan  6  =  9.81  x  -  =  3.27  m/s2.  Ans. 

(ft)  Total  forces  exerted  ft>  u«;cr  on  rac/i       of  the  tank 
The  force  exerted  by  water  on  the  end  CE  of  the  tank  is 

F,  =  pgxAj  x  ft, 
where    /I ,  =  CE  X  width  =  2  x  2.5  =  5  m1 


«i  =  —  =  —  =  1  m 
2  2 


=  1000x  9.81  x5  x  1 


=  49050  N.  Ans. 

The  force  exerted  by  water  o  i  the  end  BD  of  the  tank  is  zero  as  there  is  no  water  against  the  face  BD 

F2  =  0 

Difference  of  forces  =  49050  -  0  =  49050  N 
(c)  Difference  of  forces  is  equal  to  the  force  necessary  to  accelerate  the  mass  of  water  in  the  tank. 
Volume  of  water  in  the  tank  =  Area  of  CED  x  Width  of  tank 


(CExED\ 


(v    Width  of  tank  =  2.5  in) 


2x6 


X  2.5  =  15  m3 


Force  necessary  to  acceF  .ite  the  mass  of  water  in  the  tank 

=  Mass  of  water  in  tank  x  Acceleration 
=  (1000  x  Volume  of  water)  x  3.27 
=  1000  x  15  x  3.27  =  49050  N        scanned  by  Fahid 
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Hence  difference  between  the  forces  on  the  two  ends  of 
the  tank  is  equal  to  the  force  necessary  to  accelerate  the 
mass  of  water  in  the  tank. 

(Hi)  (a)  Horizontal  acceleration  when  the  bottom  of 
the  tank  is  exposed  upto  its  mid-point. 

Refer  to  Fig.  3.47  (c).  In  this  case  the  free  surface  of 
water  in  the  tank  will  be  along  CD*,  where/?*  is  the  mid- 
point of  ED. 

Let  a  =  required  horizontal  acceleration  from 

Fig.  3.47  (c),  it  is  clear  that 

CE  2 


Free  surface  - 
after  acceleration 


Original  free 

surface, 


tan  0  = 


ED 


But  from  equation  (3.20)  numerically 

tan  e  =  - 

S 

2 

a  =  g  x  tan  8  =  9.81  x  -  =  6.54  m/s2.  Ans. 

(i>)  Total  forces  exerted  by  water  on  each  end  of  the  tank 
The  force  exerted  by  water  on  the  end  CE  of  the  tank  is 


Fig.  3.47  (c) 


where 


Kj  -pxgxAjXh] 

A,  =  CEx  Width  =  2  x  2.5  =  5  m2 

t      CE  2 
hi  ~  —  =  —  =  1  m 
2  2 


=  1000x9.81  x5x  1 
=  49050  N.  Ans. 

The  force  exerted  by  water  on  the  end  BD  is  zero  as  there  is  no  water  against  the  face  BD, 

F2  =  0 

■:     Difference  of  the  forces  =  F,  -  F2  =  49050  -  0  =  49050  M 

(c)  Difference  of  the  two  forces  is  equal  to  the  force  necessary  to  accelerate  the  mass  of  water 
remaining  in  the  tank. 

Volume  of  water  in  the  tank  =  Area  CED  x  Width  of  tank 


CEx  ED 


x  2.5  = 


2x3 


x  2.5  =  7.5  m1 


(v  «  =  6.54  m/s2) 


2  2 
Force  necessary  to  accelerate  the  mass  of  water  in  the  tank 

=  Mass  of  water  x  Acceleration 
=  p  X  Volume  of  water  x  6.54 
=  10DO  x  7.5  x  6.54 
=  49050  N 

This  is  the  same  force  as  the  difference  of  the  two  forces  on  the  two  ends  of  the  tank. 
Problem  3.36   A  rectangular  tank  of  length  6  m,  width  2.5  and  hei^SflHW^fSMfiU^  with  . 
mater  when  at  rest.  The  tank  is  open  at  the  top.  The  tank  is  subjected 'Wi '  f£^^mrc\hmanrWSl^P^ 
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Solution.  Given  : 


Horizontal  acceleration, 


L  =  6  m,  b  -  2.5  m  and  height,  H-lm 
a  =  2.4  mJs1. 


The  slope  of  the  free  surface  of  water  after  the  tank  is  subjected  to  linear  constant  acceleration  is 
given  by  equation  (3.20)  as 


Free  surface 
after  acceleration 


Original  free 
surface 


tan  9  =  -  (Numerically) 
g 


2.4 
9.81 


=  0.2446 


From  the  Fig.  3.48, 


tan  6  = 


BC 


Fig.  3.4S 


AB 

BC  =  ABx  tan  9 
=  6  X  0.2446 

(y  AB  =  Length  =6m;  tan  0  =  0.2446) 
=  1 .4676  m 

Volume  of  water  spilled  -  Area  of  ABC  x  Width  of  tank 

=  (j  x  AB  x  BC)  x  2.5  (y    Width  m  2.5  m) 

=  |  x6x  1.4676x2.5  (v    BC  =  1.4676m) 

=  11.007  m\  Ans. 

3.!?. 7  Liquid  Container  Subjected  to  Constant  Vertical  Acceleration.  Fig.  3.49  shows 
a  tank  containing  a  liquid  and  the  tank  is  moving  vertically  upward  with  a  constant  acceleration.  The 
liquid  in  the  tank  will  be  subjected  to  the  same  vertical  acceleration.  To  obtain  the  expression  for  the 
pressure  at  any  point  in  the  liquid  mass  subjected  to  vertical  upward  acceleration,  consider  a  vertical 
elementary  prism  of  liquid  CDFE, 


F  =  m,a 


Free  surface 


j-t-pha-^j-,—  p9h-.»| 

Pig,  SM 

Let  dA  =  Cross-sectional  area  of"  prism 
h  =  Height  of  prism 

p0  =  Atmospheric  pressure  acting  on  the  face  CE 
p  =  Pressure  at  a  depth  h  acting  on  the  face  DF 
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The  forces  acting  on  the  element ary  prism  are  : 

(;')  Pressure  force  equal  to  pn  x  dA  acting  on  the  face  CE  vertically  downward 
(u)  Pressure  force  equal  to  p0  x  dA  acting  on  the  face  DF  vertically  upward 

(Hi)  Weight  of  the  prism  equal  to  p  x  g  x  dA  x  h  acting  through  C.G.  of  the  element  vertically 
downward. 

According  to  Newton's  second  law  of  motion,  the  net  force  acting  on  the  element  must  be  equal  to 
mass  multiplied  by  acceleration  in  the  same  direction. 

.-.    Net  force  in  vertically  upward  direction  =  Mass  x  acceleration 
p  X  dA -pQ  x  dA  -  pgdA  .  h  =  (p  xdA  x  A)  x  a  ( v  Mass  -  pxdAxh) 

or    -  p  -  p0  -  pgh  =  ph  x  a  (Cancelling  dA  to  both  sides) 

or  P  —  Po  =  Pgh  +  p/'« 


=  pgh 


1  +  - 


S 


...(3.21) 


But  (p  -  p0)  is  the  gauge  pressure.  Hence  gauge  pressure  at  any  point  in  the  liquid  mass  subjected  to 
a  constant  vertical  upward  acceleration,  is  given  by 


1+- 


...(3.22) 
...(3.22/1) 


=  pgh  +  pha  ■  •■■ 

where    p?=  p  -  pn  =  gauge  pressure 

In  the  equation  (3.22)  p,  g  and  a  are  constant.  Hence  variation  of  guage  pressure  is  linear.  Also  when 
/;  -  0,  p$  =  0.  This  means /)  -pQ  =  0  or p  =  pa.  Hence  wh eft  h  =  0,  the  pressure  is  equal  to  atmospheric- 
pressure.  Hence  free  surface  of  liquid  subjected  to  constant  vertical  acceleration  will  be  horizontal. 

From  the  equation  (3.22,4)  it  is  also  clear  that  the  pressure  at  any  point  in  the  liquid  mass  is  greater 
than  the  hydrostatic  pressure  (hydrostatic  pressure  is  =  pgh)  by  an  amount  of  p  x  h  x  a. 

The  Fig.  3.49  shows  the  variation  of  pressure  for  the  liquid  mass  subjected  to  a  constant  vertical 
upward  acceleration. 

If  the  tank  containing  liquid  is  moving  vetically  downward  with  a  constant  acceleration,  then  the 
gauge  pressure  at  any  point  in  the  liquid  at  a  depth  of  h  from  the  free  surface  will  be  given  by 


8 


=  pgh  -  pha  ...(3.23) 


The  above  equation  shows  that  the  pressure  at  any 
point  in  the  liquid  mass  is  less  than  the  hydrostatic  pres- 
sure by  an  amount  of  pha.  The  Fig.  3.50  shows  the  vari- 
ation of  pressure  for  the  liquid  mass  subjected  to  a  con- 
slant. vertical  downward  acceleration. 

If  the  tank  containing  liquid  is  moving  downward  with 
a  constant  acceleration  equal  to  f>  {i.e..  when u  =  then 
equation  reduces  top  -  /><,  =  0or/j=  pti.  This  means  the 
pressure  at  any  point  is  the  liquid  is  equal  to  surrounding 
atmospheric  pressure.  There  will  be  no  force  on  the  walls 
or  on  the  base  of  the  tank. 

Note.  If  a  tank  containing  a  liquid  is  suhjected'to  a  constant  acceleration  in  the  inclined  direction,  then  the 
acceleration  may  be  resolved  along  the  horizontal  direction  and  vertical  direc^ftffi.^TOr/^di^nTrese  cases  may 
be  separately  analysed  in  accordance  with  the  above  procedure.  PDF  Created  by  AAZSwapM 
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a  =  2.45  m/s! 


P r O b  1  e m  3 . 3 7  A  tank  containing  water  itpio  a  depth  of 500  mm  is  moving  vertically  upward  with  a 
constant  acceleration  of  2.45  m/s2.  Find  the  force  exerted  by  water  on  the  side  of  the  tank.  Also 
calculate  the  force  on  the  side  of  the  tank  when  the  width  of  tank  is  2  in  and 

(i)  tank  is  moving  vertically  downward  with  a  constant  acceleration  of  2.45  m/s2,  and 

(ii)  the  tank  is  not  moving  at  all. 
Solution.  Given  : 

Depth  of  water,  h  =  500  mm  =  0.5  m 

Vertical  acceleration,  a  =  2.45  m/s2 

Width  of  tank,  b  =  2m 

To  find  the  force  exerted  by  water  on  the  side  of 
the  tank  when  moving  vertically  upward,  let  us  first 
find  the  pressure  at  the  bottom  of  the  tank. 

The  gauge  pressure  at  the  bottom  {i.e.,  at  point  B) 
for  this  case  is  given  by  equation  as 

pB  =  pgh 


Fig.  3.51 


=  1000x9.81 


x  0.5  + 


2.45 
9.81 


6131.25  N/m2 


This  pressure  is  represented  by  line  BC. 

Now  the  force  on  the  sideAZJ-  Area  of  triangle  ABC  x  Width  of  tank 

=  (}x  AB  x  BC)  x  b 

=  (|  x  0.5  x  6131.25)  x  2  (v  BC  =  6131.25  and  b  =  2  m) 

=  3065.6  N.  Ans. 

(0  Force  on  the  side  of  the  tank,  when  tank  is  moving  vertically  downward. 

The  pressure  variation  is  shown  in  Fig.  3.52.  For  this  case,  the  pressure  at  (he  bottom  of  the  tank 
(i.e.,  at  point  B)  is  given  by  equation  (3.23)  as 


Pb  =  Pih 


=  1000X9.81  x0.5 


{     9.83 ) 


=  3678.75  N/m7- 
This  pressure  is  represented  by  line  BC. 
Now  the  force  on  the  side^fi  =  Area  of  triangle  AflCx  Width 

=  (|  x  AB  xBC)  xb 

=  ( |  x  0.5  x  3678.75)  x  2 
J=  1839.37  N.  Ans. 


Fig.  3.52 
(v  SC  =  3678.75,  £>  =  2) 


scanned  by  Fahid 

PDF  created  by  AAZSwapnil 


Hydrostatic  Forces  on  Surfaces  121 


(/7)  Force  on  the  side  of  the  tank,  when  tank  is  stationary. 

The  pressure  at  point  B  is  given  by.  v 

pB  =  pgh  =  1000  x  9.81  x  0.5  =  4905  N/m2 

This  pressure  is  represented  by  line  BD  in  Fig.  3.52 

Force  on  the  side<4B  =  Area  of  triangie  ABD  x  Width 

=  (±xABxBD)xb 

=     x  0.5  X  4905)  x  2 
=  2452.5  N.  Ans. 

For  this  case,  the  force  on  AB  can  also  be  obtained  as 


(v  BD  =  4905) 


where 


h  =  —  =  —  =  0.25  m  =  1000x9.81  x  1  x  0.25 
2 


A  =  AB  x  Width  =  0.5  x  2  =  1  m" 
05 
2 

=  2452.5  N.  Ans. 

Problem  3.38  A  tank  contains  water  upto  a  depth  of  1.5  nr.  The  length  and  width  of  the  tank  are  4  m 
and  2  m  respectively.  The  tank  is  moving  up  an  inclined  plane  with  a  constant  acceleration  of  4  m//. 
The  inclination  of  the  plane  with  the  horizontal  is  30°  as  shown  in  Fig.  3.53.  Find, 

(i)  the  angle  made  by  the  free  surface  of  water  with  th  e  horizontal. 

(ii)  the  pressure  at  the  bottom  of  the  tank  at  the  front  and  rear  ends. 
Solution.  Given : 

Depth  of  water,  h  =  1 .5  m  ;  Length,  L  =  4  m  and 
Width,  b  =  2  m  ' 

Constant  acceleration  along  the  inclined  plane, 

■:  a  =  4  m/s2 

Inclination  of  plane,  a  =  30° 

Let  9  =  Angle  made  by  the  free  surface  of  water  after 
the  acceleration  is  imparted  to  the  tank 

pA  =  Pressure  at  the  bottom  of  the  tank  at  the  front  end  and 

pp  =  Pressure  at  the  bottom  of  the  lank  at  the  rear  end.  Fig.  3.53 

This  problem  can  be  done  by  resolving  the  given  acceleration  along  the  horizontal  direction  and 
vertical  directions.  Then  each  of  these  cases  may  be  separately  analysed  according  to  the  set  procedure. 
Horizontal  and  vertical  components  of  the  acceleration  are  : 

qx  =  a  cos  a  =  4  cos  30°  =  3.464  m/s2 
a  =  a  sin  a  =  4  sin  30°  =  2  m/s2 
When  the  tank  is  stationary  on  the  inclined  plane,  free  surface  of  liquid  will  be  along  EF  as  shown  in 
Fig.  3.53.  But  when  the  tank  is  moving  upward  along  the  inclined  plane  the  free  surface  of  liquid  will  be 
alongBC.  When  the  tank  containing  a  liquid  is  moving  up  an  inclined  plan  with  a  constant  acceleration, 
the  angle  made  by  the  free  surface  of  the  liquid  with  the  horizontal  isSgi»eW?^  by'Fahid 
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flv  3.464 

tan  0  =  — z~  =  ■  =  0.2933 

a,+g    2  +  9.81 

6  =  tan"1  0.2933  =  16.346°    or    16°  20.8'.  Ans. 
Now  let  us  first  find  the  depth  of  liquid  at  the  front  and  rear  end  of  the  tank. 
Depth  of  liquid  at  front  end  =  /j,  =  AB 
Depth  of  liquid  at  rear  end  =  h2  =  CD 

CE 

From  the  Fig.  5.21,  in  triangle  COE,  tan  8  =  — - 

EO 

or  CE  =  EO  tan  8  =  2  x  0.2933  ( v  ED  =  2  m,  tan  0  =  0.2933) 

=  0.5866  m 

CD  =  h2  =  ED  +  CE=  1.5  +  0.5866  =  2.0866  m 
Similarly  ftj  =AB  =  AF-BF  * 

=  1.5  -  0.5866  (v  AF=  1.5,  BF  =  C£=  0.5866) 

=  0.9134  m 

The  pressure  at  the  bottom  of  tank  at  the  rear  end  is  given  by, 


=  1000  x  9.81  X2.0866  f  1  +  -  —  }  ==  24642.7  N/m2.  Arts, 

I     9.81  J 

The  pressure  at  the  bottom  of  tank  at  the  front  end  is  given  bv 

(  k 

=  1000  X9.81  x  0.91 34^1  +         --- 10787.2  N/m2.  A  as. 

HIGHLIGHTS 

1.  When  the  fluid  is  at  rest,  the  shear  stress  is  zero. 

2.  The  force  exerted  by  a  static  fluid  on  a  vertical,  horizontal  or  an  inclined  plane  immersed  surface, 

F=pgAh 
where     p  =  Density  of  the  liquid, 

A  -  Area  of  the  immersed  surface,  and 

h  =  Depth  of  the  centre  of  gravity  of  the  immersed  surface  from  free  surface  of  the  liquid, 

3.  Centre  of  pressure  is  defined  as  the  point  of  application  of  the  resultant  pressure. 

4.  The  depth  of  centre  of  pressure  of  an  immersed  surface  from  free  surface  of  the  liquid, 

~~y  +  ^  for  ve  rt  i  ca  Ny  i  mme  rsed  su  rf ace . 
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5.  The  centre  of  pressure  for  a  plane  vertical  surface  lies  at  a  depth  of  two-third  the  height  of  the  immersed 
surface. 

6.  The  total  force  on  a  curved  surface  is  given  by  F  -  ^F^  +  Fy 

where    J|  =  Horizontal  force  on  curved  surface  and  is  equal  to  total  pressure  force  on  the  projected  area 
of  the  curved  surface  on  the  vertical  plane, 
=  PgAh 

and       Fy  =  Vertical  force  on  submerged  curved  surface  and  is  equal  to  the  weight  of  liquid  actually  or 
imaginary  supported  by  the  curved  surface. 

F 

7.  The  inclination  of  the  resultant  force  on  curved  surface  with  horizontal  tan  6  = 

8.  The  resultant  force  on  a  sluice  gate,  F=Ft-  F, 

where    F,  =  Pressure  force  on  the  upstream  side  of  the  sluice  gate  and 
Fj  =  Pressure  force  on  the  downstream  side  of  the  sluice  gate. 

9.  For  a  lock  gate,  the  reaction  between  the  two  gates  is  equal  to  'the  reaction  at  the  hinge,  R  =  P. 

c 

Also  the  reaction  between  the  two  gates,  P  - 


2  sine 

where  F  =  Resultant  water  pressure  on  the  lock  gate  =  F,  -  F, 

and     9  =  Inclination  of  the  gate  with  the  normal  to  the  side  of  the  lock. 


EXERCISE  3 


(A)  THEORETICAL  PROBLEMS 

1.  What  do  you  understand  by  'Total  Pressure'  and  'Centre  of  Pressure'  ? 

2.  Derive  an  expression  for  the  force  exerted  on  a  sub-merged  vertical  plane  surface  By  the  static  liquid  and 
locate  the  position  of  centre  of  pressure. 

3.  Prove  that  the  centre  of  pressure  of  a  completely  sub-merged  plane  surface  is  always  below  the  centre  of 
gravity  of  the  sub-merged  surface  or  at  most  coincide  with  the  centre  of  gravity  when  the  plane  surface  is 
horizontal. 

4.  Prove  that  the  total  pressure  exerted  by  a  static  iiquid  on  an  inclined  plane  sub- merged  surface  is  the  same 
as  the  force  exerted  on  a  vertical  plane  surface  as  long  as  the  depth  of  the  centre  of  gravity  of  the  surface  is 
unaltered. 

5.  Derive  an  expression  for  the  depth  of  centre  of  pressure  from  free  surface  of  liquid  of  an  inclined  plane 
surface  sub-merged  in  the  liquid. 

(a)  How  would  you  determine  the  horizontal  and  vertical  components  of  the  resultant  pressure  on  a  sub- 
merged curved  surface  ? 

(b)  Explain  the  procedure  of  f  inding  hydrostatic  forces  on  curved  surfaces. 

(Delhi  Wmrersih  Dec.  2002) 
Explain  how  you  would  find  the  resultant  pressure  on  a  curved  surface  immersed  in  a  liquid. 

(A.M. I.E.,  Summer  198!) 

8-  Why  the  resultant  pressure  on  a  curved  sub-merged  surface  is  determined  bv  first  finding  horizontal  and 
vertical  forces  on  the  curved  surface  ?  Why  is  the  same  method  not  adopted  for  a  plane  inclined  surface 

sub-merged  in  a  liquid  ?  scanned  by  Fahid 
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Describe  briefly. with  sketches  the  various  methods  used  for  measured  pressure  exerted  by  fluids. 

.  (A.M.I.E..  Summer  1980) 

Prove  that  the  vertical  component  of  the  resultant  pressure  on  a  sub-merged  curved  surface  is  equal  to  the 
weight  of  the  liquid  supported  by  the  curved  surface, 

1 1.  What  is  the  difference  between  sluice  gates  and  lock  gates  ? 

1 2.  Prove  that  the  reaction  between  the  gates  of  a  lock  is  equal  to  the  reaction  at  the  hinge. 

13.  Derive  an  expression  for  the  reaction  between  the  gates  as  P  =  — - — 

2  sin  9 

where  F=  Resultant  water  pressure  on  lock  gate,  0  =  inclination  of  the  gate  with  normal  to  the  side  of  the  lock. 

14.  When  will  centre  of  pressure  and  centre  of  gravity  of  an  immersed  plane  surface  coincide  ? 

(A.M.I.E..  Summer  1990) 

Find  an  expression  for  the  force  exerted  and  centre  of  pressure  for  a  completely  sub- merged  inclined  plane 
surface.  Can  the  same  method  be  applied  for  finding  the  resultant  force  on  a  curved  surface  immersed  in 
the  liquid  ?'  If  not,  why  ?   J.  (Dc!fli  University,  1992) 

16.  What  do  you  understand  by  the  hydrostatic  equation  ?  With  the  help  of  this  equation  derive  the  expressions 
for  the  total  thrust  on  a  sub-merged  plane  area  and  the  buoyant  force  acting  on  a  sub- merged  body. 

(A.M. I.E.,  Summer  1990) 

(B)  NUMERICAL  PROBLEMS 

?.  f  determine  the  total  pressure  and  depth  of  centre  of  pressure  on  a  plane  rectangular  surl  ace  of  1  m  wide  and 
3  m  deep  when  its  upper  edge  is  horizontal  and  (a)  coincides  with  water  surface  (7>)  2  m  below  the  free 
water  surface.  [Ans.  (a)  44145  N,  2.0  m,  (b)  1 03005  M,  3.714  m] 

2.  Determine  the  total  pressure  on  a  circular  plate  of  diameter  1 .5  m  which  is  placed  yertic  ally  in  water  in 
Mich  a  way  that  centre  of  plate  is  2  m  below  the  free  surface  of  water.  Find  ihe  position  of  centre  or  pressure 
a!sa  [Ahs.  34668.54  N,  2.07  m] 

3.  A  rectangular  sluice  gate  is  situated  on  the  vertical  wall  of  a  lock.  The  vertical  side  of  the  sluice  is  6  m  in 
length  and  depth  of  cenlrotd  of  aren  is  8  in  below  the  water  surface,  Prove  that  the  depth  of  centre  of 
pressure  is  given  by  8,475  m. 

4.  A  circular  opening,  3  m  diameter,  in  a  vertical  side  of  a  tank  is  closed  by  a  disc  of  3  m  diameter  which  can 
rotate  about  a  horizontal  diameter.  Calculate  :  (i)  the  force  on  the  disc,  and  ()?)  ihe  torque  required  to 
maintain  the  disc  in  equilibrium  in  the  vertical  position  when  the  head  of  wilier  abov=  the  horizontal 

'    diameler  «  6  m.  [Ans.  (0  4J6.05  kN  (»)  35005  Nm] 

5.  The  pressure  at  the  centre  of  a  pipe  of  diameter  3  m  is  29,43  N/cm2.  The  pipe  contains  oil  of  sp.  gr.  0.87  and 
is  filled  with  a  gate  valve.  Find  the  force  exerted  by  the  oil  on  the  gate  and  position  of  centre  of  pressure. 

[Ans.  2.0R  MN,  .Ol'&'m  Iwlow  centre  of  pipe] 
(>.  Determine  the  total  pressure  and  centre  of  pressure  on  an  isosceles  triangular  p'lafe  of  base  S  m  and  altitude 
5  m  when  the  plate  is  immersed  vertically  is  an  oil  of  sp.  gr.  0.8.  The  base  of  the  plate  is'  1  m  below  the  free 
Sarface  of  water.  ■  [Am.  26 1927  N,  3.1 9  m] 

7.  J  he  opening  in  a  dam  is  3  m  wide  and  2  m  high.  A  vertical  sluice  gate  is  used  to  cover  the  opening.  On  the 
upstream  of  the  gate,  the  liquid  of  sp.  gr.  1 .5,  ties  upto  a  height  of  2.0  m  above  the  top  of  the  gate,  whereas 
on  the  downstream  side,  the  water  is  available  upto  a  height  of  the  top  of  the  gale:  Find  the  resultant  force 
acting  on  the  gate  and  position  of  centre  of  pressure.  Assume  that  the  gate  is  higher  at  the  bottom, 

[Ans.  206010  N,  0.964  m  above  the  hingej 
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16. 


A^aisson  for  closing  the  entry ncc  to  a  dry  dock  is  of  trapezoidal  form  1 6  m  wide  at  the  top  and  1 2  m  wide 
at  the  bottom  and  8  in  deep.  Find  the  total  pressure  and  centre  of  pressure  on  the  caisson  if  the  water  on  the 
outside  is  1  rri  below  the  top  level  of  the  caisson  and  dock  is  empty.  (A.M. I.E..  Winter  J980) 

[Ans.  3, 164  MN,  4.56  m  below  water  surface] 
A  sliding  gate  2  m  wide  and  1.5  m  high  lies  in  a  vertical  plane  and  has  a  co-efficient  of  friction  of  0.2 
between  itself  and  guides.  If  the  gate  weighs  one  tonne,  find  the  vertical  force  required  to  raise  the  gate  if 
its  upper  edge  is  at  a  depth  of  4  m  from  free  surface  of  water.  [Ans.  37768.5  N] 

A  tank  contains  water  upto  a  height  of  1  m  above  the  base.  An  immiscible  liquid  of  sp.  gr.  0.8  is  filled  on 
the  top  of  water  upto  1 .5  m  height.  Calculate  :  (fj  total  pressure  on  one  side  of  the  tank,  (it)  the  position  of 
centre  of  pressure  for  one  side  of  the  tank,  which  is  3  m  wide.  [Ans.  765 1 8  N,  1 .686  m  from  top] 

A  rectangular  tank  4  m  long,  1.5  m  wide  contains  water  upto  a  height  of  2  m.  Calculate  the  force  due  to 
water  pressure  on  the  base  of  the  lank.  Find  also  the  depth  of  centre  of  pressure  from  free  surface. 

[Ans.  1 17720  N.  2  m  from  free  surface] 
A  rectangular  plane  surface  1  m  wide  and  3  m  deep  lies  in  water  in  such  a  way  that  its  plane  makes  an 
angle  of  30s  with  the  free  surface  of  water.  Determine  the  total  pressure  and  position  of  centre  of  pressure 
when  the  upper  edge  of  the  plate  is  2  m  below  the  free  water  surface.  [Ans.  80932.5  N.  2.3 18  m] 

A  circular  plate  3.0  m  diameter  is  immersed  in  water  in  such  a  way  that  the  plane  of  the  plate  makes  an 
angle  of  60°  with  the  free  surface  of  water.  Determine  th'e  total  pressure  and  position  of  centre  of  pressure 
when  the  upper  edge  of  the  plate  is  2  m  hetow  the  free  water  surface. 

[Ans.  228.69  kN,  3.427  m  from  free  surface] 
A  rectangular  gate  6  m  X  2  m  is  hinged  at  its  base  and  inclined  at  60°  to  the  horizontal  as  shown  in  Fig,  3.54. 
To  keep  the  gate  in  a  stable  position,  a  counter  weight  of  29430  N  is  attached  at  the  upper  end  of  the  gate. 
Find  the  depth  of  water  at  which  the  gate  begins  to  fall.  Neglect  the  weight  of  the  gate  and  also  friction  at 

the  hinge  and  pulley.  [Ans.  3.43  m] 

WATER  SURFACE 


'  "------'45^/' 

HINGE 

Fig.  3.54  Fig.  3.55 

An  inclined  rectangular  gate  of  width  5  m  and  depth  1 .5  m  is  installed  to  control  the  discharge  of  water  as 
shown  in  Fig.  3.55.  The  end  A  is  hinged.  Determine  the  force  normal  to  the  gate  applied  at  B  to  open  it. 

[Ans.  97435.8  N] 

A  gate  supporting  water  is  shown  in  Fig,  3.56.  Find  the  height  7r" 
of  the  water  so  that  the  gate  begins  to  tip  about  the  hinge.  Take  the 
width  of  the  gate  as  unity.  (Delhi  University,  1 986 j 

[Ans.  3  x  Vl  m) 

Find  the  total  pressure  and  depth  of  centre  of  pressure  on  a  trian- 
gular plate  of  base  3  m  and  height  3  m  which  is  immersed  in  water 


FREE  WATER  SURFACE £ 
I  \  GATE 


^/J^r  HINGE 
60 

Fig.  .l-.^fi 

in  such  a  way  thai  plane  of  the  plate  makes  an  angle  of  603  with  the  free  surface.  The  base  of  the  plate  is 
parallel  to  water  surface  and  at  a  depth  of  2  m  from  water  surface.  [Ans.  1 26.52  kN,  2.996  m] 
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18.  Find  the  horizontal  and  vertical  components  of  the  total  force  acting  on  a  curved  surface  AB,  which  is  in 
the  form  of  a  quadrant  of  a  circle  of  radius  2  m  as  shown  in  Fig.  3.57.  Take  the  width  of  the  gale  2  m. 

[Ans.  Fx  =  1  1 7.72  kN,  FY  =  140.1 14  kNj 


WATER  SURFACE 


WATER  SURFACE 


HINGE 


Figs>3.57  Fig.  3.58 

19.  Fig.  3.58  shows  a  gate  having  a  quadrant  shape  of  radius  of  3  m.  Find  the  resultant  force  due  to  water  per 
metre  length  of  the  gate.  Find  also  the  angle  at  which  the  total  force  will  act.  [Ans.  82.201  'kN,  9  =  57°  3  J'] 

20.  A  roller  gate  is  shown  in  Fig.  3.59.  It  is  cylindrical  form  of  6.0  m  diameter.  It  is  placed  on  the  dam.  Find  the 
magnitude  and  direction  of  the  resultant  force  due  to  water  acting  on  the  gate  when  the  water  is  jus!  goin;, 
to  spill.  The  length  of  the  gate  is  given  1 0  m.  [A  ns.  2.245  MM  6  =  38°  81 

ROLLER  ' 
GATE  . 
WATER  SURFACE  i. 


22. 


23 


24. 


WATER  SURFACE 


HINGE 


Fig.  3.60 


{Ans.  F,  -  19.62  kN,  /  v  ^7102.44  N] 
WATER  SURFACE 


Find  the  horizontal  and  vertical  components  of  the  water  pressure  exerted  on  a  lainler  gate  of  radius  4  m  as 
shown  in  Fig.  3.60.  Consider  width  ofihc  gate  unity. 
Find  the  magni!  .ide  and  direction  of  the  resultant  water  pres- 
sure acting  on  a  curved  face  of  a  dam  which  is  shaped  accord- 

x2 

ihg  to  m  rclattcn  y  =  —  as  shown  in  Fig.  3.61.  The  height 

,  o)  water  retained  by  the  dam  is  1 2  m.  Take  the  width  of  dam 
SM  'Jfl!ly-  IAns.  970.74  kN,  0  =  43°  19'j 

.  Es(6h  gale  of  a  Sock  is  5  m  high  and  is  supported  by  two  hinges 

placed  on  the  top  and  bottom  of  the  gale.  When  the  gates  are 
ci,,.,d,  they  make  an  angle  of  120°.  The  width  of  the  lock  is  4  m.  If  the  depths  of  water  on  the  two  sides  of 
the  gates  are  4  in  and  3  m  respectively,  determine  :  (/)  the  magnitude  of  resultant  pressure  on  each  gate,  and 
(ri)  magnitude  of  the  hinge  reactions.  [Ans.  (ij  79.279  kN  Hi)  KT  =  27.924  kN.  K„  =  51  355  kNj 

The  end  gates  ABC  of  a  lock  are  8  m  high  and  where  closed  make  an  angle  of  120°.  The  width  of  lock  is 
10  m.  Each  gale  is  supported  by  two  hinges  located  at  I  m  and  5  m  above  the  bottom  of  the  lock  The  depth 
of  water  on  ihe  upstream  and  downstream  sides  of  the  lock  arc  6  in  as£dHWgghtoi\fijjhfifitl  • 

(0  Resultanl  water  force  on  each  gate.  n„,„         / ,  ,      ,  ,  „_  ., 
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(ii)  Reaction  between  the  gates  AB  and  BC.  and 

XSi)  Force  on  each  hinge,  considering  the  reaction  of  the  gate  acting  in  the  same  horizontal  plane  as 
resultant  water  pressure.  [Ans.  566.33  kN,  (ii)  566.33  kN  and  (Hi)  RT=  173.64  kN,  RB  =  392.69  kN] 

25.  A  hollow  circular  plale  of  2  m  external  and  I  m  internal  diameieris  immersed  vertically  in  water  such  that 
the  centre  of  plate  is  4  m  deep  from  water  surface.  Find  the  total  pressure  and  depth  of  centre  of  pressure. 

(Punjab,  1972)  (Ans.  92.508  kN,  4.078  ml 

26.  A  rectangular  opening  2  in  wide  and  1  mdeep  in  the  vertical  side  of  a' tank  is  closed  by  a  sluice  gate  of  the  same 
size.  The  gate  can  turn  about  the  horizontal  cenlroidal  axis.  Determine  :  (i)  the  total  pressure  on  the  sluice  gate 
and  (ii)  the  torque,  on  the  sluice  sate.  The  head  of  water  above  the  upper  edge  of  the  gate  is  1.5  ret, 

[Ans.  (i)  39.24  kN  and  (ii)  1635  Nm| 

27.  Determine  the  total  force  and  location  of  centre  of  pressure  on  one  face  of    pREE  SURFACE  OF  LIQUID 
the  plate  shown  in  Fig.  3.62  immersed  in  a  liquid  of  specific  gravity  0.9. 

[Ans.  62.4  kN,  3.04  in] 

28.  A  circular  opening,  3  m  diameter,  in  the  vertical  side  of  water  tank  is  closed 
by  a  disc  of  3  m  diameter  which  can  rotate  about  a  horizontal  diameter  ? 
Calculate  :  (i)  the  force  on  the  disc,  and  (if)  the  torque  required  to  maintain 
the  disc  in  equilibrium  in  the  vertical  position  when  the  head  of  water  above 
the  horizontal  diameter  is  4  m.  [Ans.  ( f)  270  kN,  and  (ii)  38  kN  m] 

29.  A  penstock  made  up  by  a  pipe  of  2  m  diameter  contains  a  circular  disc  of 
same  diameter  to  act  as  a  valve  which  controls  the  discharge  passing  through 
it:  It  can  rotate  about  a  horizontal  diameter.  If  the  head  of  water  above  its 
centre  is  20  m.  find  the  total  force  acting  on  the  disc  and  the  torque  required 
to  maintain  it  in  the  vertical  position.  (A.M. I.E.,  Summer  1990) 

30.  A  circular  drum  1 .8  m  diameter  and  1.2  m  height  is  submerged  with  its  axis  vertical  and  its  upper  end  at  a 
depth  of  1.8  m  below  water  level.- Determine  : 

(i)  total  pressure  on  top,  bottom  and  curved  surfaces  of  the  drum, 
(jj)  resultant  pressure  on  the  whole  surface,  and 

(Hi)  depth  of  centre  of  pressure  on  curved  surface.  (A.M.I. E„  Winter  199!) 

31 .  A  circular  plate  of  diameter  3  m  is  immersed  in  water  in  such  a  way  that  its  least  and  greatest  depth  from 
the  free  surface  of  water  are  1  m  and  3  m  respectively.  For  the  front  side  of  the  plate,  find  (i)  total  force 
exerted  by  water  and  (ii)  the  position  of  centre  of  pressure.  (Delhi  University,  Dec.  1996) 

[Arts,  (i)  138684  N  ;  (ii)  2.125  ml 

32.  A  tank  contains  water  upto  a  height  of  10  m.  One  of  the  sides  of  the  tank  is  inclined.  The  angle  between 
free  surface  of  water  and  inclined  side  is  60°.  The  width  of  the  tank  is  5  m.  Find  :  (i)  the  force  exerted  by 
water  on  inclined  side  and  (ii)  position  of  centre  of  pressure.  (Delhi  University,  June  1996) 

[Ans.  Cf)  283.1901  kN  (it)  6.67  m] 

33.  A  circular  plate  of  3  m  diameter  is  under  water  with  its  plane  making 

an  angle  of  30°  with  the  water  surface.  If  the  top  edge  of  the  plate  is  I  e  =  30° 

m  beiow  the  water  surface,  find  the  force  on  one  side  of  the  plate  and 
its  location.  (J.N.T.U..  Hyderabad S  2002) 

[Hint  d  =  3  m.  9  =  30°,  height  of  lop  edge  =  1  m,  h  =  I  +  1 .5  x  sin  30° 

=  1.75 


F  =  pgAh  =  1000  x  9.81 


xf^3!)x 


1.75  =  121.35  kN.  Ans. 


h*  =  !<i™±l+h  =  64  -"_  1  x  us  =  o.0S+  1.75  =  1.83  m.Ans.l 
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Chapter 


Buoyancy  and  Floatation 


►  4.1  INTRODUCTION 

In  this  chapter,  the  equilibrium  of  the  floating  and  sub-merged  bodies  will  be  considered.  Thus  the 
chapter  will  inelude  :  1.  Buoyancy,  2.  Centre  of  buoyancy,  3.  Metacentre,  4.  Metacentric  height, 
5.  Analytical  method  for  determining  metacentric  height,  6.  Conditions  of  equilibrium  of  a  floating  and 
sub-merged  body,  and  7.  Experimental  method  for  metacentric  height. 

h  4-2  BUOYANCY 

When  a  body  is  immersed  in  a  fluid,  an  upward  force  is  exerted  by  the  fluid  on  the  body.  This 
upward  force  is  equal  to  the  weight  of  the  fluid  displaced  by  the  body  and  is  called  the  force  of 
buoyancy  or  simply  buoyancy. 


>  4-3    CENTRE  OF  BUOYANCY 

It  is  defined  as  the  point,  through  which  the  force  of  buoyancy  is  supposed  to  act.  As  the  force  of 
buoyancy  is  a  vertical  force  and  is  equal  to  the  weight  of  the  fluid  displaced  by  the  body,  the  centre  of 
buoyancy  will  be  the  centre  of  gravity  of  the  fluid  displaced. 

Problem  4.1     Find  the  volume  of  the  water  displaced  and  position  of  centre  of  buoyancy  for  a 
wooden  block  of  width  2.5  m  and  of  depth  J.  5  in,  when  it  floats  horizontally  in  water.  The  density  of 
wooden  block  is  650  kg/m3  and  its  length  6.0  m. 
Solution.  Given  : 

=  2.5  m 
=  1 .5  m  ■ 
=  6.0  m 

=  2.5  x  1.5  x  6.0  =  22.50  m3 
=  650  kg/m3 
=  p  x  $  x  Volume 


Width 
Depth 
Length 

Volume  of  the  block 
Density  of  wood. 
.'.    Weight  of  block 


WATER 
SURFACE 


=  650  x  9.81  x  22.50  N=  143471  N 
128 
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For  equilibrium  the  weight  of  witter  displaced  =  Weight  of  wooden  block 

=  143471  N 
.-.    Volume  of  water  displaced 

Weight  of  water  displaced  _     1 4347 1     _      ^  ^3  ^s 
Weight  density  of  water  1000x9.81 

(V  Weight  density  of  water  =  1000  x  9,81  N/m3) 
Position  of  Centre  of  Buoyancy.  Volume  of  wooden  block  in  water 

=  Volume  of  water  displaced 
or  2.5  x  h  x  6.0  =  14.625  m\  where  h  is  depth  of  wooden  block  in  water 

h=    14625   -0.975  m 


Centre  of  Buoyancy  - 


2.5x60 
0.975 


-  0.4875  m  from  base.  Ans. 


Problem  4.2    A  wooden  log  of  0.6  m  diameter  and  5  m  length  is  floating  in  fiver  water.  Find  the 
depth  of  the  wooden  log  in  water  when  the  sp.  gravity  of  the  log  is  0.7. 
Solution.  Gi%en  : 


Dia.  of  log  =  0.6  m 

Length,  L  =  5  m 

Sp.  gr„  _        S  =  0.7 

Density  of  log  =  0.7  x  1000  '=  700  kg/m1 
.■,    Weight  density  of  log,  w=pxj 


=  700  x  9.81  N/m3 


Find  depth  of  immersion  or  h 
Weight  of  wooden  log 


A/  ^ 

\  0 

/  m  fi 

It 

D 

Fig.  4.2 

.   .-  3 

1 

--  Weight  density  x  Volume  of  log 

:  700  x  9.81  x  -  (D)2  x  L 
4 

:  700  x  9.81  x  -  (,6)2  x  5  N  =  989.6  x  9.81  N 
4 


For  equilibrium, 

Weight  of  wooden  log  = 
.'.    Volume  of  water  displaced  = 


Weight  of  water  displaced 

Weight  density  of  water  x  Volume  of  water  displaced 
989.6x9.81 
1000  x  9.81 


=  0.9896  nr 

(-.-  Weight  density  of  water  =  1000  x  9.81  N/nv) 


Let  h  is  the  depth  of  immersion 

.-.     Volume  of  log  inside  water  =  Area  of  ADCA  X  Length 

=  Area  of  ADCA  x  5.0 
But  volume  of  log  inside  water  =  Volume  of  water  displaced  =  0^896^  ^y  Fahid 
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.;.  Area  of  ADCA 
But  area  of  ADCA 


0.98%  =  Area  of  ADCA  x  5.0 
0  9896  =0.1979  ^ 


5.0 


=  Area  of  curved  surface  ADCOA  +  Area  of  AAOC 


=  nr 


=  nr 


360-20 
360 

L  isoj 


i 


r  cos  0  x  2r  sin  9 


+  r2  cos  0  sin  0 


or 


0.1979 
0.1979; 

.00157  6-  .09  cos  0  sin  8 
.09 


=  K  (.3)2  \1  -  -^-1  +  (.3)2  cos  0  sin  6 
L     180  J 


0- 


cos  9  sin  0  = 


.2827  - 
.2827  - 
.0848 


.00157  0  +  0,9  cos  0  sin  6 
.1979  =  0.0848 


.00157 

or  6-  57,32  cos  9  sin  0 

or    8  -  57.32  cos  0  sin  6  -  54.01  ■. 

For  6  =  60, 

For  9  =  70, 


.00157 
:  54.01. 

:0 

60  -  57.32  x  0.5  x  .866  -  54.01  =  60  -  24.81  -  54.01  =  -  18.82 
70  -  57.32  x  .342  x  0.9396  -  54.01  =  70  -  18.4  -  54.01  =  -  2.41 
For  0  =  72,  72  -  57.32  x  ,309  x  .951  -  54.01  =  72  -  16.84  -  54.01  =  +1,14 

For  0  =  71,  71  -  57.32  x  ,325  x  .9455  -  54.01  =  71  -  17.61  -  54.01  =  -  0.376 

.-.    0  =  71.5°,  71.5  -  57.32  x  .3173  x  ,948  -  54.01  =  71.5  -  17.24-  54,01  =  +  .248 

Then  /;  =  r+'r  cos  71.5° 

=  0.3  +  0.3  x  0.3173  =  0.395  nt.  Ans. 
Problem  4.3    A  stone  weighs  392.4  N  in  air  and  196.2  N  in  water.  Compute  the  volume  of  stone 
and  its  specific  gravity. 
Solution.  Given  : 

Weight  of  stone  in  air  =  392.4  N 

Weight  of  stone  in  water      =  196,2  N 
For equilibrium, 

Weight  in  air  -  Weight  of  stone  in  water  =  Weight  of  water  displaced 
or  392.4  -  196.2  =  1.96,2  =  1000  x  9.81  x  Volume  of  water  displaced 

.■,    Voiume  of  water  displaced 

196.2  1      ,  1 

  ITV  =   

50  50 


Volume  of  stone 


1000x9.81 
=  Volume  of  stone 
=  2  x  HiA  cm3,  Ans. 


-x  10ft  cm3  =  2  x  10"  cmJ.  Ans. 
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Specific  Gravity  of  Stone 

_  Mass  in  air  =  40.0  kg  =  4Q  x  5()  =  2000  -^|- 


,  Weight  in  air  =  39^4  _  4Q  kg 
Mass  of  stone  "          „  9.S1 


Density  of  stone  Volume 

50 


_  Density  of  stone  _  2000     2  Q  Ans 
Sp.  gr.  of  stone  -  Density  of  water  1000 

;      ,     ;  n  m  x  2  m  weighs  1962  N  in  water.  Find  its  weight 
Problem  4.4    A  body  of  dimensions  1.5  mX  1.0  m  x  1  m,  we,g,u 

in  air.  What  will  be  its  specific  gravity  ? 

Solution.  Given  :  «?-"%•» 

~ ,    j  =  1  50x10x2.0^3.0  nr 

Volumeofbody  -  ,  JU 

Weight  of  body  in  water         =  1962  N 
Volume,  of  the  water  displaced  =  Volume  of  the  body  = =3 C In, 
.     Weighl  of  water  displaced  =  1000  x  9.81  x  3.0  =  29430  N 
For  the  equilibrium  of  the  body 

Weight  of  bodv  m  air  -  Weight  of  water  displaced  =  Wetght  m  water 

■  "  K«-  29430  =  1962 

Wair  =  29430  +  1962  =  31392  N 

_  Weight  in  air     31392  _  320O  k„ 
Mass  of  body  -•        g  9.8 1 

Mass    _  3200  _  lQ66>67 
Density  of  the  body  -  Voiume  3.0 

1066,67      ,  n(;-  A 

■  Sp.  gravity  of  the  body     =  — —  =  Ans" 

Solution.  Lei  the  volume  of  the  body  -  V  m   

Then  volume  of  body  sub-merged  in  mercury 

=  i2_y=0.4Vm3 
100 

Volume  of  body  sub-merged  in  water 

=        x  V  =  0.6  V  nr 

100  l'«g-  P 

For  the  equilibrium  of  the  body 

=  1000  x  g  x  Volume  of  body  in  water 
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and  Force  of  buoyancy  due  to  mercury 


=  1000  xgx  0.6  x  VN 
=  Weight  of  mercury  displaced  by  body 
=  gx  Density  of  mercury  x  Volume  of  mercury  displaced 
=  §  x  13.6  x  1000  x  Volume  of  body  in  mercury 
=  gX  13.6  x  1000  x0.4  l'N 
=  Density  xgx  Volume  of  body  =  p  x  g  x  V 


Weight  of  the  body 
where  p  is  the  density  of  the  body 

.',    For  equilibrium,  we  have 

Total  buoyant  force  =  Weight  of  the  body 

1000  xgx  0.6  x  V  +  13.6  x  1000  xgx.4V=pxgxV 

m  p  =  600  +  13600  x  .4  =  600  +  54400  =  6040  00  kg/m3 

■■■    Density  of  the  body           .  =  6040.00  kg/m3.  Ans.  - 

Problem  4.6  Afloat  valve  regulates  the  flow  of  oil  ofsp.  gr.  0.8  into  a  cistern.  The  spherical  float 
IS  15  cm  m  diameter.  AOB  is  a  weightless  link  carrying  the  float  at  one  end,  and  a  vd'lve  at  the  other 
end  which  closes  the  pipe  through  which  oil  flows  into  the  cistern.  The  link  is  mounted  in  africtionless 
lunge  at  O  and  the  angle  AOB  is  1 35°.  The  length  of  OA  is  20  cm,  and  the  distance  beUveen  the  centre 
of  the  float  and  the  hinge  is  50  cm.  When  the  flow  is  stopped  AO  will  be  vertical  The  valve  is  to  be 
pressed  on  to  the  seat  with  a  force  of  9.81  N  to  completely  stop  the  flow  of  oil  into  the  cistern.  It  was 
obsen-ed  that  the  flow  of  oil  is  stopped  when  the  free  surface  of  oil  in  the  cistern  is  35  cm  below  the 

So^ZZ™™***^*"*  (U,P  S'C"  Engg"  Services'  19?5) 

Sp.  gr.  of  oil 


OIL 


Density  of  oil, 


Dia.  of  float, 


irrLr 

r 

i 

A 

op 

-;:lsp7gr.=  o.s~i=  =  =  =  =  = 

=  0.8 
p0  =  0,8  x  1000 
=  800  kg/m3 
D=  15  cm 
ZAOB=  135" 
OA  =  20  cm 
P  =  9.81  N 
OB  = 50  cm 
Find  the  weight  of  the  float.  Let  it  is  equal  to  W. 
When  the  flow  of  oil  stopped,  the  centre  of  float  is  shown  in  Fig.  4.4 
The  level  of  oil  is  also  shown.  Thecentre  of  float  is  below  the  level  of  oil,  by  a  depth  7i\ 
From  ABOD, 


OIL 

SURFACE 


Force, 


Fig.  4,4 


or 


OB  OB 
50  x  sin  45°  =  35 + h 

1 


35  + A 
50 


h = 50  x  w  ~  35  =  35  355 " 35 = 0355  cm  =  00355  m- 

iSlfulSe^  ,hr0Ugh  B'  UPWard  bU°yam  fOFCe  iS  aC'ing  *®£*  the  CC"tre 


Volume  of  oil  displaced 


2  i 


■  hxnr2 


.=^  =  i5=7.5cml 
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=  |  X  k  X  (.075)3  +  .00355  x  ji  x  (.075)z  =  O.00O945  rb3 
-•-  Buoyant  force  =  Weight  of  oil  displaced 

=  Po  x  8  x  Volume  of  oil 

=  800  x  9.81  x  .000945  =  7.416  N 
The  buoyant  force  and  weight  of  the  float  passes  through  the  same  vertical  line,  passing  through  B. 
Let  the  weight  of  float  is  W,  Then  net  vertical  force  on  float 

=  Buoyant  force  -  Weight  of  float  =  (7,416  -  W) 
Taking  moments  about  the  hinge  O,  we  get 

P  x  20  =  (7.416  -  W)  x  ED  =  {7.416  -  W)  x  50  X  cos  45° 
or  9.81  x  20  =  (7.416  -  W)  X  35.355 

W=  7.416  -  20X981  =  7.416  -  5.55  =  1.866  N.  Ans. 
35.355 

►  4.4    M  ETA-CENTRE 

It  is  defined  as  the  point  about  which  a  body  starts  oscillating  when  the  body  is  tilted  by  a  small 
angle.  The  meta-centre  may  also  be  defined  as  the  point  at  which  the  line  of  action  of  the  force  of 
buoyancy  will  meet  the  normal  axis  of  the  body  when  the  body  is  given  a  small  angular  displacement. 

Consider  a  body  floating  in  a  liquid  as  shown  in  Fig.  4.5  (a).  Let  the  body  is  in  equilibrium  and  G  is 
the  centre  of  gravity  and  B  the  centre  of  buoyancy.  For  equilibrium,  both  the  points  lie  on  the  normal 
axis,  which  is  vertical. 


NORMAL  AXIS  7\  ANGULAR 

/  DISPLACEMENT 


% 

 . 

------  -'------/■■ :-  -G") 

K 

NORMAL  AXIS 


(a)  (b) 
Fig.  4.5  Meta-centre 

Let  the  body  is  given  a  small  angular  displacement  in  the  clockwise  direction  as  shown  in  Fig.  4.5  (£>), 
The  centre  of  buoyancy,  which  is  the  centre  of  gravity  of  the  displaced  liquid  or  centre  of  gravity  of 
the  portion  of  the  body  sub-merged  in  liquid,  will  now  be  shifted  towards  right  from  the  normal  axis. 
Let  it  is  at  Bl  as  shown  in  Fig.  4.5  (i>).  The  line  of  action  of  the  force  of  buoyancy  in  this  new  position, 
will  intersect  the  norma!  axis  of  the  body  at  some  point  say  M.  This  point  M  is  called  Meta-centre. 

►  4-5    METACENTRIC  HEIGHT 

The  distance  MG,  i.e.,  the  distance  between  the  meta-centre  of  a  floating  body  and  the  centre  of 
gravity  of  the  body  is  called  meta-centric  height.  - 
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►  4.6    ANAL/TJCAL  METHOD  FOR  M ETA-CENTRE  HEIGHT 

Jig.  4.6  (a)  shows  the  position  of  a  Hooting  body  in  equilibrium.  The  location  of  centre  of  eravily 
S^SZ,  of  buoyancy  in  this  position  is  at  G  and  ft  The  Coating  body  is  given  a  small  angular 
d  splaccmem  ln  ,be _ctockAV.se  d.rection.  This  ,s  shown  in  Fig.  4.6  (b).  The  new  centre  of  buoyancy  is 

S^'^teSit  '  nOI'maI       "  ^  HenCe  M  U  thG  CM  is 


/  ANGULAR 
/  DISPLACEMENT 
8  .dFB 

B'  . 


(c)  PLAN  OF  BODY  AT  WATER  LINE 


Fig.  4.6    Meta-centre  height  of floating  body. 
The  angular  displacement  of  the  body  in  the  clockwise  direction  causes  the  wedge-shaped  prism 

iZZ  AOA'  3X15  ?  T  inSidC       W3ter  WhUe  th£  idCntical  -dge-shaped  prism  repre 

sented  by  AOA  emerges  out  of  the  water  on  the  left  of  the  axis.  These  wedses  represent  a  gain  ir 
buoyant  force  on  the  right  side  and  a  corresponding  loss  of  buoyant  force  on  the  left** Tde  The  gain  is 
represented  by  a  vertical  force  dFB  acting  through  the  C.G.  of  the  priSm  BOB'  while  he  lo 
represented  by  an  equal  and  opposite  force  SFB  acting  vertically  downward  through  the  cent  oS  5 

Action  A 2$  ,0  "  bU:rl  f°rCeS  "Fs  tCndS  t0  r°tate  the  ShiP  in  the  banter  clockwise 
toon.  Also  the  moment  caused  by  the  displacement  of  the  centre  of  buoyancy  from  B  to  ft  is  also 
in  the  counter  clockwise  direction.  Thus  these  two  couples  must  be  equal  ' 

di^n,UPl%DUe  £  We?eS'  C°nSider  tOWards  thS  right  of  the  axis  a  sma11  of  thickness  dx  at  a 
distance  x  from  O  as  shown  in  Fig.  4,5  (b).  The  height  of  strip  x  x  ZBOB'  =  /x  9. 

( '■•  ^BOB'  =  ZAOA'  =  BMB,'  =  6} 

. .    Area  of  strip     =  Height  X  Thickness  =  xxdxdx 
If  L  is  the  length  of  the  floating  body,  then 
Volume  of  strip       =  Area  x  L 

=  xx&xLxdx 
■■■    Weight  of  strip  =  pg  x  Volume  =  pgx  QL  dx 

Similarly  if  a  small  strip  of  thickness  dx  at  a  distance  x  from  O  towards  the  left  of  the  axis  is 
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Moment  of  this  couple  =  Weight  of  each  strip  x  Distance  between  these  two  weights 

5=  pgx  QL  dx  \x  +  x] 

=  pgx  QL  dx  x  2x :  =  2pgxl  QL  dx 
:.    Moment  of  the  couple  for  the  whole  wedge 

=  \2pgxzQLdx  ...(4.1) 
Moment  of  couple  due  to  shifting  of  centre  of  buoyancy  from  B  to  B} 

=  FBx  BBt 

=  FB  x  BM  X  0  {  v  BBl  =  BM  X  8  if  8  is  very  small}  . 

^WxEMxQ  {'.'  FB~  W]  ...(4.2) 

But  these  two  couples  are  the  same.  Hence  equating  equations  (4. 1 )  and  (4.2),  we  get 
W  X  BM  x  8  =  f  2pgx2  6  Ldx 
'  WxBMxQ  =  2pgQ  i  x2Ldx 
W  x  BM  =  2pg  \  x'-Ldx 
Now  IMx  =  Elemental  area  on  the  water  line  shown  in  Fig.  4.6  (c)  and  =  dA 
W  x  BM  =  2pg  J  x2dA . 

But  from  Fig.  4,5  (c)  it  is  clear  that  2  \  x2  dA  is  the  second  moment  of  area  of  the  plan  of  the  body 
at  water  surface  about  the  axis  y-y.  Therefore 

IV x  BM  =  pg!  {where  1  =  2  J x2  dA} 

W 

But  W=  Weight  of  the  body 

=  Weight  of  the  fluid  displaced  by  the  body 
=  pg  x  Volume  of  the  fluid  displaced  by  the  body 
=  PS  x  Volume  of  the  body  sub- merged  in  water 
=  pg*  V 

toyS&LU  ...(4.3) 
pg  xV  V 

GM  =  BM  -  BC  =  — —  BG 
V 

J  X 

Meta-centric  height         =  GM  =      -  BG,  ...(4.4) 

V 

Problem  4.7  A  rectangular  pontoon  is  5  m  long,  3  m  wide  and  1.20  m  high.  The  depth  of  immer- 
sion of  the  pontoon  is  0.80  m  in  sea  water.  If  the  centre  of  gravity  is  0.6  m  above  the  bottom  of  the 
pontoon,  determine  the  metacentric  height.  The  density  for  sea  water  =  1025  kg/m  . 

•     (Delhi  University,  1992) 

Solution.  Given  : 

Dimension  of  pontoon  =  5  m  x  3  m  x  1 .20  m 


Depth  of  immersion  =  0.8  m 
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Distance  AG  ~  0.6  m 

Distance  AB  =  \  x  Depth  of  immersion 

=  |  x  .8  =  0.4  in 
Density  for  sea  water  =  1 025  kg/rn3 

Meta-centre  height  GM,  given  by  Equation  (4.4)  is 

GM  =  —  -  BG 

V 

where     /  =  M.O.  Inertia  of  the  plan  of  the  pontoon  about  y-y  axis 

I       „     -3    4     45  4 
=  —  x  5  x  3  m  =  —  m 
12  4 

V  =  Volume  of  the  body  sub-merged  in  water 

=  3  x0.8  x  5.0=  12.0  m3 

BG  =  AG  -  AB  =  0.6  -  0.4  =  0.2  m 


« —  3.  m 


A0.4? 


.6  m 


1.2  m 


0.8  m 


T 


5.0  m 


45  1 

GM =  —  x  ■— 

4  12.0 


45 

-  0.2  =  ~ 
48 


PLAN  AT  WATER  SURFACE 
Big,  4.7 

0.2  =  0.9375  -  0.2  =  0.7375  m.  Ans. 


PLAN 


Problem  4.8    A  uniform  body  of  size  3  m  long  x2m  wide  X  1  m  deep  floats  in  water.  What  is  the 
weight  of  the  body  if  depth  of  immersion  is  0.8  m  ?  Determine  the  metacentric  height  also 
SoiuttOO.  Given  :  _  3  0m  _  . 

Dimension  of  body  =3x2x1 
Depth  of  immersion  =  0.8  m 

Find  (0  Weight  of  body,  W    .  - 
(ii)  Meta-centric  height,  GM 
(0  Weight  of  Body,  W 

=  Weight  of  water  displaced 

=  pg  x  Volume  of  water  displaced 

=  1000  x  9.81  x  Volume  of  body  in  water 

=  1000  x9.81  x.3  x2  x0.8N 

=  47088  N.  Ans. 
(«)  Meta-centric  Height,  GM 
Using  equation  (4.4),  we  get 


T 

I.BrrjL 

„4_ 

X 

f  .95* 

5$ 

A 

ELEVATION 

Fig.  4.8 


GM  =  BG 

V  - 


where 


/  =  M.O.I  about  y-v  axis  of  the  plan  of  the  body 
=  2.0  m4 


12  12 
V  =  Volume  of  body  in  water 
=  3  x  2  x  0.8  =  4.8  m3 


=0.5-0.4  =  0, 

2  2" 


BG  =  AG  -  AB  = 
2  0 

GM  =  4T  " 01  =  °'4367  " 01  =  °-31®tffla'#akfry  Fahid 
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Problem  4.9    A  block  af  wood  of  specific  gravity  0.7  floats  in  water.  Determine  the  meto -centric 
height  of  the  block  if  its  size  is  2  m  x  I  m  x0.8  m 
Solution.  Given  ; 
Dimension  of  block 
Let  depth  of  immersion 
Sp.  gr.  of  wood 
Weight  of  wooden  piece 


=  2  x  !  x  0.8 
=  h  m 
=  0.7 

=  Weight  density  of  wood*  x  Volume 
=  0.7  x  1000  x  9.81  x  2  x  1  x  0.8  N  >■■_  _  _  _ 
Weight  of  water  displaced  -  Weight  density  of  water 

x  Volume  of  the  wood  sub-merged  in  water 
=  1000  x  9.81  x2  x  1  xh  N 

For  equilibrium, 

Weight  of  wooden  piece  =  Weight  of  water  displaced 
.-.    700  x  9.81  x  2  x  1  x  0.8  =  1000  x  9.81  x  2  x  1  x  h 

700x9.81x2x1x0.8 


PLAN 


2.0m 

I 


•  I 


'A 

-  1.0 

Fig.  4.9 


0.8m  i 


h  = 


-  =  0.7  x  0.8  =  0.56  m 


AS' 


=  0.28  m 


and 


1000X9.81X2X1 
Distance  of  centre  of  Buoyajicy  from  bottom,  i.e., 

h  =  OS6 
2  ~  2 
AG  =  0.8/2.0  =  0.4  m 
BG  =  AG-AB  =  0.4-0.28  =  0.12  m 
The  meta-centric  height  is  given  by  equation  (4.4)  or 

GM  =  -  -  BG 
V 

where     /  =  —  x  2  x  1 .03  =  -  m4 
12  6 

V  =  Volume  of  wood  in  water 

=  2x1  xh  =  2  x  1  x  .56  =  1.12  m3 

GM  ~  -  X  —  -  0.12  =  0.1488  -  0.12  =  0.0288  m.  Ans. 
6  1.12 

Problem  4,1 0  A  solid  cylinder  of  diameter  4.0  m  has  a  height  of  3  metres.  Find  the  meta-centric 
height  of  the  cylinder  when  it  is  floating  in  water  with  its  axis  vertical.  The  sp.  gr.  of  the  cy  linder 
=  0.6. 

Solution.  Given  : 

Dia.  of  cylinder,  D  =  4.0  m 

Hcighl  of  cylinder,  h  =  3.0  m 


*  Weighl  densily  of  wood 


■■  p  X  g.  where  p  =  density  of  wood 

=  0.7  x  1 000  =  700  kg/mJ.  Hence  w  for  wood  =  700  x  9.81  N/m\ 
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Sp.  gr.  of  cylinder  =  0.6 

Depth  of  immersion  of  cylinder 

=  0.6  x3.0=  1.8  m 

AB  =  —  =  0.9  m 

2 


and 


AG  -  —  ~  1.5  m 

2 


PLAN 


BG  =  AG-AB  , 
=  3.5  -0.9  =  0.6  m 
Now  the  meta-centric  height  GM  is  given  by  equation  (4.4) 

/ 


T 

! 

Fig.  4.10 

But 


and 


CM=  —  -BG 
V 

/  =  M.O.I,  about  y-v  axis  of  the  plan  of  the  body 
64  64 


V  -  Volume  of  cylinder  in  water 

=  —  D1  x  Depth  of  immersion 
4 


GM- 


-  (Af  x  1.8  m3 
4 

-x(4.0)2xl.8 
4 


-0.6 


1  x  4.0^ 


1 

-  0.6  =  ■  0.6  =  0.55  -  0.6  =  -  0.05  m.  Ans. 

1.8 


16  1.8 

-  ve  sign  means  that  meta-centre,  {M)  is  below  the  centre  of  gravity  (G). 
Problem  4. 1 1  A  body  has  the  cylindrical  upper  portion  of  3  m  diameter  and  1 ,8  m  deep.  The  lower 
portion  is  a  curved  one,  which  displaces  a  volume  of  0.6  mf  of  Water.  The  centre  of  buoyancy  of  the 
curved  portion  is  at  a  distance  of  1.95  m  below  the  lop  of  the  cylinder.  The  centre  of  gravity  of  the 
whole  body  is  1.20  m  below  the  lop  of  the  cylinder.  The  total  displacement  of  water  is  3.9  tonnes.  Find 
the  meta-centric  height  of  the  body.        '  * 

Solution.  Given  : 

Dia.  of  body  =  3.0  m 

Depth  of  body  -  1.8  m 

Volume  displaced  by  curved  portion 

=  0.6  m3  of  water. 

Let  B,  is  the  centre  of  buoyancy  of  the  curved  surface  and  G  is  uHe^ftffiS'tiT"  ^&f$fttil the  whole 
body,  * 
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Then 


CB.  =  1.95  m 


T  I  1'  L  II 

..._LflmJ       I  lit  .2m 


A 

ELEVATION 
Fig.  4.11 


CG  =  1.20  m 

Total  weight  of  water  displaced  by  body  =  3.9  tonnes 

=  3.9  x  1000  a  3900  kgf 

=  3900  x  9.81  N  =  38259  N 
Find  meta-centric  height  of  the  body. 

Let  the  height  of  the  body  above  the  water  surface  x  m.  Total 
weight  of  water  displaced  by  body 

=  Weight  density  of  water  x  [  Volume  of  water  displaced] 

=  1000  X  9.81  X  [Volume  of  the  body  in  water] 

=  9810  [Volume  of  cylindrical  part  in  water  +  Volume 
of  curved  portion] 

—  x  D1  x  Depth  of  cylindrical  part  in  water 
=  98I0|_4  -J 

+  Volume  displace  by  curved  portion 
38259  =  9810  ^  (3f  x  (1.8  -  x  )  +  O.eJ 

-  x32x  (1.8 -a-)  =  3.9 -0.6  =  3.3 
4 

3  3x4 

or  1.8  -x  =  =  0.4668 

Jtx3x3 

*  =  1,8  -  .4668  =  1 .33  rn 

Let  B2  is  the  centre  of  buoyancy  of  cylindrical  part  and  B  is  the  centre  of  buoyancy  of  the  whole 

body. 

Then  depth  of  cylindrical  part  in  water  =  1.8  -  x  =  0.467  m 

.467 


or 


CB, 


■  x  +          =  1.33  +  .2335  =  1.5635  m. 

2 


The  distance  of  the  centre  of  buoyancy  of  the  whole  body  from  the  top  of  the  cylindrical  part  is 
given  as 

CB  =  (Volume  of  curved  portion  x  CBX  +  Volume  of  cylindrical  part. in  water  x  CB,) 
+  (Total  volume  of  water  displaced) 
0.6  x  1.95+3.3  x  1.5635     1.17  +  5.159 


(0.6  +  3.3)  3.9 
Then        UG  =  CB  -  CG  =  1 .623  -  1 .20  =  .423  m. 
Meta  centric  height.  GM,  is  given  by 


=  1.623  m. 


GM 


t 


BG 
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where       /  =  M.O.I,  of  the  plan  of  the  body  at  water  surface  about  v-v 

=  *_  x  B4  =  ^  x  34  m4 
64  •  64 

V  =  Volume  of  the  body  in  water  =  3.9  m3 
k     34  ■ 

CM  =  -—-  x—  .423  =  1 .019  -  .423  =  0.596  m.  Ans. 

64  3.9 

►  4  7    CONDITIONS  OF  EQUILIBRIUM  OF  A  FLOATING  AND  SUB-MERGED 
BODIES 

A  sub- merged  or  a  floating  body  is  said  to  be  stable  if  it  comes  back  fo  its  original  position  after  a 
slight  disturbance.  The  relative  position  of  the  centre  of  gravity  (C)  and  centre  of  buoyancy  (S,)  of  a 
body  determines  the  stability  of  a  sub- merged  body. 

4.7. i  Stability  of  a  Sub-merged  Body.  The  position  of  centre  of  gravity  and  centre  of  buoy- 
ancy in  case  of  a  completely  sub-merged  body  are  fixed.  Consider  a  balloon,  which  is  completely  sub- 
merged in  air.  Let  the  lower  portion  of  the  balloon  contains  heavier  material,  so  thai  its  centre  of 
gravity  is  lower  than  its  centre  of  buoyancy  as  shown  in  Fig.  4.12  (a).  Let  the  weight  of  the  balloon 
is  W.  The  weight  W  is  acting  through  G,  vertically  in  the  downward  direction,  while  the  buoyant  force 
FB  is  acting  vertically  up,  through  B.  For  the  equilibrium  of  the  balloon  W=  FB.  If  the  balloon  is  given 
an  angular  displacement  in  the  clockwise  direction  as  shown  in  Fig.  4.12  (a),  then  W  and  FB  constitute 
a  cquple  acting  in  the  anti-clockwisc  direction  and  brings  the  balloon  in  the  original  position.  Thus  the 
balloon  in  the  position,  shown  by  Fig.  4.12  (a)  is  in  stable  equiiibrium. 


(a) 

STABLE  EQUILIBRIUM 


(b) 


(0 


UNSTABLE  EQUILIBRIUM       NEUTRAL  EQUILIBRIUM 


Fig.  4.12   Stabilities  of  sub-merged  bodies. 

la)  Stable  Equilibrium.  When  W  =  FB  and  point  B  is  above  G,  the  body  is  said  to  be  in  stable 
equilibrium. 

tb)  i  nstable  Equilibrium.  If  W-  FB,  but  the  centre  of  buoyancy  (B)  is  below  centre  of  gravity 
(G),  the  body  is  in  unstable  equilibrium  as  shown  in  Fig.  4.12  (b),  A  slight  displacement  to  the  body, 
in  the  clockwise  direction,  gives  the  couple  due  to  IV  and  FB  also  in  the  clockwise  direction.  Thus  the 
body  does  not  return  to  itsoriginal  position  and  hence  the  body  is  in  unstable  equilibrium. 
,  _  (c)  Ntutrai  Equilibrium.  If  FB  =  IV  and  B  and  G  are  at  the  same  point,  as  shown  in  Fig.  4.12  (c), 
the  body  is  said  to  be  in  Neutral  Equilibrium. 

4-7.2    Stability  of  Floating  Body.   The  stability  of  a  floating  body;  hivteihim  rfod/frcrtn  the  posi- 
tion of  Meta-cfintre  (A/)-  In  case  of  floating  body,  the  weight  of  thep&gycivaq&gH  ta' thfe  \\&® gklptf il 
iquid  displaced. 
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(a)  Stable  Equilibrium,  If  the  point  M  is  above  G,  the  floating  body  will  be  in  stable  equilibrium  as 
shown  in  Fig.  4.13  (a).  If  a  slight  angular  displacement  is  given  to  the  floating  body  in  the  clockwise 
direction,  the  centre  of  buoyancy  shifts  from  B  to  Bl  such  that  the  vertical  line  through  B,  cuts  at  M. 
Then  the  buoy  ant  force  FB  through  B,  and  weight  W  through  G  constitute  a  couple  acting  in  the  anti- 
clockwise direction  and  thus  bringing  the  floating  body  in  the  original  position. 


DISTURBING 
COUPLE 


W 

G 

B 

(a)  Stable  equilibrium  M  is  above  C        (i>)  Unstable  equilibrium  M  is  below  G. 
Fig,  4.13    Stability  of  floating  bodies. 

(b)  Unstable  Equilibrium.  If  the  point  M  is  below  G,  the  floating  body  will  be  in  unstable  equilib- 
rium as  shown  in  Fig.  4.13  (b).  The  disturbing  couple  is  acting  in  the  clockwise  direction.  The  couple 
due  to  buoyant  force  F„  and  W  is  also  acting  in  the  clockwise  direction  and  thus  overturning  the 
floating  body. 

(c)  Neutral  Equilibrium.  If  the  point  M  is  at  the  centre  of  gravity  of  the  body,  the  floating  body 
will  be  in  neutral  equilibrium. 

Problem  4,1  J!  A  solid  cylinder  of  diameter  4.0  m  has  a  height  of  4.0  m,  Find  the  meia-centtic 
height  of  the  cylinder  if  the  specific  gravity  of  the  material  of  cylinder  =  0.6  and  it  is  floating  in  water 
with  its  axis  vertical.  State  whether  the  equilibrium  is  stable  or  unstable. 


Solution.  Given  : 

Height, 

Sp.  gr. 

Depth  of  cylinder  in  water 


or 


D  =  4  m 
h  =  4  m 
=  0.6 

=  Sp.  gr.  x  h 
=  0.6  X  4.0  =  2.4  m 
Distance  of  centre  of  buoyancy  (B)  from  A 

24 

AB=  —  =  1.2  m 

2 

Distance  of  centre  of  gravity  (G)  from  A 

1  4.0  9„m 
AG  =  -  =  =  2.0  m 

2  2 

BG  =  AG  -  AB  =  2.0  -  1.2  =  0.8  m 
Now  the  mcia-centric  height  GM  is  given  by 

/ 

GM=tz-BG 
V 


PLAN 


Id 

B 

A 

.1 

4.0  m  24  m 
±  I 


Fig.  4.14 
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where 


/  =  M.O.I,  of  the  plan  of  Ihc  body  about  y-y. 
x  (4.0)4 


64  64 
V  =  Volume  of  cylinder  in  water 

=  —  x  D2  x  Depth  of  cylinder  in  water  =  -  x  43  x  2.4  m3 
4.0  4 


l_ 
V 


64 


x44 


x  42  x  2.4 

4 


1      4"1  i 

—  x        =  —  =  0.4167  m 

16     2.4  2.4 


GM  =  —  -  BG  =  0.4 167  -  0.8  =  -  0.3833  m.  Ans. 

V 

-  ve  sign  means  that  the  meta-centre  (M)  is  below  the  centre  of  gravity  (G).  Thus  the  cylinder  is  in 
unstable  equilibrium.  Ans. 

Problem  4.1 3  A  solid  cylinder  of  10  cm  diameter  and  40  cm  long,  consists  of  two  pans  made  of 
different  materials.  The  first  part  at  the  base  is  1.0  cm  long  and  of  specific  gravity  =  6.0.  The  other 
part  of  the  cylinder  is  made  of  the  material  having  specific  gravity  0.6.  State,  if  it  can  float  vertically 
in  water. 


Solution.  Given  : 

D 

=  10  cm 

Length, 

L 

=  40  cm 

Length  of  1st  part. 

h 

=  1.0  cm 

Sp.  gr.. 

h 

=  6.0 

Density  of  1st  part, 

Pi 

=  6  x  1000  = 

6000  kg/m3 

Length  of  2nd  part. 

h 

=  40-1.0  = 

39.0  cm 

Sp.  gr„  . 

S2 

=  0.6 

Density  of  2nd  part, 

P2 

=  0.6  x  1000 

=  600  kg/m3 

UocmJ 


The  cylinder  will  float  vertically  in  water  if  its  meta-centric  height  GM  is 
positive.  To  find  meta-centric  height,  find  the  location  of  centre  of  gravity 
(G)  and  centre  of  buoyancy  (S)  of  the  combined  solid  cylinder.  The  distance 
of  the  centre  of  gravity  of  the  solid  cylinder  from  A  is  given  as 
AG  =  {(Weight  of  1st  part  x  Distance  of  C.G.  of  1st  part  from  A) 

+  (Weight  of  2nd  part  of  cylinder  ' 
.    «  x  Distance  of  C.G.  of  2nd  part  from  A)\ 


Sp.gr 
=0.6"* 


1,0cm 

T 


40cm 

A 

_ 

Sp.gr  =  6.0 
Fig.  4,15 


+  [Weight  of  1st  part  +  weight  of  2nd  part] 

^  D1  x  1.0  x  6.0  x  0.5  j  +  ^  D2  x  39.0  x  0.6  x  (1.0  x  39/2)  j 

^  D2  x  1.0  x  6.0  +  "  D:  x  39  x  0.6 j 


_  1.0x6.0x0.5  +  39.0 x. 6 x  (20.5) 
1.0  x  6.0  +  39.0  x  0.6 


tl  1 

Cancel  —  D~  in  the  Numerator  and  Denominator  = 
4 


3.0 +  479-.7  _  mrnined  bv  Fahid 
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To  find  the  centre  of  buoyancy  of  the  combined  two  parts  or  of  the  cylinder,  determine  the  depth 
of  immersion  of  the  cylinder.  Let  the  depth  of  immersion  of  the  cylinder  is  ft.  Then 
Weight  of  the  cylinder  =  Weight  of  water  displaced 


T  x  W  x  fH  x  600  x  9  81  +  -  (.I)2  x  —  x  6000  X  9.81  =  -  {.\f  x  -A-  x  i0(X)  x  9 
4  100  4  100  4  !00 


I 


[v  h  is  in  cm] 


or 


cancelling  —  (.1)  x 
4 


1000x9.81 


throughout,  we  get 


100 

39.0  x  0.6  +  1.0  x  6.0  =  h    or    ft  =  23.4  +  6.0  =  29.4 
The  distance  of  the  centre  of  the  buoyancy  B,  of  the  cylinder  from  A  is 

29  4 

AB  =  ft/2  =  —  =  14.7 
2 

BG  =  AG  -  AB  =  16.42-  14.70  =  1.72  cm. 
Meta-centric  height  GM  is  given  by 

GM=~-BG 
V 

where      /  =  M.O.I,  of  plan  of  the  body  about  y-y 

=  JLz>4=  JL{]0)<  cm4 
64  .64 

V  =  Volume  of  cylinder  in  water 

=  -£>3x/i  =  -(10)2x29.4  m3 
4  4 


CIO)4 


L  -  JL 

V  ~  64 

CM  =  0.212  -  1 .72  =  -  1.508  cm 


«      n  1  10 

-7(10)2x29.4=  —  x-— 
4  16  29.4 


100 


19x29.4 


=  0.212 


As  GM  -  ve.  It  means  that  the  Meta-centre  M  is  below  the  centre  of  gravity  (G).  Thus  the  cylinder 
is  in  unstable  equilibrium  and  so  it  cannot  float  vertically  in  water.  Ans. 

Problem  4.1 4  A  rectangular  pontoon  10.0  m  long,  7  m  broad  and  2.5  m  deep  weighs  686, 7  kN.  It 
carries  on  its  upper  deek  an  empty  boiler  of  5.0  m  diameter  weighing  588.6  kN.  The  centre  of  gravity 
of  the  boiler  and  the  pontoon  are  at  their  respective  centres  along  a  vertical  line.  Find  the  meta- 
centric height.  Weight  density  of  sea  water  is  10. 104  kN/m3. 

Solution.  Given  :  Dimension  of  pontoon  =  10  x  7  x  2.5 

Weight  of  pontoon,  Wl  =  686.7  kN 

Dia.  of  boiler,  D  =  5.0  m 

Weight  of  boiler,  W2  =  588.6  kN 

to  for  sea  water  =  10.104  kN/m5 

To  find  the  mela-centric  height,  first  determine  the  common  cen- 
tre of  gravity  G  and  common  centre  o!"  buoyancy  B  of  the  boiler  and 
pontoon.  Let  G,  and  G2  arc  the  centre  of  gravities  of  pontoon  and 
boiler  respectively.  Then 


5.0  m 


7.0  m 


Fjg,  4. If, 
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AG, 


=  1 .25  m 


5.0 


AG,  =  2,5  +  —  =  2.5  +  2.5  =  5.0  rn 
2 

The  distance  of  common  centre  of  gravity  G  from  A  is  given  as 


AG  = 


Wl  x  AG^  +  W2  XAG2 

W,  +  W2 
686.7x1.25  +  588.6x5.0 


=  2.98  m. 


(686.7  +  588.6) 
Let  h  is  the  depth  of  immersion.  Then 

Total  weight  of  pontoon  and  boiler  =  Weight  of  sea  water  displaced 
or  {686.7  +  588.6)  =  w  x  Volume  of  the  pontoon  in  water 

=  10.104  x  L  x  b  x  Depth  of  immersion 
1275.3  =  10.104  x  10  x  7  x  ft 
1275.3 


10.0  m 


Fig.  4.17  Plait  oft  be  body 
at  water-line 


h  = 


=  1.803  m 


10x7x10.104 

The  distance  of  the  common  centre  of  buoyancy  B  from  A  is 

2  2 


BG  =  AG 

Meta-centric  height  is  given  by  GM  = 


AB  =  2.98  -  .9015  =  2.0785  m 
J_ 
V 

where     /  =  M.O.L  of  the  plan  of  the  body  at  the  water  level  along  y  =  y 


2.078  m 


BG 


=  ±x  10.0x7'-  10X49X7  m* 
12  12 

V  =  Volume  of  the  body  in  water 
=  Lxbxh  =  10.Qx7x  1.857 

l_  10x49x7  49 

V  ~  12x10x7x1.857  ~  I2xL857 


=  2.198  m 


GM  =  —  -  BG  =  2.198  -  2.078  =  0.12  m. 

.  /.    Meta-centric  height  of  both  the  pontoon  and  boiler  =0.12  m.  Ans. 
Problem  4.15    A  wooden  cylinder  of  sp.  gr.  =  0.6  and  circular  in  cross-section  is  required  to  float 
in  oil  (sp.  gr.  -  0.90).  Find  the  UD  ratio  for  the  cylinder  to  float  with  its  longitudinal  axis  vertical  in 
oil.  where  L  is  the  height  of  cylinder  and  D  is  its  diameter. 
Solution.  Given  : 

Dia.  of  cylinder  =  D  ■•  ' 

Height  of  cylinder  =  L  ~  j 

Sp.gr:  of  cylinder,  5,  =  0.6  %  scanned  by  Fahid ' 
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Sp.  gr.  of  oil  S2  =  0.9 

Let  the  depth  of  cylinder  immersed  in  oil  =  h 

For  the  principle  of  buoyancy 

Weight  of  cylinder  -  wt.  of  oil  displaced 

-  D2  x  L  x  0.6  X  1000  x  9.81=  -  D1  x  h  x  0.9  x  1000  x  9.81 
4  4 

or  Lx  0.6  =  h  x  0.9 

,     0.6  X  L     2  , 

h  =   —  L. 

0.9  3 

The  distance  of  centre  of  gravity  C  from  A,  AG  = 
The  distance  of  centre  of  buoyancy  B  from  A, 

2     2  13   J  3 


BG  =  AG  -  AB- 

The  metacentric  height  CM  is  given  by 

GM  =  —  ~  BG 
V 


L 

3 


3L-2L 


6 


Fig.  4.18 


where    /  =  —  D4  and  V  =  volume  of  cylinder  in  oil  =  —  D~  x  h 
64  4 

,        'i  =  {—DA/-  D2h\  =  —  °--  -  = 

V     U4     /  4       J     16    h      l6xlL  32L 


{-  -14 


3D'  _  L 
32L     6 ' 

For  stable  equilibrium,  GM  should  be  +ve  or 


GM  >  0  or 


^1-  A>0 
32L  6 


or 


3D2  L 
32L  >  6 

i2  18 
< 


or 


D 


32 


3x6 
32 
_9_ 
16 


k     [J.  - 1 

D  <  V  16  ~  4 
L/D  <  3/4.  Ans. 

Problem  4.16    S/imv  r/wf  a  cylindrical  buoy  of  1  m  diameter  and  2.0  m  height  weighing  7.848  kN  . 
mil  not  float  vertically  in  sea  water  of  density  1030  kg/m\  Find  the  force  necessary  in  a  vertical 
chair:  attached  at  the  centre  of  base  of  the  buoy  that  will  keep  it  vertical. 
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Solution.  Given  :  Dia.  of  buoy,  D  =■  I  m 
Heighi ,  H  =  2.0  m 

Weight,  W=  7.848  kN 

=  7.848  x  1000  =  7848  N 
Density,  p  =  1030  kg/m3 

(i)  Show  the  cylinder  will  not  float  vertically. 

(ii)  Find  the  force  in  the  chain. 

Part  I.  The  cylinder  will  not  float  if  meta-centric  height  is  -  ve 
Let  the  depth  of  immersion  be  h 
Then  for  equilibrium,  Weight  of  cylinder 

=  Weight  of  water  displaced 

-  Density  xgx  Volume  of  cylinder  in  water   1  Q  J 

7848  =  1030  x  9.SI  x  *  D1  x  h  V\z.  4.19 

4 


B 

2 

.0  h 

=  10104.3  x-  (Ifxk 
4 

ft-    4X7848    =  0.989  m. 
101O4.3XJI 

The  distance  of  centre  of  buoyancy  B  from  A, 


AB  = 


0.989 


=  0.494  m. 


20 

And  the  distance  of  centre  of  gravity  G,  from  A  is  AG  =  —  =  1.0  m 
BG  =  AG  -  AB  =  1.0  —  .494  =  .506  m. 


Now  meta-centric  height  GM  is  given  by    GM  =  —  -  BG 

V 


where   /  = 


64 


Z>4=|-x(l)*m4 
64 


and      V  =  Volume  of  cylinder  in  water  =  —  D2  xh  =  —  l2x  .989 

4  4 

TC        4  K  4 

,   XT   xr 

J_  _    64        _  64 


n-D2xh 
4 

1 


xlz  x.989 


1 


x  1  x 
16  .989 


1 


=  0.063  m 


16x.989 

GM  =  .063  -  .506  =  -  0.443  m.  Arts. 
As  the.  meta-centric  heighi  is  -  ve,  the  point  M  lies  below  G  and  bgn^ffi&f  /S^M^f tfv'H  -be  in 
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Part  II.  Let  the  force  applied  in  a  vertical  chain  attached  at  the  centre 
of  the  base  of  the  buoy  is  T  to  keep  the  buoy  vertical.   

Now  find  the  combined  position  of  centre  of  gravity  (C)  and  centre 
of  buoyancy  (B').  For  the  combined  centre  of  buoyancy,  let 
h'  =  depth  of  immersion  when  the  force  T  is  applied.  Then 

Total  downward  force  *  Weight  of  water  displaced 
or    (7848  +  T)  =  Density  of  water  x  t>  x  Volume  of  cylinder  in  water 

=  1030  x  9.81  X-  [/  xh'[  where  U  =  depth  of  immersion  ] 
4 


h'=- 


7848  +  7" 


7848  +  T 


10104.3  x  -  x  D 
4 


2     10104.3  x  —  x  I2 


10)043  +  r 
7935.9 


h' 


■m 


A 

Fig.  4.20 


,„     H  _  1  f  7848  +  rl    7848  +  T 
"15.9  J  15871.8 


4 
m. 


2     2l  7935.1 

The  combined  centre  of  gravity  (C)  due  to  weight  of  cylinder  and  due  to  tension  T  in  the  chain 
from  A  is 


AG'  =  [Wt.  of  cylinder  X  Distance  of  C.G:  of  cylinder  from  A 

+  Tx  Distance  of  C.G.  of  T  from  A]  +  [Weight  of  cylinder  +  T] 

fU-.L    2    _    A    ;_„.„     u  7848 


7848  x 


B'G'  =  AC  -  AB'  = 


|  +  Txoj  +  [7848  +  7]  = 
7848 


7848  +  T 
(7848  +  T) 


m 


(7848  +  7")  15871.8 
/ 


The  meta-ccnlric  height  GM  is  given  by  GM  =  —  -  B'G' 

V 

K        „4       tt       ,4       It  4 

where         =  —  x  D  =  —  x  V  =  — -  m 
64  64  64 


V=  -  D2xh'  =  -  x  1-x 
4 


K 

4 


2  w  (7848  +  r)  _Tt    7848  +  T 
7935.9    ^  4  X  7935.9 


64 


1 

■  =  — X  ■ 


7935.9 


V      rt(7848  +  7/)     16    (7848 +  7") 

(7848  +  7") 


GM  = 


4  7935.9 
7935.9 


16(7848  +  7) 
For  stable  equilibrium  GM  should  be  positive 


7848 


(7848  +  7)   '  15871.8 


or 


7935.9 


16(7848+  7-) 


7848 


GM>  0 
(7S48  +  T) 


(7848  +  T)  15871.8 


>  0 
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or 


or 


or 


or 


or 


7935.9 


7S48 


16(7848+7)    (7848+  7) 

7935.9-16x  7848 
16(7848  +  7) 

-117632 


7848  +  7  „ 
  -  >  0 


16(7848  +  7) 


15871.8 
(7848  +  7) 

15871.8 
(7848  +  7") 

15871.8 
(7848+7) 
15871.8  > 

(7848  +  7)2  > 


>0 


>0 


1 17632 


16(7848  +  7) 

117632      lco^,  \ 
x  15871.8 


16.0 

>  116689473.5 

>  (10802.3)2 
7848  +  7>  10802.3 

7  >  10802.3  -  7848 

>  2954.3  N.  Ans. 

.-.  The  force  in  the  chain  must  be  at  least  2954.3  N  so  that  the  cylindrical  buoy  can  be  kept  in 
vertical  position.  Ans. 

Problem  4.17    A  solid  cone  floats  in  water  with  its  apex  downwards.  Determine  the  least  apex 
angle  of  cone  for  stable  equilibrium.  The  specific  gravity  of  the  material  of  the  cone  is  given  0.8. 
Solution.  Given  : 
Sp.  gr.  of  cone  =  0.8 

Density  of  cone,  p  =  0.8  x  1000  =  800  kg/m3 

Let  D  =  Dia.  of  the  cone 

d  =  Dia.  of  cone  at  water  level 
29  =  Apex  angle  of  cone 
H  '=  Height  of  cone 
h  =  Depth  of  cone  in  water 
G  =  Centre  of  gravity  of  the  cone 
B  =  Centre  of  buoyancy  of  the  cone 
For  the  cone,  the  distance  of  centre  of  gravity  from  the  apex  A 

AC  =  j  height  of  cone  =  -^H 
also  AB  =  {depth  of  cone  in  water  =  ±h 

Volume  of  water  displaced  = i  mf h 
Volume  of  cone  =  y  x  jifl2  x  h 

.-.  Weight  of  cone  =  800  x  g  x  }  x  kR2  x  H 

£L  =  A 

EA~  H 
R^H  tai:  9  , 
Similarly,  r  =  h  tan  8 


PLAN  OF 
CONE  AT 
WATER  LINE 


Now  from  AAEF. 


tan  9  - 
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Weight  of  cone  -  800  x  g  x  I  x  tc  x  (H  tan  0)2  X  H  =  ^*8*™H*  ta"' 9 

Weight  of  water  displaced  =  1000  xsxixnr2xii  . 

I  na    ,     1000.-x>:-x.JI  x/i3  tan2  6 

=  1 000  x  g  x  \  x  jt(ft  tan  Qf  x  ft  =  s  

3.0 

For  equilibrium 

Weight  of  cone  =  Weight  of  water  displaced 

800  x g  x  kx  J/3  tan2  6  _  lOOOx  9.81  x  rex ft3  x  tan2  9 
3.0  "  3.0 

or  800  xtf3  =  1000  x  ft3 

„3     1000     ,3     H  (1000\"3 

H  =  —  x  AJ  or  —  =   ■ 

-      ■  800  A     UOO  J 

For  stable  equilibrium,  Meta-centric  height  CM  should  be  positive.  But  GM  is  given  by 

GM  =  —  -BG 
V 

where  /  =  M.O.I,  of  cone  at  water-tine  =  —  d4 

64 

1  7T  i 

V  =  Volume  of  cone  in  water  =  d  x  ft 

3  4 


I       n   rU  / 1     71  ,2  , 

—  =  ■■•  d  -x- d  xh 
V      64      /  3  4 


{  v    r=  ft  tan  0} 


^1x3     <£  =  3^_  =  _Lx/9(aJ.=  A  d 

_  3  (ft  tan 8)2 
~  4  A 
=  |/itan2G 

and  BG  =  ,4C-Afi  =  i//--|ft=  |(//-A) 

GM=  f  A  tan2 6 -  |(//~  A) 
For  stable  equilibrium  GM  should  be  positive  or 

i/i  tan2  -  }(H  -  A)  >  0  or     A  tan2  0  -  (//-  A)  >  0 

or  A  tan2  9  >  (H  -  A)    or    A  tan2  9  +  ft  >  H 

or  A[tan20+ !]>//  or    3  +  tan2  9  > ///A    or    sec2  G  >  — 

ft 

8     (1000  V"     ,  ^ 

But  —  =    =  1.077 

ft      I  800  ) 

sec2  Q  >  !  .077  or  cos2  9  >  -  —  =  0.9285 

1.077 

cos  9  >  0.9635 

6  >  15&30'    or  20>3i°        scanned  by  Fahid 
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Problem  4.1 8    A  cone  of  specific  gravity  S,  is  floating  in  water  with  its  apex  downwards.  It  has  a 

in2  c'/J  • 

diameter  Qand  vertica!  height  H.  Show  that  for  stable  equilibrium  of  the  cone  H  < 

Solution.  Given  : 
Dia.  of  cone     =  D 
Height  of  cone  =  H 
Sp.  gr.  of  cone  =  5 

Let         G  =  Centre  of  gravity  of  cone 
B  =  Centre  of  buoyancy 
29  =  Apex  aftgie  and 
A  =  Apex  of  the  cone 
h  =  Depth  of  immersion 
d  =  Dia.  of  cone  at  water  surface 


Then 


AG  =  -H 
4 

AB  =  -  h 

4- 

Also  weight  of  cone  =Weight  of  water  displaced. 
■    1000  S  x  g  x  |  nRz  x  H  =  1000  x  g  x  ~  nr1  x  h    or    SFrH  =  ?h 


SR'H 


r. 

R  =-/7tan  6,  r=  h  tan  6 


h  = 


Sx(H  tan.8)z  xH 

(h  tan  6}2 
Sxtf2xtan26xtf  .  Stf3 


or 


h~  h2xm2B 
h  =  (SH1)m  =  SmH 
BG  =  AG  -  AB 


or  fc3=S//3 


4  4 

=  -  H\  1  -  Sm] 
4 


4  {H^h)=\tH-SmH) 
4  4 


...O) 

{  v  h  =  S^  H) 
...(2) 


Also 


/  =  M.O.  Inertia  of  the  plan  of  hody  at  water  surface 
64 

j         scanned  fyy  Fahid  , 
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V 


64 


-dA 


3d2 


3  4 


Now  Meta-centric  height  CM  is  given  as 


GM  =  BG  = 

V 


3f/~         3//  f]  _  „ttf. 


GM  should  be  +ve  for  stable  equilibrium  or  GM  >  0 


or 


3d  ,„  -Mo- sf^ > o 


3d2 


or 


16.//.S"3  4 
Also  we  know  R  >=  H  tan  9  and  r  =  A  tan  6 


J  1*5 


R  ^  #  _£> 
r      h  d 


j  i 
:  IS 


H  H 


Substituting  the  value  of  ~d  in  equation  (3),  we  get 


3H 


[7r>  —  (\-S>")  or 
16.//.S1"  4 


D2,S 


1/3 


4.// 


D2.SU} 


or 


or 


Ans. 


D  .5' 


1-5 


►  4.8  experimental  method  of  determination  of  meta-centric 
height; 


The  meta-centric  height  of  a  floating  vessel  can  be  determined,  provided  we  know,  the  centre^, 
gravity  of  the  floating  vessel.  Let  w,  is  a  known  weight  placed  over  the  centre  of  the  vessel  as  showa 
in  Fig.  4.23  (a)  and  the  vessel  is  floating. 


« 

i  i 

i 

i  r 

T  » 


(a)  Floating  body  (b)  Tilted  body 

1  -  i  g .  4 . 23  Me ta-cen  t ric  heigh  t . 
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Let    W=  Weight  of  vessel  including  w, 
G  =  Centre  of  gravity  of  the  vessel 

B  =  Centre  of  buoyancy  of  the  vessel  •  -  ~  _ -  . 

The  weight  i*,  is  moved  across  the  vessel  towards  right  through  a  distance  x  as  shown  in  Fig.  4.23  (f>). 
The  vessel  will  be  tilted.  The  angle  of  heel  9  is  measured  by  means  of  a  plumbline  and  a  protractor 
attached  on  the  vessel.  The  new  centre  of  gravity  of  the  vessel  will  shift  to  G,  as  the  weight  w1  has 
been  moved  towards  the  right.  Also  the  centre  of  buoyancy  will  change  to  Bl  as  the  vessel  has  tilted. 
Under  equilibrium,  the  moment  caused  by  the  movement  of  the  Joad  wv  through  a  distance  x  must  be 
equal  to  the  moment  caused  by  the  shift  of  the  centre  of  gravity  from  G  to  G,.  Thus 


The  moment  due  to  change  of 
The  moment  due  to  movement  of 

Hence 


G  =  GGX  xW  =  WxGM  tan  9 
if,  =  Wi  x  x 
H-jjr  ■=  WGM  tan  6 


GM 


uyv 


..(4.5) 


IV  tan  6 

Problem  4.19  -A  ship  70  m  long  and  10  m  broad  has  a  displacement  of  19620  kN.  A  weight  of 
343.35  kN  is  moved  across  the  deck  through  a  distance  of  6  in.  The  ship  is  tilted  through  6°.  The 
moment  of  inertia  of  the  ship  at  water-line  about  its  fore  and  aft  axis  is  75%  of  M.O.I,  of  the 
circumscribing  rectangle.  The  centre  of  buoyancy  is  2.25  m  below  water-line.  Find  the  ineta-centric 
height  and  position  of  centre  of  gravity  of  ship.  Specific  weight  of  sea  water  is  10104  N/m3. 

(Anna  University,  May,  1986) 


L: 
b: 

W- 

9  = 


X  ■ 


Solution.  Given  ; 
Length  of  ship. 
Breadth  of  ship. 
Displacement, 
Angle  of  heel, 

M.O.I,  of  ship  at  water-line 
w  for  sea-water 
Movable  weight, 
Distance  moved  by  wh 
Centre  of  buoyancy 
Find  ((")  Meta-centric  height,  GM 

,  (ii)  Position  of  centre  of  gravity,  G. 
(/)  Meta-centric  height,  GM  is  given  by  equation  (4.5) 

w,x        343.35  kNx  6.0 

GM  = 

07)  Position  of  Centre  of  Gravity,  G 

GM  = 


70  m 
10  m 

19620  kN 
6° 

75%  of  M.O.I.  of  circumscribing  rectangle 
10104  N/m3  =  10.104  kN/m3 
343.35  kN 
6  m 

2.25  m  below  water  surface 


IV  tan  8  19620  kNx  tan  6° 
343.35  kNx  6.0 


19620  kNx. 105 1 


=  0.999  m.  Ans. 


-  BG 


where    /  =  M.O.I,  of  the  ship  at  water-line  about  y-v 
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\ 


WATER  LfNE 


70  m 


-  "  I 
2.25 


1.254 


Fig.  4.25 


=  75%  of  —  x  70  x  103  =  .75  x  —  x  70  x  103  =  4375  m4 
12  12 

V  =  Volume  of  ship  in  water  =  -   Weightofship  =  F9620 

Weight  densil  of  water  10.104 
4375 


and 


=  1941.74  m3 


J_ 

V 


=  2.253  m 


BG 


1941.74 

GM  =  2.253  -  BG  or  .999  =  2.253 

BG=  2.253  -  .999  =  1.254  m. 

From  Fig.  4.25,  it  is  clear  that  the  distance  of  G  from  free  surface  of  the  water  =  distance  of  B 
from  water  surface  -  BG 

-  2.25  -  1.254  =  0.996  m.  Ans. 
Problem  4^0    A  pontoon  of  15696  kN  displacement  is  floating  in  water.  A  weight  of 245.25  kN  is 
moved  through  a  distance  of  8  m  across  the  deck  of  pontoon,  which  tilts  the  pontoon  through  an  angle 
4".  Find  meta-centric  height  of  the  pontoon. 

Solution.  Given  : 

Weight  of  pontoon  =  Displacement 
or  W=  15696  kN 

Movable  weight,  w{  =  245.25  kN 

Distance  moved  by  weight  u>, ,  x  =  8  m 

Angle  of  heel,  9  =  4° 

The  meta-centric  height,  GM  is  given  by  equation  (4.5)  ^ 


or 


GM  = 


w.x 


245.25  kNx  8 


WtanG  )5696kNxtah4° 
1962 


15696x0.0699 


=  1.788  m.  Ans. 


►  4.9    OSCILLATION  (ROLLING)  OF  A  FLOATING  BODY 

Consider  a  floating  body,  which  is  tilted  through  an  angle  by  an  overturning  couple  as  shown  in 
Fig.  4.26.  Let  the  over-turning  couple  is  suddenly  removed.  The  bodySOtfJflHfirf  &ciftjft^.  Thus,  the 
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body  will  he  in  a  state  of  oscillation  as  if  suspended  at  the  meta-ccntre  M.  This  is  similar  to  the  case  of 
a  pendulum.  The  only  force  acting  on  the  body  is  due  to  the  restoring  couple  due  to  the  weight  W  of 
the  body  force  of  buoyancy  FB. 

Y 


Fig.  4.26 

.;.    Restoring  couple  =  W  x  Distance  CA 

=  Wx  GA/sin  9 
This  couple  tries  to  decrease  the  angle 

Angular  acceleration  of  the  body,  a  =  -  ~~y  ■ 

-  ve  sign  has  been  introduced  as  the  restoring  couple  tries  to  decrease  the  angle  9. 
Torque  due  to  inertia  =  Moment  of  Inertia  about  Y-Y  x  Angular  acceleration 


But 


E  2 
Iy.v=  K 
8 


d2Q 

'  dt1' 


where    W  =  Weight  of  body,  K  =  Radius  of  gyration  about  Y-Y 
.:    Inertia  torque 
Equating  (?)  and  (ii),  we  get 

or    GM  sin  6  =  - 


*    l  dt 2  J     g  at 


Wx  GM  sin  6  =  K 

g  dt 

For  small  angle  9,  sin  9  -  9 


K2  d2B 
g  dt2 


GM x  9  =  - 


K2  d2e 


Dividina  by  — .  we  get  — =r  + 
8  dt 


8  dr 
d2Q  GMxgxQ 


K    d~®  „  n 

or  — -  — T  +  CM  x  9  =  0 

g  dr 


=  0 


The  above  equation  is  a  differential  equation  of  degree  second.  The  solution  is 

9  =  C,  sin 


-..(0 
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where  C,  and  C,  arc  constants  of  integration. 

The  values  of  C)  and      are  obtained  from  boundary  conditions  which  are 
(0  at  t  =  0,'  Q  =  0 

{«)  at  f  =  — ,  9  =  0 

2 

where  7"  is  the  time  period  of  one  complete  oscillation. 
Substituting  the  1st  boundary  condition  in  (Hi),  we  get 

0  =  C,  x  0  +  C2  x  1  |  v  sin  9  =  0,  cos  6  =  1 ) 

C2  =  0 

Substituting  2nd  boundary  conditions  in  (/»);  we  get 

0  =  C,  sin  J  r^-  x  — 

1       V   K2  2 

But  C,  cannot  be  equal  to  zero  and  so  the  other  alternative  is 

sin  J^^x-  =  0  =  sin7i  {  v  sin  7t  =  0} 

V  K1  2 

MfrxZ*:*   *    ^2^E  ...(4.6) 

.-.    Time  period  of  oscillation  is  given  by  equation  (4.6). 
Problem  4.21    The  least  radius  of  gyration  of  a  ship  is  8  m  and  meta-centric  height  70  cm.  Calcu- 
late the  Time  period  of  oscillation  of  the  ship. 

Solution.  Given  : 

Least  radius  of  gyration,  K  =  8  m 

Meta-centric  height,  GM  =  70  cm  =  0.70  m 

The  time  period  of  oscillation  is  given  by  equation  (4.6). 


r     in   iJlI  =  2k  I    8x8     -19.18  sec.  Ans. 
\GM.g         \  0.7x9.81 


Problem  4.22    The  time  period  of  rolling  of  a  ship  of  weigh!  29430  kN  in  sea  water  is  JO  seconds. 
The  centre  of  buoyancy  of  the  ship  is  J.  5  m  below  the  centre  of  gravity.  Find  the  radius  of  gyration  of 
the  ship  if  the  moment  of  inertia  of  the  ship  at  the  water  line  aboui  fore  and  aft.  axis  is  1 000  m4.  Take 
specific  weight  of  sea  water  as  =  10100  N/m3. 
Solution.  Given  : 

Time  period,  T=  10  sec 

Distance  between  centre  of  buoyancy  and  centre  of  gravity,  BG  =  1.5  m 

Moment  of  Inertia,  /  =  10000  m4 

Weight.  IV  =  29430  kN  =  29430  x  1 000  N 

Let  the  radius  of  gyration  =  K 

First  calculate  the  meta-centric  height  GM,  which  is  given  as 

GM  =  BM  -  BG  =  —  -  BG  scanned  by  Fahid 
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where      /  =  M.O.  Inertia 

and        V  =  Volume  of  water  displaced 

Weight  of  ship       _  29430x1000 


Sp.  weight  of  sea  water 


10104 


=  2912.6  m3 


U  =  -  1.5  =  3.433  -  1.5  =  1.933  m. 


Using  equation  (4.6),  we  get 


2912.6 
T 


\GMxg 


Or 


or 


10 


V 1-933  > 


2nK 


x9.81     ^1.933  x  9.81 


v    10x^1.933x9.81  ,M 

K  =  2  —  =  6.93  m.  Ans. 

2rt 

HIGHLIGHTS 


~1  r-The~  upward  force  exerted  by  "a  liquid  oifabedy-  whemhe"  body^is-iBffiiefsEa"  "in-theniqmdTs~knoW' 
buoyancy  or  force  of  buoyancy. 

2.  The  point  through  which  force  of  buoyancy  is  supposed  to  act  is  called  centre  of  buoyancy. 

3.  The  point  about  which  a  body  starts  oscillating  when  the  body  is  tilted  is  known  meta-centre. 

4.  The  distance  between  the  meta-centre  and  centre  of  gravity  is  known  as  meta  centric  height. 

5.  The  meta-centric  height  (GM)  is  given  by  GM  -  —  -  BG 

V 

where    7  =  Moment  of  Inertia  of  the  floating  body  (in  plan)  at  water  surface  about  the  axis  Y-Y 
V  =  Volume  of  the  body  sub-merged  in  water 
BG  =  Distance  between  centre  of  gravity  and  centre  of  buoyancy. 

6.  Conditions  of  equilibrium  of  a  floating  and  submerged  body  are  : 


Equilibrium 

Floating  Body 

Sub  merged  Body 

(i)  Stable  Equilibrium 
'(ii)  Unstable  Equilibrium 
(Hi)  Neutral  Equilibrium 

M  is  above  G 
M  is  below  C 
M  and  G  coincide 

B  is  above  G 
B  is  below  G 
B  and  G  coincide 

7.  The  value  of  meta-centric  height  GM,  experimentally  is  given  as  GM  -  — 

WtanG 

where     w,  =  Movable  weight 

x  =  Distance  through  which  w,  is  moved 

W-  Weight  of  the  ship  or  floating  body  including  w, 

9  -  Angle  through  the  ship  or  floating  body  is  tilted  due  to  the  movement  of  w,. 


8.  The  time  period  of  oscillation  or  rolling  of  a  floating  body  is  given  by  T  =  2te 


\GMx 


S 


where      K  =  Radius  of  gyration,  GM  =  Meta-centric  height 
T  -  Time  of  one  complete  oscillation. 
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EXERCISE  4 


(A)  THEORETICAL  PROBLEMS 

1.  Define  the  terms  'buoyancy'  and  'centre  of  buoyancy'.^ 

2.  Explain  the  terms  'mcta-ccnlre'  and  'meta -centric  height'. 

3.  Derive  an  expression  for  the  meta  centric  height  of  a  floating  body. 

ih  Show  that  the  distance  between  the  meta-centre  and  centre  of  buoyancy  is  given  by  BM  =  — 

where  1  =  Moment  of  inertia  of  the  plan  of  the  floating  body  at  water  surface  .bout  longitudinal  axis. 
V  =  Volume  of  the  body  submerged  in  liquid. 
i   What  are  the  conditions  of  equilibrium  of  a  floating  body  and  a  submerged  body  ? 

5.  What  are  me  conaiu  {A.S.M.E..  June  1992  ;  Delhi  University,  1982) 

6.  How  will  you  determine  the  metacentric  height  of  a  floating  body  experimentally  ?  Explain  with  neat 
sketch. 

7.  Select  the  correct  statement  : 

(a)  The  buoyant  force  for  a  floating  body  passes  through  the 

(,)  centre  of  gravity  of  the  body         &  centroid  of  volume  of  the  body 
Off)  meta-centre  of  the  body  (M  centre  of  gravity  of  the  submerged  part  of  the  body 

(i<)  centroid  of  the  displaced  volume. 

(b)  A  body  submerged  in  liquid  is  in  equilibrium  when  ; 
ft)  its  meta-centre  is  above  the  centre  of  gravity 

(ii)  its  meta-cenire  is  above  the  centre  of  buoyancy 

(iii)  its  centre  of  gravity  is  above  the  centre  of  buoyancy 

(iv)  its  centre  of  buoyancy  is  above  the  centre  of  gravity  ^  ?  ^  ^  ^ 

8.  Derive  l^SS  the  time  penod  of  the  oscillation  of  a  floating  body  in  terms  of  radins  of 
evration  and  meta-centric  height  of  the  floating  body.  . 

£  Define  the  terms  :  meta-centre,  centre  of  buoyancy,  meta-centnc  height,  ^  ^XtnTm2) 

,0   Woo  yon  understand  by  the  hydrostatic  equation  7  With  the  help  of  this 

expression  for  the  buoyant  force  acting  on  a  sub-merged  body.  &%*Z 
, ,  With  neat  sketches,  explain  the  conditions  of  equilibrium  for  floating  -jg**^  ^ 

D;"ic^ty  and  kinematic  viscoscity.  00  Absolute  and  gauge  pressure  (||  Simple  and 
mfferentia.  manometers  (,v)  Centre  of  gravity  and  centre  of  baoya^  ^  ^ 

(B)  NUMERICAL  PROBLEMS 

t  A  wooden  block  of  width  2  m.  depth  1.5  m  and  leng.h  4  m  floals  W^«|W||2S^ 
^  -r  displaced  and  poshion  of  centre  huoyanc.  The  specific  ^^^^^ 

i 

scanned  by  Fahid 
t  PDF  created  by  AAZSwapnil 


158    Fluid  Mechanics 


2.  A  wooden  log  of  0.8  m  diameter  and  6  m  length  is  floating  in  river  water.  Find  the  depth  of  wooden 
log  in  water  when  the  sp.  gr.  of  the  wooden  log  is  0.7.  [Arts.  0.54  m] 

3.  A  stone  weighs  490.5  N  in  air  and  196.2  N  in  water.  Determine  the  volume  of  stone  and  its  specific 
gravity.  [Atis.  0  03  m3  or  3  x  104cm3,  1.67] 

4.  A  body  of  dimensions  2.0  m  x  i  .0  m  x  3.0  m  weighs  3924  N  in  water.  Find  its  weight  in  air.  What  will  be 
its  specific  gravity  ?  [Ans.  62784  N,  1.0667] 

5.  A  metallic  body  floats  at  the  interface  of  mercury  of  sp.  gr.  13.6  and  water  in  such  a  way  that  30%  of 
its  volume  is  submerged  in  mercury  and  70%  in  water.  Find  the  density  of  the  metallic  body. 

[Ans.  4780  kg/m3] 

6.  A  body  of  dimensions  0.5  mx0.5mxl.0m  and  of  sp.  gr.  3.0  is  immersed  in  water.  Determine  the  least 
force  required  to  lift  the  body.  [Ans.4905  N] 

7.  A  rectangular  pontoon  is  4  m  long,  3  m  wide  and  1.40  m  high.  The  depth  of  immersion  of  the  pontoon 
is  1.0  m  in  sea-water.  If  the  centre  of  gravity  is  0.70  m  above  the  bottom  of  the  pontoon,  determine  the 
meta-centric  height.  Take  the  density  of  sea-water  as  1030  kg/m3.  [Ans.  0.45  m] 

8.  A  uniform  body  of  si/.e  4  m-  long  x  2  m  wide  x  1  m  deep  floats  in  water.  What  is  the  weight  of  the  body 
if  depth  of  immersion  is  0.6  m  ?  Determine  the  meta-centric  height  also.  [An.S.  47088  N,  0.355  m] 

9.  A  block,  of  wood  of  specific  gravity  0.8  floats  in  water.  Determine  the  meta-centric  height  of  the  block 
.  ifitssizeis3mx2mxj  m.  [Aits. 0.3 16m] 

1 0.  A  solid  cylinder  of  diameter  3.0  m  has  a  height  of  2  m.  Find  the  meta-centric  height  of  the  cylinder  when 
it  is  floating  in  water  with  its  axis  vertical.  The  sp.  gr.  of  the  cylinder  is  0.7.  [Ans.  0.1017  m] 

11.  A  body  has  the  cylindrical  upper  portion  of  4  m  diameter  and  2  m  deep.  The  lower  portion  is  a  curved 
one,  which  displaces  a  volume  of  0.9  ill3  of  water.  The  centre  of  buoyancy  of  the  curved  portion  is  at  a 
distance  of  2. 10  m  below  the  top  of  the  cylinder.  The  centre  of  gravity  of  the  whole  body  is  1 .50  m  below 
the  top  of  the  cyiinder.  The  total  displacement  of  water  is  4.5  tonnes.  Find  the  meta  centric  height  of 
the  body.  [Ans.  2.387  m] 

!  2.  A  solid  cylinder  of  diameter  5.0  m  has  a  height  of  5.0  m.  Find  the  meta-centric  height  of  the  cylinder  if 
the  specific  gravity  of  the  material  of  cylinder  is  0.7  and  it  is  floating  in  water  with  its  axis  vertical.  State 
whether  the  equilibrium  is  stable  of'unstable.  [Ans.  -  0.304  m,  Unstable  Equilibrium] 

13.  A  solid  cylinder  of  15  cm  diameter  and  60  cm  long,  consists  of  two  parts  made  of  different  materials. 
The  first  part  at  the  base  is  1 .20  Cm  long  and  of  specific  gravity  =  5.0.  The  other  parts  of  the  cylinder  is 
made  pi  the  material  having  specific  gravity  0.6.  State,  if  it  can  float  vertically  in  water. 

[Ans.  GM  =  -  5.26,  Unstable,  Equilibrium] 

1,4.  A  rectangular  pontoon  8.0  m  long,  7  m  broad  and  3.0  m  deep  weighs  588.6  kN.  It  carries  on  its  upper 
deck  an  empty  boiler  of  4.0  m  diameter  weighing  392.4  kN.  The  centre  of  gravity  of  the  boiler  and  the 
pontoon  are  at  their  respective  centres  along  a  vertical  line.  Find  the  meta  centric  height.  Weight 
density  of  sea-water  is  10104  N/m3.  [Ansi0.325m] 

15.  A  wooden  cylinder  of  sp.  gr.  0.6  and  circular  in  cross-section  is  required  to  float  in  oil  (sp.  gr,  0.8).  Find 
the  IJO  ratio  for  the  cylinder  to  float  with  its  longitudinal  axis  vertical  in  oil  where  £  is  the  height  of 
cylinder  and  D  is  its  diameter.  [Ans.  (L/D)<0.8164] 

16.  Show  that  a  cylindrical  buoy  of  1,5  m  diameter  and  3  m  long  weighing  2.5  tonnes  will  not  float  vertically 
in  sea- water  of  density  1030  kg/m3.  Find  the  force  necessary  in  a  vertical  chain  attached  at  the  centre 
of  the  base  of  the  buoy  that  will  keep  it  vertical.  [Ans.  10609.5  N] 

17.  A  solid  cone  floats  in  water  its  apex  downwards.  Determine  the  least  apex  angle  of  cone  for  stable 
equilibrium.  The  specific  gravity  of  the  material  of  the  cone  is  given  0.7.  [Ans.  39°  7'J 

18.  A  ship  60  m  long  and  1 2  m  broad  has  a  displacement  of  1 9620  kN.  A  weight  of  294.3  kN  is  moved  across 
the  deck  through  a  distance  of  6.5  m.  The  ship  is  tilled  through  5°.  The  moment  of  inertia  of  the  ship  at 
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ine  about  its  force  and  aft.  axis  is  75%  of  moment  of  inertia  the  circumscribing  rectangle.  The 
>f  buoyancy  is  2.75  m  below  water  line.  Find  the  meta-eentric  height  and  position  of  centre  of 
'of  ship.  Take  specific  weight  of  sea  water  =  10104  N/m3. 

[Ans.  1 . 1 145  m,  0.53  m  below  water  surface] 
,  .  „on  of  1500  tonnes  displacement  is  floating  in  water.  A  weight  of  20  tonnes  is  moved  through 
a  distance  of  6  m  across  the  deck  of  pontoon,  which  tilts  the  pontoon  through  an  angle  of  5°.  Find 
mcta-centric  height  of  the  pontoon.  [Ans.  0.9145  ml 

:  time  period  of  rolling  of  a  solid  circular  cylinder  of  radius  2.5  m  and  5.0  m  long.  The  specific 
the  cylinder  is  0.9  and  is  floating  in  water  with  its  axis  vertical.  [Ans.  0.35  sec] 
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Chapter 


Dynamics  of  Fluid  Flow 


►  6.1  INTRODUCTION 

In  the  previous  chapter,  we  studied  the  velocity  and  acceleration  at  a  point  in  a  fluid  flow,  without 
taking  into  consideration  the  forces  causing  the  flow.  This  chapter  includes  the  study  of  forces  causing 
fluid  flow.  Thus  dynamics  of  fluid  flow  is  the  study  of  fluid  motion  with  the  forces  causing  flow.  The 
dynamic  behaviour  of  the  fluid  flow  is  analysed  by  the  Newton's  second  law  of  motion,  w;hich  relates 
the  acceleration  with  the  forces.  The  fluid  is  assumed  to  be  incompressible  and  non- viscous. 

►  6.2    EQUATIONS  OF  MOTION 

According  to  Newton's  second  law  of  motion,  the  net  force  Fx  acting  on  a  fluid  element  in  the  direc- 
tion of  x  is  equal  to  mass  m  of  the  fluid  element  multiplied  by  the  acceleration  ax  in  fbe;t-direction.  Thus 
mathematically. 

Fx  =  m-aX  ...(6.1) 
In  the  fluid  flow,  the  following  forces  are  present : 
(0  Fg,  gravity  force. 
(j'j)  Fp,  the  pressure  force, 
(tri)  Fv,  force  due  to  viscosity, 
[         (iv)  Fr  force  due  to  turbulence. 

(v)  Fr  force  due  to  compressibility. 
Thus  in  equation  (6.1),  the  net  force 

Ft  =  (r"pt  +  (Fp),  +  (Fv\x  +  (F,)t  +  (Fc)x. 
(i)  It  the  force  due  to  compressibility,  Fc  is  negligible,  the  resulting  net  force 
Ff  =  f /y,  +  (F,,),  +  (/-",)>  (Flh 
and  equation  of  motions  are  called  Reynold's  equations  of  motion. 

07)  For  flow,  where  (F,)  is  negligible,  the  resulting  equations  of  motion  are  known  as  Navier- 
Stokes  Equation. 

(Hi)  If  the  flow  is  assumed  to  be  ideal,  viscous  force  (Fv)  is  zero  and  equation  of  motions  are 
known  as  Euler's  equation  of  motion. 
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►  6.3    EULER'S  EQUATION  OF  MOTION 


This  is  equation  of  motion  in  which  the  forces  due  to  gravity  and  pressure  are  taken  into  considera- 
tion. This  is  derived  by  considering  the  motion  of  a  fluid  element  along  a  stream-line  as  :  ■ 

Consider  a  stream-line  in  which  flow  is  taking  place  in  j-direction  as  shown  in  Fig.  6.1.  Consider  a 
cylindrical  element  of  cross-section     and  length  dS.  The  forces  acting  on  the  cylindrical  element  are  : 

1.  Pressure  force pdA  in  the  direction  of  flow. 


2.  Pressure  force 


dA  opposite  to  the  direction  of  flow. 


3,  Weight  of  element  pgdAds. 

Let  6  is  the  angle  between  the  direction  of  flow  and  the  line  of  action  of  the  weight  of  element. 
The  resultant  force  on  the  fluid  element  in  the  direction  of  j  must  be  equal  to  the  mass  of  fluid 
element  x  acceleration  in  the  direction  s. 


pdA 


  =  pdAds  x  as 

where  as  is  the  acceleration  in  the  direction  of  s 


dp  ) 

—  as  \  dA  -  pgdAds  cos  8 
•••(6.2) 


Now 


as  =  — ■  wnere  *  is  a  function  of  j  and  t. 
dt 


_  Bv(fc  +  dv  _  v3v    3v  'f    */S_  - ) 
ds  dt    dt  ~  ds     dt  \ '  ~dt  ~  VJ 


If  the  flow  is  steady,  —  =  0 
dt 


a,.  = 


vdv 


Substituting  the  value  of  as  inequation  (6.2)  and  simplifying 
the  equation,  we  get 

Bp  \>dv 
-  —  dsdA  -  pg  dAds  cos  6  =  pdAds  x  — - 
ds .  '  ds 

Dividing  by    pdsdA,  -  —  -  g  cos  6  =  — 
pds  ds 

dp  L  vdv 

or  ~r  +  8  cos  9  +  v  —  =  0 

pds  ds 

But  from  Fig.  6, 1  (fc),  we  have  cos  6  =  — 

ds 


pgd  Ads 


(a) 


(b) 


Fig,  6.1    Forces  on  a  fluid  element. 


1  dp       dz     vdv     „  dp 
~T~  +  g~-  +  ~  =  0    or    ~  +  gdz+vdv  =  0- 
p  dp       ds      ds  p 


or 


dt  + 


gdz  +  vdv  =  0 


Equation  (6.3)  is  known  as  Euler's  equation  of  motion. 


...(6.3) 
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►  6.4    BERNOULLI'S  EQUATION  FROM  EULER'S  EQUATION 

Bernoulli's  equation  is  obtained  by  integrating  the  Euler's  equation  of  motion  (6.3)  as 

J  HIE.  +  J  gdz  +  J  ydv  =  constant 
If  flow  is  incompressible,  p  is  constant  and 
P 

£  +  gz  +  — -  =  constant 
P  2 

P  v" 

or  —  +  ;  +  —  =  constant 

PS  2S 

2 

or  M.  +  i—  +  z  =  constant  ...(6.4) 

PS  2g 

Equation  (6,4)  is  a  Bernoulli's  equation  in  which 

—  =  pressure  energy  per  unit  weight  of  fluid  or  pressure  head. 
PS 

v'llg  =  kinetic  energy  per  unit  weight  or  kinetic  head. 
Z  =  potential  energy  per  unit  weight  or  potential  head. 

►  6.5  ASSUMPTIONS 

The  following  are  the  assumptions  made  in  the  derivation  of  Bernoulli's  equation  : 
(0  The  fluid  is  ideal,  i.e.,  viscosity  is  zero    [it)  The  flow  is  steady 
(Hi)  The  flow  is  incompressible  (iv)  The  flow  is  irrotational.  ^ 

Problem  6.1    Water  is  flowing  through  a  pipe  of  5  cm  diameter  under  a  pressure  of  29.43  N/cm 
(gauge)  and  with  mean  velocity  of  2.0  m/s.  Find  the  total  head  or  total  energy  per  unit  weight  of  the 
water  at  a  cross-section,  which  is  5  m  above  the  datum  line. 
Solution.    Given  : 

Diameter  of  pipe  =  5  cm  =  0.5  m 

Pressure,  P  =  29.43  N/cm2  =  29.43  x  10*  NW 

Velocity,  v  =  2.0  m/s 

Datum  head,  z  =  5  m 

Total  head  =  pressure  head  +  kinetic  head  +  datum  head 

Pressure  head  =      =  29'43xl°4  =  30  m  J  p  for  water  =  1000  M 

r  pg     1000x9.81  1  m3J 


2x2 


Kinetic  head  =  —  =   =  0.204  m 

Kinetic  neaa  ^  2x9g] 

3 

■     Total  head  =  —  +  —  +  ;  =  30  +  0.204  +  5  =  35.204  m.  Ans. 

Pg  2H 

Problem  6.2  A  pipe,  through  which  water  is  flowing,  is  having  diameters,  20  cm  and  10  cm  at  the 
cross-sections  I  and  2  respectively.  The  velocity  of  water  at  section  lsca#ft$fl  frfi PtihiE'nd  ^e 
velocity  head  at  sections  1  and  2  and  also  rate  of  discharge.  pDp  created  by  AAZSwapnil 
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Solution.  Given 


Area, 


D,  = 


A,  = 


D-,  = 


20  cm  =  0.2  m 

-Z),2=-  (.2)2  =  0.0314  m 

4     1  4 

4.0  m/s 
0.1  m 

71 


i*2  =  -  (.ir  =  .00785  m' 


(0  Velocity  head  at  section  1 


D,  =  20  cm 
*  V,  =  40  m/sec 


Fig.  6.2 


D2  =  10  cm 


YL 

V22/2g 


4.0  x  4.0 
2x9.81 


0.815  m.  Ans. 


(ii)    Velocity  head  at  section  2  -  r2- 
To  find  V2,  apply  continuity  equation  at  1  and  2 

/4jV,=A2V2    or    V2  = 


.0314 
.00785 


x4.0  =  16.0  m/s 


Velocity  head  at  section  2  = 


16.0x16.0 


=  83.047  m.  Ans. 


2g  2x9.81 
(hi)  Rate  of  discharge  =A1VI    or  A2V2 

=  0.0314  x  4.0  =  0.1256  rnVs 

=  125.6  litrcs/s.  Ans.  {  v  1  m3  =  1000  litres} 

Problem  6.3  State  BerhouHi'S  t hear  em  for  steady  flow  of  an  incompressible  fluid.  Derive  an 
expression  for  Bernoulli's  equation  from  first  principle  and  state  the  assumptions  made  for  such  a 
derivation.  (A.M.I.E.,  May  1974) 

Solution.  Statement  of  Bernoulli's  Theorem.  It  states  that  in  a  steady,  ideal  flow  of  an  incom- 
pressible fluid,  the  total  energy  at  any  point  of  the  fluid  is  constant.  The  total  energy  consists  of  pressure 
energy,  kinetic  energy  and  potential  energy  or  datum  energy.  These  energies  per  unit  weight  of  the  fluid 
are  : 

Pressure  energy  =  — 
PS 

v2 

Kinetic  energy  -  — 
2g 

Datum  energy  =  z 
Thus  mathematically,  Bernoulli's  theorem  is  written  as 

P  1'5 

—  +  —  +  z  =  Constant. 

w  2g 

Derivation  of  Bernoulli's  theorem.  For  derivation  of  Bernoulli's  theorem,  the  Articles  6.3  and  6.4 
should  be  written. 

Assumptions  are  given  in  Article  6.5 
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Problem  6.4  The  water  is  flowing  through  a  pipe  p 
having  diameters  20  cm  and  !0  cm  at  sections  I  and 
2  respectively.  The  rate  of  flow  through  pipe  is 
35  litres/s.  The  section  I  is  6  m  above  datum  and 
section  2  is  4  m  above  datum.  If  the  pressure  at  sec- 
tion I  is  39,24  N/cm2,  find  the  intensity  of  pressure 
at  section  2. 

Solution.  Given  : 

At  section!,  D,  =  20  cm  =  0.2  m 

A]  =  -  <.2)2  =  . 0314  m2 
4 

p,  =39.24  N/cm2 
=  39.24  x  104N/m2 
=  6.0  m 

At  section  2,  D2  =  0.10  m 

4,.^|  (0.1)2  =  .00785  m2 

=  4  m 
p':  =  ^ 

Q  =  35  Ws  =  ~  =  .035  m3/s 


Rate  of  flow, 
Now 


and 


1000 


v,= 


Q  .035 


.0314 
.035 


Vl=<L  = 

2    A,  .00785 


=  U14m/s 
=  4.456  m/s 


Applying  Bernoulli's  equation  at  sections  1  and  2,  we  get 


Pi     Vf  Pi  v2 

98    28         98  2g 


Fig.  6.3 


or 


39.24x10"     (1.1 14)2 


1000x9.81  2x9.81 


+  6.0  = 


Pi 


(4A56)2  A  n 
+  — —  +  4.0 


1000x9.81  2x9,81 


or 


40  +  0.063  +  6.0  =  +  1 .012  +  4.0 

9810 


or 


46.063  =  JZ*f  +  5.012 
9810 

_£L-  =  46.063  -  5.012  =  41.051 


9S10 

p:  =41.051  x9810N/m 
41.051x  9810 
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Problem  6.5  Water  is  flowing  through  a  pipe  having  diameter  300  mm  and  200  mm  at  the  bottom 
and  upper  end  respectively.  The  intensity  of  pressure  at  the  bottom  end  is  24.525  N/cm2  and  the 

data 


Section  1, 
Section  2, 
Rate  of  flow 


p2  =  9.81  N/cm 


pressure  at  the  upper  end  is  9.81  N/cm2.  Determine  the  difference  in  datum  head  if  the  rate  of  flow 
through  pipe  is  40  lit/s. 
Solution.  Given  : 

£»!  =300  mm  =  0.3  m 
Pl  =  24.525  N/cm2  =  24.525  X  104  N/m! 
;200  mm  =  0.2  m 

:  40  lit/S 

40 


Pl  = 


or 


Now 


=  0.04  m7s 
1000 

A,  V,  =  A2V2  =  rate  of  flow  =  0.04 
.04  _    .04  _  0.04 
A 


D,  =  300  mm  _ 
p,  =  24.525  N/cm.. 


DATUM  LINE 

Fig.  6.4 


V2  = 


n  „2 
4  1 


0.566  m/s 
.04  .04 


n 


=  0.5658  m/s 


(0.3)' 


(D2)2 


'  0.04 

-<0.2)2 
4 


=  1.274  m/s 


Applying  Bernoulli's  equation  at  (1)  and  (2),  we  get 


Pi 


or 


or 
or 


24.525  x  10^ 
1000x9.81 


f>g  1g 
.566  x  .566 


+  ;,  =  ^  +  - 


+  ^2 


+  Zi- 


9.81  xlO4 


(1.274)2 

2x9.81  1000x9.81     2  x9.81 

25  +  .32 +  z,  =  10  +  1.623  +  ^2 


25.32  +  z,  =  11.623  +  z2 

z-,-1,  =  25.32  -  11.623  =  13.697=  13.70  m 


Difference  in  datum  head 


=  13.70  m.  Ans. 


Problem  6.6    The  water  is  flowing  through  a  taper  pipe  of  length  100  m  having  diameters  600  mm 
oj  the  upper  end  and  300  mm  at  the  lower  end,  at  the  rate  of  50litres/s.  The  pipe  has  a  slope  of  I  in  30. 
Find  the  pressure  at  the  lower  end  if  the  pressure  at  the  higher  level  is  19.62  N/cm2. 
Solution.  Given : 

L=  100  m 
£>i  =  600  mm  =  0.6  m 


\ 


Length  of  pipe, 

Dia.  at  the  upper  end, 


Area, 


1     4     1  4 

=  0.2827  m2 
p.|  =  pressure  at  upper  end  *3f 
=  19.62  N/cm2 


Fif;.  6.5 
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=  19.62  x  104  N/m2 
Dia.  at  lower  end,  D2  -  300  mm  =  0.3  m 

.-.  Area,  A2  =  -  D,2  =  §  P)2  =  0.07068  m 

4  4 

Q  =  rate  of  flow  =  50  litres/s  =         =  0.05  nrVs 

1000 

Let  the  datum  line  is  passing  through  the  centre  of  the  lower  end. 
Then  z2  =  0 

1  10 
As  slope  is  1  in  30  means      z,  =  —  x  100  =  —  m 
H  1     30  3 

Also  we  know  Q  =  AlVl  =  A2V2 

V,=  —  =  =  0. 1 768  m/sec  =  0.177  m/s 

1  A  .2827 

and  &,s:JL=    0-5    =  0.7074  m/sec  =  0.707  m/s 

2  &  .07068 

Applying  Bernoulli's  equation  at  sections  (1)  and  (2),  we  get 

Pi     W  Pi  V? 

pg     2g  pg  2g 

19.62X104       Ml1       10     p2  .7072 

or      —  +  —  +  —  =      +  +  0 

1000x9.81     2x9.81     3      pg  2x9.81 

or  20  +  0.00 )  596  +  3 .334  -  &  +  0.0254 

Pg 

Pi  


or  23.335  -0.0254=  , 

1000  x  9.81 

or  p2  =  23.3  x  981 0  N/m2  =  228573  N/m2  =  22.857  N/cm2.  Ans. 

>  6.6    BERNOULLI'S  EQUATION  FOR  REAL  FLUID 

The  Bernoulli's  equation  was  derived  on  the  assumption  that  fluid  is  in  viscid  (non- viscous)  and 
therefore  frictionless.  But  all  the  real  fluids  are  viscous  and  hence  offer  resistance  to  flow.  Thus  there 
are  always  some  losses  in  fluid  flows  and  hence  in  the  application  of  Bernoulli's  equation,  these  losses 
have  to  be  taken  into  consideration.  Thus  the  Bernoulli's  equation  for  real  fluids  between  points  1  and  2 
is  given  as 

*  '  i  ■> 

Pi         V\  P~>    .    %  I  It.  c\ 

Pg     2g  pg  2g 

where  hL  is  loss  of  energy  between  points  1  and  2. 
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Problem  6.7   A  pipe  of  diameter  400  mm  carries  water  ar  a  velocity  of  25  m/s.  The  pressures  at  the 
points  A  and  B  are  given  as  29.43  N/cm2  and  22.563  N/cm2  respectively  while  the  datum  head  at  A 
and  B  are  28  m  and  30  in.  Find  the  loss  of  head  between  A  and  B. 
Solution.  Given  : 


Dia.  of  pipe, 
Velocity, 
At  point  A, 


Total  energy  at  A, 


At  point  B, 


D  =  400  mm  =  0.4  m 
V  =  25  m/s 
pA  =  29.43  N/cm2  =  29.43  x  104  N/m2 
zA  =  28  m 
=  v  =  25  m/s 

^  Pa 

2g 


PS 

I 


43  x  104 


■25" 


Fig.  6.6 


+  28 


1000  x  9.81  2x9.81 
=  30 +  31.85  +  28  =  89.85  m 
Pg  =  22.563  N/cm2  =  22.563  X  1 04  N/m2 
ZB  =  30  m 

vs  =  v  =  vA  =  25  m/s 


Total  energy  at  B, 


tH  -  +  ■—-+  Zb 

Pg  2g 
22.563  x \QA 


25J 


1000x9.81  2x9.81 


+  30  =  23  +  31.85  +  30  =  84.85  m 


=  EA  -  EB  =  89.85  -  84.85  =  5.0  m.  Ans. 


.-.     Loss  of  energy 

Problem  6.8  A  conical  tube  of  length  2.0  m  is  fixed  vertically  w  ith  its  smaller  end  upwards.  The 
velocity  of  flow  at  the  smaller  end  is  5  m/s  while  .at  the  lower  end  it  is  2  m/s.  The  pressure  head  at  the 


smaller  end  is  2.5  m  of  liquid.  The  loss  of  head  in  the  tube  is 


2g 


,  where  v1  is  the  velocity 


at  the  smaller  end  and  V2  at  the  lower  end  respectively.  Determine  the  pressure  head  at  the  lower  end. 
Flow  takes  place  in  the  downward  direction. 

Solution.  Let  the  smaller  end  is  represented  by  (1 )  and  lower  end  by  (2) 
Given :  \ 
Length  of  tube,  L  =  2.0m  \ 

vj  =  5  m/s 
P\/pg  =  2.5  m  of  liquid 
v2  =  2  m/s 


Loss  of  head 


=  hL  = 


0.35(v,-v,f 


Pis,  (>. 
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0.35  [-5 


2g 


0.35  x  9 
2x9.81 


=  0.16  m 


Pressure  head. 


PS 

Applying  Bernoulli's  equation  at  sections  (1)  and  (2),  we  get 


p,     vr  p2  is 


+  h. 


pg     2g  pg  2g 

Let  the  datum  line  passes  through  section  (2).  Then  z1  =  0,  Z\  =  2.0 


2.5  + 


5       +2.0  =  ^  +  -: 


2x9.81 


pg  2x9.81 


+  0  +  0.16 


2.5  +  1.27+2.0=^-+  0.203  +  .16 

98 


or 


pg 


=  (2.5  +  1.27  +  2.0)  -  (.203  +  .16) 


U  5.77  -  .363  =  5.407  m  of  fluid.  Ans. 

Problem  6.9  A  pipe  line  carrying  oil  of  specific  gravity  0.87,  changes  in  diameter  from  200  mm 
diameter  at  a  position  A  to  500  mm  diameter  at  a  position  B  which  is  4  metres  at  a  higher  level.  If  the 
pressures  at  A  and  B  are  9.81  N/cm2  and  5.886  N/cm2  respectively  and  the  discharge  is  200  litres/s 


determine  the  loss  of  head  and  direction  of  flow. 

Solution.    Discharge,        Q  =  200  lit/s  =  0.2  m3/s 

=  0.87 


(A.M. I.E.,  Summer  1976) 


Sp.  gr.  of  oil 
.*,    p  for  oil 
Given  :  At  section  A, 
Area, 


=  .87  x  1000  =  870 


DA  =  200  mm  =  0.2  m 


It 


it 


AA  =  -  (DAY  =  -  (.2) 


4;        Z  4 

=  0.0314  m2 


p.A  =  9.81  N/cm2 
=  9:81  x  104N/m2 
If  datum  line  is  passing  through  A,  then 

%a  =  0 


DATUM  LINE 


Fig.  6.8 


Q 


0.2 


AA     0.0?  14 


=  6.369  m/s 


At  section  fl, 

Area. 


=  500  mm  =  0.50  m 
A„  =  -  D H2  =  -  f.5)2  =  0.1963  m2 


pB  =  5.886  N/cm2  =  5.886  x  104  N/m2 
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4.0  m 

Q 
Area 


0.2 

.1963 


=  1.018  m/s 


Total  energy  at  A 


..  9-81X'°4  +  L6i^  +  0  =  1 1.49  +  2.067  =  13.557  m 
870x9.81  2x9.81 


Total  energy  at  B 


P8  2g 


_  5.886  x  104     (1.018)2  +  4  Q  =  fi  g96  +  Q  Q52  +  4  Q  =  1Q  94g  m 
;     .  870x9.81  2x9.81 

(r)  Direction  of  flow.  As  EA  is  more  than  EB  and  hence  flow  is  taking  place  from /I  to  S.  Ans. 
(it)  Loss  of  head  =  hL  =  EA-EB=  13.557  -  10.948  =  2.609  m.  Ans. 

K  6.7    PRACTICAL  APPLICATIONS  OF  BERNOULLI'S  EQUATION 

Bernoulli's  equation  is  applied  in  all  problems  of  incompressible  fluid  flow  where  energy  considera- 
tions are  involved.  But  we  shall  consider  its  application  to  the  following  measuring  devices : 

1.  Vehturimeter. 

2.  Orifice  meter. 

3.  Pitot-tube. 

6.7. 1  Venturimeter.  A  venturimeter  is  a  device  used  for  measuring  the  rate  of  a  flow  of  a  fluid 
flowing  through  a  pipe.  It  consists  of  three  parts  : 

(/)  A  short  converging  part,  (it)  Throat,  and  (Hi)  Diverging  part.  It  is  based  on  the  Principle  of 
Bernoulli's  equation. 

Expression  for  Rate  of  Flow  Through  Venturimeter 

Consider  a  venturimeter  fitted  in  a  horizontal  pipe  through  which  a  fluid  is  flowing  (say  water),  as 
shown  in  Fig.  6.9. 

Let   dx  =  diameter  at  inlet  or  at  section  ( 1 ), 
p  |  =  pressure  at  section  ( 1 ) 

Vj  =  velocity  of  fluid  at  section  (1),  y 


a  -  area  at  section  (1)  =  —  d* 
4 


:J       d2,  p2,  v2,  a2  are  corresponding  values  at  section  (2). 
Applying  Bernoulli's  equation  at  sections  (1)  and  (2),  we  get 


INLET  THROAT 
Fig.  6.9  Vciiturhneter. 


Pi  v. 
PS  2g 
As  pipe  is  horizontal,  hence 


 +  IT-  +  H 

pg  2g 


pg     2g     pg  2g 


or 


Pi 


pg        2g    2g  . 
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But  — — —  is  the  difference  of  pressure  heads  at  sections  1  and  2  and  it  is  equal  to  h  or  — — —  =  it 


Pg 

Substituting  this  value  of       Pl  in  the  above  equation,  we  get 

PS 


P8 


Now  applying  continuity  equation  at  sections  1  and  2 

a]vl  =  a2v2    or    vi  =  — 
a\ 

Substituting  this  value  of  \\  in  equation  (6.6) 

,.  \2 


2g 


2g 


2g 


1- 


2g 


...(6.6) 


or 


ar  -  a, 


Discharge. 


.(6.7) 


Equation  (6.7)  gives  the  discharge  under  ideal  conditions  and  is  called,  theoretical  discharge.  Actual 
discharge  will  be  less  than  theoretical  discharge. 


,.(6.8) 


where    Q  =  Co-efficient  of  vent uri meter  and  its  value  is  less  than  1 .  . 

Value  of  'h'  given  by  differential  U-tube  manometer 

Case  I.  Let  the  differential  manometer  contains  a  liquid  which  is  heavier  than  the  liquid  flowing 
through  the  pipe.  Let 

Sh  =  Sp.  gravity  of  the  heavier  liquid 
S„  =  Sp.  gravity  of  the  liquid  flowing  through  pipe 
.x  =  Difference  of  the  heavier  liquid  column  in  U-tube 


Then 


h  =  x 


...(6.9) 


Cast  II.  If  the  differential  manometer  contains  a  liquid  which  is  lighter  than  the  liquid  flowing 
through  the  pipe,  the  value  ofh  is  given  by  scanned  by  Fahid 
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h  =  x 


..(6.10) 


where     S\  =  Sp.  gr.  ofiighter  liquid  in  (/-tube 

Sa  =  Sp.  gr.  of  fluid  flowing  through  pipe 
x  -  Difference  of  the  lighter  liquid  columns  in  (/-tube. 
Case  Hi.  Inclined  Vtnhiri meter  with  Differential  (Stole  mnnonieter.  The  above  two  cases  are 
given  for  a  horizontal  venturimeter.  This  case  is  related  to  inclined  venturi meter  having  differential  U- 
tube  manometer.  Let  the  differential  manometer  contains  heavier  liquid  then  h  is  given  as 


\?g       )    \P8  J 


^-1 


:.(6.n) 


Case  IV.  Similarly,  for  inclined  venturimeter  in  which  differential  manometer  contains  a  liquid 
which  is  lighter  than  the  liquid  flowing  through  the  pipe,  the  value  of  h  is  given  as 


Pg 


PS 


=  x 


A 
s.. 


...{6.12} 


Problem  6.1 0    A  horizontal  venturimeter  witk  inlet  and  throat  diameters  30  cm  and  15  cm  respec- 
tively is  used  to  measure  the  flow  of  water.  The  reading  of  differential  manometer  connected  to  the 
inlet  and  the  throat  is  20  cm  of  mercury.  Determine  the  rate  of  flow.  Take  Cd  =  0.98. 
Solution.  Given  : 


Dia.  at  inlet. 

dt  =  30  cm 

.-.    Area  at  inlet, 

I  IE 

(30):  =  706.85  cnr 

Dia.  at  throat, 

d2  =  1 5  cm 

a2  =  —  x  1 5"  =■ 

176.7  cnr 

2  4 

Cd  =  0.98 

Reading  of  differential  manometer  =  x  =  20  cm  of  mercury, 
.-.    Difference  of  pressure  head  is  given  by  (6.9) 

fife!. 

where  5,,  =  Sp.  gravity  of  mercury  =13.6,  S0=  Sp.  gravity  of  water  =  1 
13.6 


or 


=  20 


1 


-1 


=  20  x  12.6  cm  =252.0  cm  of  water. 
The  discharge  through  venturimeter  is  given  by  eqn.  (6.8) 

Q  =  Cd 


x  ^2gh 


=  0.98  x 


706.85x176.7 
%/(706.S5)2  -(176.7) 


=  x  J2x  9.81  x  252 
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86067593.36 


^499636.9-31222.9 
125756 


=  125756  cm3/s  = 


1000 


86067593.36 
684.4 

lit/s  =  125.756  lit/s.Ans. 


Problem  6.1 1  An  oil  ofsp.  gr.  0.8  is  flowing  through  a  venturimeier  having  inlet  diameter  20  cm 
and  throat  diameter  10  cm.  The  oil-mercury  differential  manometer  shows  a  reading  of  25  cm.  Calcu- 
late the  discharge  of  oil  through  the  horizontal  venturimeier.  Take  Q  -  0.98. 

Solution.  Given  : 

Sp.gr.  of  oil,  5o  =  0.8 

Sp.gr.  of  mercury,  Sh=  13.6 

Reading  of  differential  manometer,  x  -  25  cm 


.'.  Difference  of  pressure  head,  h  = 


=  25 


13.6 


Dia.  at  inlet. 


d,  = 


«i  = 


_  0.8 
20  cm 


-I 


cm  of  oil  =  25  [  1 7  -  1 J  =  400  cm  of  oil. 


^ef,2=4x  202  =  3I4.16cnr 

4  4 


d2  =  10  cm 


a2  = 


-  x  102  =  78.54  cm2 
4 


or 


Q  =  0.98 

The  discharge  Q  is  given  by  equation  (6.8) 


=  0.98  x 


314.16x78.54 


V(314.16)2  -(78.54): 


-  x  ^2x981x400 


21421375.68       21421375.68  «, 

—  —  —  =  —  cmJ/c 

V98696-6168  304 

=  70465  cmVs  =  70.465  Htres/s.  Ans. 
Problem  6.12    A  horizontal  venturimeier  with  inlet  diameter  20  cm  and  throat  diameter  10  cm  is 
used  to  measure  the  flow  of oil  of sp.  gr.  0.8.  The  discharge  of  oil  through  venturimeier  is  60  litres/s. 
Find  the  reading  of  the  oil-mercury  differential  manometer.  Take  Cd  =  0.98. 
Solution.  Given  :  d,  -  20  cm 


=  -  202  =  314.16  enr 
4 


d2  =  10  cm 
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C. 


-X  I02  =  78.54  cm2 

4 


Using  the  equation  (6.8),       Q  =  C{ 


0.98 

2  =  60  litres/s  =  60  x  1000  cra3/s 


V«i2  - « 


60  x  1000  =  9.81  x 


314.16x78.54 


or 


4h 
h 


7(31 4.1 6)2  -(7S.54)2 

:  304  X  60000  =  17.029 
1071068.73 

(17.029)2  =  289.98  cm  of  oil 


x^2  x981  xh  = 


1071068.787^ 
304 


But 


h  =  x 


where    Sh  -  Sp.  gr.  of  mercury  =13.6 
SQ  =  Sp.  gr.  of  oil  =  0.8 
x  -  Reading  of  manometer 


289.98  =  x 


13.6 


0.8 

289.98 
16 


-1 


I6x 


=  18.12cm. 


.-.    Reading  of  oil- mercury  differential  manometer  =  18.12  cm.  Ans. 
Problem  6.13    A  horizontal  venturimeter  with  inlet  diameter  20  cm  and  throat  diameter  10  cm  is 
used  to  measure  the  flow  of  water.  The  pressure  at  inlet  is  17.658  N/cm2  and  the  vacuum  pressure  at 
the  throat  is  30  cm  of  mercury.  Find  the  discharge  of  water  through  venturimeter.  Take  Cd  =  0.98, 

Solution.  Given  : 


Dia.  at  inlet. 


Dia,  at  throat, 


rf,  = 20  cm 

n,  =  -x(20)2  =  314.16  cm2 
4 

d2  =  10  cm 

a,  =  -  x  102  =  78.74  cm2 
2  4 

p,  =  17.658  N/cm2  =  17.658  x  104  N/m2 


p  for  water 


kg      ,      Pl     17.658x  10"  .  t 

=  1000  —=r  and  .-.  —  =  =lgmofwater 


m 


98 


pg  9.81x1000 
30  cm  of  mercury 


^  -  0.30  m  of  mercury  *  -  0.30  x  1 3.6  =  -  4.08  m  of  water 
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.-.    Differential  head  =  h  =  —  -  —  =  \  8  -  (-  4.08) 

PS  PS 

=  18  +  4.08  -  22.08  rri  of  water  =  2208  cm  of  water 
The  discharge  Q  is  given  by  equation  (6.8) 

Q  =  Q 


-  0.98  x 


,l2  *W 

afa  -a2 

314.16x78.54 


;314.16)2-(78.74r 


x  ^2x981x2208 


50328837.21 
304 


x  165555  cnrVs  -  165.555  lit/s.  Ans. 


Problem  6.14  The  inlet  and  throat  diameters  of  a  horizontal  venturimeter  are  30  cm  and 
10  cm  respectively.  The  liquid  flowing  through  the  meter  is  water.  The  pressure  intensity  at  inlet  is 
IS.  734  N/tm2  while  the  vacuum  pressure  head  at  the  throat  is  37  cm  of  mercury.  Find  the  rate  of  flow. 
A  ssume  that  49c  of  the  differential  head  is  lost  between  the  inlet  and  throat.  Find  also  the  value  of  Cd 

(A.M.I.E.,  Winter,  1980) 


for  the  venturimeter. 
Solution.  Given 
Dia.  at  inlet. 


Dia.  at  throat, 
Pressure, 

.:    Pressure  head, 


dx  =  30  cm 

a,  =  -  (30)2  =  706.85  cm2 
4 

d2  =  10  cm 

a2  =  -  (10)2  =  78.54  cm2 
4 

Px  =  13.734  N/cm2  =  13.734  x  104  N/m2 
13.734  x  104 


A 
PS 

El 

PS 


1000x9.81 
-  37  cm  of  mercury 
-37  x  13.6 


=  14  m  of  water 


m  of  water  =  -  5.032  m  of  water 


Differential  head, 


Head  lost, 


100 

h  =  p  J 'pg  -  p2t pg 
=  14.0 -(-5.032)=  14.0  +  5.032 
=  19.032  m  of  water  =  1903.2  cm 

hf=4?c  of  h  =  ^  x  19.032  =  0.7613  m 


SI 


19.032-7613 
19.032 


=  0.98 
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Discharge 


«,n2%/2g/i 


_  0.98  x  706.85  x  78.54  X  ^2  x  98 1  x  1 903.2 
J(706.85)2  -(7S.54)2 
105 132247.8 


V499636.9-6168 


=  149692.8  cm3/s  =  0.14969  m3/s.  Ans. 


PROBLEMS  ON  INCLINED  VENTURIMETER 


Problem  6.1 5    A  30  cm  x  75  cm  venturimeter  is  inserted  in  a  vertical  pipe  carrying  water,  flawing 
in  the  upward  direction.  A  differentia!  mercury  manometer  connected  to  the  inlet  and  throat  gives  a 
reading  of  20  cm.  Find  the  discharge.  Take  Q  =  0.98. 
Solution.  Given : 

d}  =  30  cm 
■n 
-4" 
d2  =  1 5  cm 


Dia.  at  inlei, 


Din.  at  throat, 


15  =  -  (30)2  =706.85  cm2 


a2  =  ^  (15)'  =  176.7  cm3 


h  =  x 


=  20 


13.6 
1.0 


-1.0 


=  20  x  1 2.6  =  252.0  cm  of  water 


Cd  =  0.98 


Discharge, 


Q  =  cd 


x  J2gh 


=  0.98  x 


706.85x176.7 


XJ2X981  x252 


^(706.85) 1  -(176.7) 

86067593.36        _  86067593.36 
7499636.3-31222.9  ~  684.4 

=  125756  cm3/s  =  125.756  lit/s.  Ans. 
Problem  6.16    A  20  cm  x  10  cm  venturimeter  is  inserted  in  a  vertical  pipe  carrying  oil  of  sp.  gr. 
0.8,  the  flows  of  oil  is  in  upward  direction.  The  difference  of  levels  between  the  throat  and  inlet  section 
is  50  cm.  The  oil  mercury  differential  manometer  gives  a  reading  of  30  cm  of  mercury.  Find  the 
discharge  of  oil.  Neglect  losses. 


Solution.  Dia.  at  inlet. 


Dia.  at  throat, 


di  =  20  cm 


a.  =  -  (20)-  =  314.16  cm" 


d2  =  10cm 
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tr,  =  -  (1())2  =  7S.54cmJ 
"  4 


Sp.gr.  of  oil.  S„  =  0.8 

Sp.  gr.  of  merair'.  Ss  =  13.6 

Differential  nianometef  reading, jc  =  30  cm 


i-. 


The  d  ischuria'. 


=  30 
0  =  0 


13.6 
0.8 


-1 


=  30  [17  -  1]  =  30  x  16  =  480  cm  of  oil 


-Jaf  -  a] 


1.0x314.16  x  78.54 


=  x  ^2  x981  x480  cm3/s 


^(3I4.16)2  -(78.54) 

=  239326  —  =  78725.75  cm3/s  =  78.725  litres/s.  Ans. 

304 

Problem  6.17  hi  a  vertical  pipe  convey  ing  oil  of  specific  gravity  0.8,  two  pressure  gauges  have 
been  installed  ai  A  ami  B  where  the  diametres  are  16  cm  and  S  cm  respectively.  A  is  2  metres  above 
B.  The  pressure  gauge  readings  have  shown  that  the  pressure  at  B  is  greater  than  at  A  by  0.981  N/ 
cm2.  Neglecting  all  losses,  calculate  the  flow  rate.  If  the  gauges  at  A  and  B  are  replaced  by  tubes 
filled  with  the  same  liquid  and  connected  to  a  U-tube  containing  mercury,  calculate  the  difference  of 


level  of  meraoy  in  the  two  limbs  of  the  U-tube. 
Solution.  Given 


(A.M.I.E.,  Summer  1985) 


Sp.gr.  of  oil.  S„  =  0.8 

.'.  Density, 
Dia.  at  A, 
. Area  at  A, 
Dia.  at  B, 
.-.    Area  at  B. 

(/)  Difference  of  pressures.  ph  -  pA 


p  =  0.8  x  1000  =  800  ^§ 


mJ 

DA  =  1 6  cm  =  0. 1 6  m 
A,  =  ^(.16)2  =  0.0201  nr 
DB  =  8  cm  =  0.08  m 
A 


-  (.08)' =  0.005026  m2 
4 

0.981  NVcnr 


cm 

/ 

2m 


® 


=  0.981  x  104  N/m-  = 


9810N 


m" 


/ „ 

i-rC. 


8  cm 


Difference  of  pressure  head 


"Pa.~  Pa 
P.? 


9810 


800x9.81 


=  1.25 


Fig.  6,'J  (a) 
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get 


Applying  Bernoulli's  theorem  HA  and  B  and  taking  the  reference  line  passing  through  section B.  we 


or 


or 


or 


Pg  2g 

— +  —  +zA-zB 


'pa-Pb> 
k     PS  J 


+  ZA  _-—  +  _-  +  ZB 
PS  2g 

Yl  Vf 
2g  2g 

V2  m 


+  2.0-0.0  =  -2- 


2g  2g 


-1.25  +  2.0  =  -^---^ 
2g  2g 


=_  -  1±. 
2*  2g 


0.75  =  ^=--^L 


Now  applying  continuity  equation  at  A  and  B,  we  get 


VAxA}  =  VBXA2 


^2        ?  (my 


or 


=  4V, 


Substituting  the  value  of  V5in  equation  (;'),  we  get 


0J5  =  ^-Yl  = 


]5V; 


2g       2g  2g 


A  \ 


0.75x2x9.81 
15 


=  0.99  m/s 


Rate  of  flow. 


Q  =  VAxA, 

=  0.99  x  0.0201  =  0.01989  m3/s.  Ans. 
(ii)  Difference  of  level  of  mercury  in  the  Urtube. 
Let  h  -  Difference  of  mercury  level. 


Fig.  6.9  (b) 


Then 


where    h  =  [^  +  ZA)-[^  +  ZB)  =  £^P^  +  7  z 

Kps     )  Ips     ;  ps 


=  -1.25  +  2.0-0 
=  0.75 


0.75 


ri3,6  ,1 

=  x  1 

L  0.8  . 


...<o 


P»-p*  =  1.25 
PS  J 


-xx  16 
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x  = 


075 
16 


=  0.04687  m  =  4.687  cm.  Ans. 


Problem  6.18    find  the  discharge  of  water  flowing  through  a  pipe  30  cm  diameter  placed  in  an 
inclined  position  where  a  ventmtmeier  is  inserted,  having  a  throat  diameter  of  15  cm.  The  differem 
of  pressure  between  tkt  main  and  throat  is  measured  by  a  liquid  ofsp.  gr.  0.6  in  an  inverted  U  tube 
which  givs  a  rsxd'mg  o'  JO  ■;■  :i.  The  loss  of  head  between  the  main  and  throat  is  0.2  times  the  kitten, 
head  of  the  pipe 

Solution.    Eia.  at  ii-iet  =  30  cm 

d)  ~  30  cm 

«,=-  (30)2  =  706.85  cm2 
d2  =  15  cm 

a,  =  -  (15)2  =  176.7  cm2 

"  4 


Dia.  at  throat. 


Reading  of  differential  n.ane  meter,  ,v  =  30  cm 
Difference  of  pressure  head,  h  is  given  by 


'J  U* 


.P« 


~h 


h  =x 


1-— 


Also 

where  5,  =  0.6  and  Sa  =  1.0 
r  nc' 

=  30  x  .4  =  1 2.0  cm  of  water 


.-»[-£ 


Fig.  6.10 


v. 

Loss  of  head,  hL  =  0.2  x  kinetic  head  of  pipe  =  0.2  x 

Now  applying  Bernoulli's  equation  at  sections  (1)  and  (2),  we  get 


0,  { 

But 
and 


PS  28 

{pg 

+  v,2  v,2 
+  2g  2g 

\P8  ') 

PS 
h, 


2g 


=  "L 


■h=\  2.0  cm  of  water 
hL  =  0.2xv]2f2g 


12_0  +  }L.^L  =  0.2x^- 
2g    2g  2g 

2        '  2 

12.0  +  0.8  ZL-lL  =0 
2g  2g 
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Applying  continuity  equation  at  (1)  and  (2),  we  get 


i  i 


v,  = 


_  u2 


—  v2 


4 


Substituting  this  value  of  v,  in  equation  (1),  we  get 

12.o  +  M^Y_^0orl2.0+vi 

2#  U  }      2g  2g 
-M.05-l]  =  -12.0  or 


L 16 


=  4} 


0.95  it,2 


2« 


=  >2.0 


2x981  x  12.0 


0.95 


=  157,4  cm/s 


Discharge 


=  CM 


2*2 


=  176.7  x  157.4  cm3/s  =  27800  cm3/s  =  27.8  litres/s.  Ans. 
Problem  6.19    A  30  cm  x  15  cm  venturimeter  is  provided  in  a  vertical  pipe  line  carrying  oil  of 
specific  gravity  0.9.  the  flow  being  upwards.  The  difference  in  elevu;ion  of  The  throat  section  and 
entrance  section  of  the  venturimeter  is  30  cm.  The  differential  U-tuhi  mercury  manometer  shows  a 
gauge  deflection  of  25  cm.  Calculate  : 

(i)  the  discharge  of  oil,  and 

(ii)  the  pressure  difference  between  the  entrance  section  and  the  throat  section.  Take  the  co-effi- 
cient of  meter  as  0.98  and  specific  gravity  of  mercury  as  13.6.  (A.M.I.E.,  Summer,  1978) 

Solution.  Given  : 

rf,  =30  cm 


Dia.  at  inlet, 


.-.  Area, 
Dia.  at  throat, 
Area, 


a]  =  ~  (30)2  =  706.85  cm2 
d2  a  1 5  cm 

a2  =  -(15)2=  176.7  cm2 
4 


Let  section  (I)  represents  inlet  and  section  (2)  represents  throat.  Then  z2  -  Z\  =  30  cm 
Sp.  gr.  of  oil,  Sa  =  0.9 

Sp.gr.  of  mercury,  Sg=  13.6 

Reading  of  diff.  manometer,    x  =  25  cm 
The  differential  head,  h  is  given  by 


~x 


Sa      \        L  0.9 
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(0  The  discharge,  Q  of  oil 


a,  a 


[i"2 


0.98x  706.85x176.7 


V(706.85)2  - (176.7) 
101832219.9 


=  72x981  x352.77" 


=  148790.5  cm7s 


684.4 

=  148.79  litres/s.  Ans. 

(it)  Pressure  difference  between  entrance  and  throat  section 


or 


[pg  Pg) 


But 


£l_  yVj 

P.?    PS  J 


+  Zl-z2  =  352.77 
%-vZi  ~  30  cm 
30  =  352.77 


or 


But  density  of  oil 


Fig.  6.11 

El  _  El  =  352.77  +  30  =  382,77  cm  of  oil  -  3.8277  m  of  oil.  Ans. 

Pi'  Pg 

(P,  -P2)  ~  3.8277  x  pg 

=  Sp.  gr.  of  oilx  1000  kg/m3 
=  0.9x  1000  =  900  kg/cm1 

(Pl  -  p2)  =  3.8277  X  900  x  9.81  ~ 


33795 
104 


N/cm3  =  3.3795  N/cm2.  Ai 


Problem  6.20  Crude  oil  of  specific  gravity  0.85  flows  upwards  at  a  volume  rate  of  flow  of  60  litre 
per  second  through  a  vertical  venturimeter  with  an  inlet  diameter  of  200  mm  and  a  throat  diameter  of 
100  mm.  The  co-efficient  of  discharge  of  the  venturimeter  is  0.98.  The  vertical  distance  between  the 
pressure  tappings  is  300  mm. 

(0  If  two  pressure  gauges  are  connected  at  the  tappings  such  that  they  are  positioned  at  the  levels 
of  their  corresponding  tapping  points,  determine  the  difference  of  readings  in  N/cm2  of  the  two  pres- 
sure gauges. 

(ii)  If  a  mercury  differential  manometer  is  connected,  in  place  of  pressure  gauges,  to  the  tappings 
such  thai  the  connecting  tube  upto  mercury  are  filled  with  oil,  determine  the  difference  in  the  level  of 
the  mercury  column.  (A.M. I.E.,  Summer  1986) 

Solution.  Given  : 

Specific  gravity  of  oil,  S„  =  0.85 
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.\  Density; 
Discharge, 


Inlet  dia, 
.■.  Area, 
Throat  dia., 
,*.  Area, 
Value  of  Cj 


p  =  0.85x  1000  =  850  kg/m1 
e  =  60Htre/s 

-  —  =0.06  nrVs 
1000 

d,  =  200  mm  =  0.2  m 

ai  =  -  (.2)2  =  0.03 14  m2 
4 

d2  =  100mm  =  0.l  m 

«2  =  -(0.1)2  =  0.00785  m2 
4 

=  0.98 


Let  section  (I)  represents  inlet  and  section  (2) 
represents  throat.  Then 

z2  -  Z|  =  300  mm  =0,3  m 
CO  Difference  of  readings  in  Nlcm2  of  the  r\\  o  pressure  gauges 
The  discharge  Q  is  given  by, 


ala1 


or 


0.06  = 


■Jaf-~a~2 
0.98x0.0314x0.0078:5 


Fig.  6.11  (a) 


^0. 03 14 2  -0.007852 


f- x^]2x  9.81  xh 


0.98  x  0.00024649     ,  r- 

=  ■  —  X  4.429  V/j 

0.0304 


■Jk  = 


0.06  x  0.0304 


0.98  x  0.00024649  x  4.429 
h  =  1 .7052  =  2.908  m 


-  1.705 


But  for  a  vertical  venturi  meter,  A  =  [  —  +  s,  -  —  +  z7  \ 

\pg    )  m  ) 

\P8       J    [Pg       )     {PS     PS  J 


Pl  =  2.908  +  ii  -c,"=  2.908  +  0.3 

P.? 

=  3.208  m  of  oil 
pt-p,=  pg  x  3.208 

=  850x9.81  x  3.208  N/nr  = 

=  2.675  N/cm2.  Ans. 


fv  c2-H=0.3m) 


850  x  9.8 1  x  3.208 
10J 


NVcm2 
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(//)  Difference  in  the  levels  of  mercury  columns  {i.e.,  x) 
The  value  of  h  is  given  by,      h-x  — —  1 


2.908  =  x 


13.6 


L0.85 
2.908 
15 


—  x  [16  —  I]  =  15  a 


=  0.1938  m  =  19.38  cm  of  oil.  Ans. 


Problem  6.21  In  a  100  mm  diameter  horizontal  pipe  a  venturimeter  of  0,5  contraction  ratio  has 
been  fixed.  The  head  of  water  on  the  metre  when  there  is  no  flow  is  3  m  (gauge).  Find  the  rate  of  flow 
for  which  the  throat  pressure  will  be  2  metres  of  water  absolute.  The  co-efficient  of  meter  is  0.97.  Take 
atmospheric  pressure  head  =  10.3-m  of  water.  (A.M  .1.  E. ,  Wint  er  1 976 ) 

Solution.  Given  : 

ett=  100  mm  =  10  cm  i 


Dia.  of  pipe, 
.-.  Area, 
Dia.  at  throat, 
.■.  Area, 

Head  of  water  for  no  flow 
Throat  pressure  head 


flj  fc^  d/  =  ~  (10)2  =  78.54  cm2 
d2  =  0.5  x  dx  -  0.5  x  10  =  5  cm 

2 


a 


-  -  (5)2  =  19.635  cm' 
4 


A 
PS 

PS 


=  3  m  (gauge)  =  3  +  10.3=  13.3  m  (abs.) 


i  2  m  of  water  absolute. 


Difference  of  pressure  head,  A  =  —  -  —  =  13.3  -  2.0  =  1 1.3  m  =  1  ]  30  cm 

PS  PS 


Rate  of  flow,  Q  is  given  by  Q  =  Cd 


«1«2 


=  0.97  x 


78.54  x  19.635 
^/(78.54)2  -(19.635)' 


:xV2x9Slxll30 


2227318.17 
76 


=  29306.8  cm3/s  =  29.306  litres/s.  Ans. 


6.7.2    Orifice  Meter  or  Orifice  Plate.    It  is  a  device  used  for  measuring  the  rate  of  flow  of  a 

fluid  through  a  pipe.  It  is  a  cheaper  device  as  compared  to  venturimeter.  It  also  works  on  the  same 

principle  as  that  of  venturimeter.  It  consists  of  a  flat  circular  plate  which  has  a  circular  sharp  edged  hole 

called  orifice,  which  is  concentric  with  the  pipe.  The  orifice  diameter  is  kept  generally  0,5  times  the 

diameter  of  the  pipe,  though  it  may  vary  from  0.4  to  0.8  times  the  pipe  diameter. 

A  differentia]  manometer  is  connected  at  section  (1),  which  is  at  a  distance  of  about  1.5  to  2.0  times 

the  pipe  diameter  upstream  from  the  orifice  plate,  and  at  section  (2),  which  is  at  ^distance oljabout  half 

the  diameter  of  the  orifice  on  the  down  stream  side  from  the  orifice  plat^""e"  0y j\"    ? .  " 
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Let  P|  =  pressure  at  section  ( 1 ), 
v,  =  velocity  at  section  (1 ), 
a ,  =  area  of  pipe  at  section  ( 3 ),  and 


DIRECTION  OF 


PIPE  ORIFICE  METER 

flow/    I  nf^" 


y  - '  I •■■'p- - s ■  _j  


i  U-*""  DIFFERENTIAL  MANOMETER 
X 

Fig.  6.12.  Orifice  meter. 

p2,  v2,  a2  are  corresponding  values  at  section  (2).  Applying  Bernoulli's  equation  at  sections  (1)  and 
(2),  we  get 

P\     v?  Pi  vl 

PS    28  Pg  2S 


or 


{pg      J  KPS 


V2  Vj 

2*S  "  2g 


But       l-ZL+Zt  \-\  —  +  ^  =  A  =  Differential  head 


2g  2# 


or 


v2^^2gh  +  vf  :j  ...(f) 

Now  section  (2)  is  at  the  vena  contracta  and  a2  represents  the  area  at  the  vena  contracta.  If  a0  is  the 
area  of  orifice  then,  we  have 

C  = 

aD 

where  Cc  -  Co-efficient  of  contraction 

a2 

By  continuity  equation,  we  have 


a2  =  a0x  Cc  -(H) 


a->         ctn  Cr  ... 
fl|V|  =  u2v2    or    v,  =  — -  v2  =  —         v2  ...(in) 


«1 

Substituting  the  value  of  v,  in  equation  (i%  we  get 


28/,  + 
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or 


v-T  = 


v7 


=  2hg 


I- 


(  V 


The  discharge  Q  =  v2  x  az  =  v2  x  aQ  Cc 

a0Ccj2gh 


The  above  expression  is  simplified  by  using 


C,  =  C, 


V  \a\) 

Substituting  this  value  of  Cc  in  equation  (7v),  we  get 


Q~a0xCd 


r„  v 


11- 


{  v  «2  =  auCc  from  (»)} 
...<iv) 


[2gh 


M  flfi 


..{6.13) 


where    Cd  =  Co-efficient  of  discharge  for  orifice  meter 

PrSLw S £ ent.°f  diSCh3rge  f°r  °rifice  meter'is  much  smaI[er  than  that  for  a  venturimeter. 
Krocrem  6.22    An  onfice  meter  with  orifice  diameter  10  cm  is  inserted  in  a  pipe  of  20  cm  diameter. 

mJ«iH?  TaTJH  2  "PSUea"1  m  dom™  °f  'he  orifice  meter  gives  readings  of 
19.62  N/cm  and  9.81  N/cm?  respectively.  Co-efficien,  of  discharge  for  the  meter  is  given  as  0.6  Find 
the  discharge  of  water  through  pipe. 
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Solution.  Given 
Dia,  of  orifice, 

.-.  Area, 

Dia.  of  pipe, 

Area, 


d0  =  10  cm 

a, 


Jo  - 


-  (10)2  =  78.54  cm2 
4 


ti,  =  20  cm 

a,  =  -  (20)2  =  314.16cm2 
4 

Pi  ~  19,62  N/cm2  =  19.62  x  104  N/m2 
Pi  _  19.62  x!0+ 


Similarly 


98 

Pi 
98 


1000x9.81 

9.81  xlO4 
1000x9.81 


=  20  m  of  water 


=  10  m  of  water 


h  = 


—  -  —  =20.0-  10.0=  10  m  Of  water  =  1000  cm  of  water 


98 
0.6 


98 


The  discharge,  Q  is  given  by  equation  (6.13) 

6  =  Q-,T'  , 


=  0.6x 


78.54x314.16 


V(314,16)2  -(78.54)2 
20736838.09 


rx^2x981xl000 


304 


=  68213.28  crnVs  =  68.21  litres/s.  Ans. 


Profa  lem  6 .23    An  orifice  meter  with  orifice  diameter  15  cm  is  inserted  in  a  pipe  of  30  cm  diameter. 
The  pressure  difference  measured  by  a  mercury  oil  differential  manometer  on  the  two  sides  of  the 
orifice  meter  gives  a  reading  of  50  cm  of  mercury.  Find  the  rate  of  flow  of  oil  ofsp.  gr.  0.9  when  the 
co-efficient  of  discharge  of  the  meter  =  0.64. 
Solution.  Given  : 


Dia.  of  orifice, 

<v 

=  15  cm 

.*.  Area, 

a0- 

71 

"  "i 

(I5)2  = 

176.7 

cm2 

Dia.  of  pipe, 

dr- 

=  30  cm 

.".  Area, 

«i  : 

K 

'  4 

(30)2  = 

706.85  cm2 

Sp.  gr.  of  oil, 

S0- 

=  0. 

9 

Reading  of  diff.  manometer, 

X  = 

=  50  cm  of  mercury 

Differential  head, 

h  = 

=  50 

'13.6 

.0.9 
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=  50  x  14.1 1  =  705.5  cm  of  oil 
Cj  =  0.64 

.-.    The  rate  of  the  flow,  Q  is  given  equation  (6. 1 3) 


Q  =  Cd. 


=  0.64  x 


176.7x706.85 


V(706.85)2  -(176.7) 
94046317.78 


:X  72x981  x705.5 


684.4 


=  137414.25  cm3/s  =  137.414  litres/s.  Aris. 


T 

h 

Jl 


H 


6.7.3  Pitot-tube.  It  is  a  device  used  for  measuring  the 
velocity  of  flow  at  any  point  in  a  pipe  or  a  channel.  It  is  based  on 
the  principle  that  if  the  velocity  of  flow  at  a  point  becomes  zero,  the 
pressure  there  is  increased  due  to  the  conversion  of  the  kinetic 
energy  into  pressure  energy.  In  its  simplest  form,  the  pitot-tube 
consists  of  a  glass  tube,  bent  at  right  angles  as  shown  in  Fig.  6.13. 

The  lower  end,  which  is  bent  through  90°  is  directed  in  the. up-..  .  .  --vy-VjV/yfr"-V-"-".- 
stream  direction  as  shown  in  Fig.  6.13.  The  liquid  rises  up  in  the  :r::;r:::::::::. 

tube  due  to  the  conversion  of  kinetic  energy  into  pressure  energy.    "  "~ 

The  velocity  is  determined  by  measuring  the  rise  of  liquid  in  the  tube.  6'1:5  Pitot-tube. 

Consider  two  points  (1)  and  (2)  at  the  same  level  in  such  a  way  that  point  (2)  is  just  as  the  inlet  of  the 
pitot-tube  and  point  (1 )  is  far  away  from  the  tube. 

Let  Pi  =  intensity  of  pressure  at  point  fl) 

v,  =  velocity  of  flow  at  (1) 
p2  =  pressure  at  point  (2) 
v2  =  velocity  at  point  (2),  which  is  zero 
H  =  depth  of  tube  in  the  liquid 
h  =  rise  of  liquid  in  the  tube  above  the  free  surface. 
Applying  Bernoulli's  equations  at  points  (1)  and  (2).  we  get 


Pi  v? 

—  +  +  Zi  = 
pg  -2g 


v22 
2g 


But  i]  =  Z2  as  points  (1)  and  (2)  are  on  the  same  line  and  v2  =  0. 


li- 
PS 


-  pressure  head  at  (1)  =  H 


—  = 'pressure  head  at  (2)  ~  (h  +  H) 

PS  . 


Substituting  these  values,  we  get 


H  +  -4-  =  {h  +  If) 

2g 


2s 


This  is  theoretical  velocity.  Actual  velocity  is  given  by 
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where  Cv  =  Co-efficient  of  pilot-tube 

.-.  Velocity  at  any  point  v  =  Cv  ^l2gh  ...(6.14) 
Velocity  of  flow  in  a  pipe  by  pitot-tube.  For  finding  the  velocity  at  any  point  in  a  pipe  by  pitot- 

tube,  the  following  arrangements  are  adopted : 

1 .  Pitot-tube  along  with  a  vertical  piezometer  tube  as  shown  in  Fig.  6,14. 

2.  Pitot-tube  connected  with  piezometer  tube  as  shown  in  Fig.  6. 1 5. 

3.  Pitot-tube  and  vertical  piezometer  tube  connected  with  a  differential  [/-tube  manometer  as  shown 
in  Fig.  6.16. 

1 


PIEZO  METER- 
TUBE 


,PITOT-TUBE 


Fig.  6.14 


Fig.  6.15 


ran 


Fig.  6.16 


Fig.  G.17 


4.  Pitot-static  lube,  which  consists  of  two  circular  concentric  tubes  one  inside  the  other  with  some 
annular  space  in  between  as  shown  in  Fig.  6.17.  The  outlet  of  these  two  tubes  are  connected  to  the 
differential  manometer  where  the  difference  of  pressure  head  'h'  is  measured  by  knowing  the  difference 


of  the  levels  of  the  manometer  liquid  say  x.  Then  h  =  x 


Problem  6.24    A  pitot-static  tube  placed  in  the  centre  of  a  300  mm  pipe  line  has  one  orifice  point- 
ing upstream  and  other  perpendicular  to  it.  The  mean  velocity  in  the  pipe  is  0.80  of  the  central 
velocity.  Find  the  discharge  through  the  pipe  if  the  pressure  difference  between  the  two  orifices  is 
60  mm  of  water.  Take  the  coefficient  of  pilot  tube  as  C„  =  0.98. 
Solution.  Given  : 

d  =  300  mm  =  0.30  m 
h  =  60  mm  of  water  -  .06  m  of  water 
C„  =  0.98 


Dia.  of  pipe, 

Diff.  of  pressure  head. 


Mean  velocity. 


V  =  0.80  x  Central  velocity 


Central  velocity  is  given  by  equation  (6.14) 


=  Cv  j2gT'  = 0.98 x  ,/2x9.81x.06-  =  J .063  m/s 
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-  •  V  =0,80  x  1.063  =  0.8504  m/s 

Discharge,  Q  =  Area  of  pipe  x  V 

=  ^d2  x  V  =  £  (.30)=  x  0.8504  =  0.06  m3/s.  Ans. 
4  4 

Problem  6.25    Find  the  velocity  of  the  flow  of  an  oil  through  a  pipe,  when  the  difference  of  mercury 
level  in  a  differential  U-tube  manometer  connected  to  the  two  tappings  of  the  pitot-tube  is  100  mm. 
Take  co-efficient  of  pilot-tube  0.98  and  sp.  gr.  of  oil  =  0.8. 
Solution.  Given  : 

Diff .  of  mercury  level,  x  =  1 00  mm  =  0. 1  m 

Sp.gr.  of  oil,  So  =  0.8 

Sp.  gr.  of  mercury,  Sg=13.6 

Cv  =  0.98 


Diff.  of  pressure-  head,  h=x 


5 


=  .1 


.0.8  J 


1.6  m  of  oil 


.-.    Velocity  of  flow  =  C,  ^2g~h  =  0.98        9.81x1.6  =  5.49  m/s.  Ans. 

Problem  6.26   A  pitot-static  tube  is  used  to  measure  the  velocity  of  water  in  a  pipe.  The  stagnation 
pressure  head  is  6  m  and  static  pressure  head  is  5  m.  Calculate  the  velocity  of  flow  assuming  the  co- 
efficient of  tube  equal  to  0.98.  (A.M. I.E.,  Winter,  1979) 
Solution.  Given  : 
Stagnation  pressure  head, 
Static  pressure  head, 

Velocity  of  flow,  V  =  Cv  ^2^  =  0.98  ^2  x  981  x  1  =  4.34  m/s,  Ans. 

Problem  6.27  A  sub-marine  moves  horizontally  in  sea  and  has  its  axis  15  m  below  the  surface  of 
water.  A  pitot-tube  properly  placed  just  in  front  of  the  sub-marine  and  along  its  axis  is  connected  to 
the  two  limbs  of  a  V-tube  containing  mercury.  The  difference  of  mercury  level  is  found  to  be  170  mm. 
Find  the  speed  of  the  sub-marine  knowing  that  the  sp.  gr.  of  mercury  is  13.6  and  that  of  sea-water  is 
1.026  with  respect  of  fresh  water.  , .  (A.M.I.E.,  Winter,  1975) 

Solution.  Given  : 

Diff.  of  mercury  level,  x  =  170  mm  =  0.17  m 

Sp.  gr.  of  mercury,  S^-13.6 
Sp.  gr.  of  sea-weter,  5  =  1 ,026 


m 


V=j2g~h  =  ^2  x  9.81  x  2.0834  =  6.393  m/s 

6.393  x  60  x  60  , 
=  — ~  km/hr  =  23.01  km/hr.  Ans. 

Problem  6.28  A  pitot-tube  is  inserted  in  a  pipe  of  300  mm  diameter.  The  static  pressure  in  pipe  is 
100  mm  of  mercury  (vacuum).  The  stagnation  pressure  a!  the  centre  of  the  pipe,  recorded  by  the  pitot- 
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tube  is  0, 981  N/cm  .  Calculate  the  rate  of flow  of  water  through  pipe,  if  the  mean  velocity  of  flow  is 
0.85  times  the  central  velocity.  Take  Cv  =  0.98.     (Converted  to  S.I.  Units,  A.M. I.E.,  Summer,  1987) 
Solution.  Given  : 

d  =  300  mm  =  0.30  m 


Dia.  of  pipe, 
.-.  Area, 

Static  pressure  head 

Stagnation  pressure 

.\    Stagnation  pressure  head 

,■.    Velocity  at  centre 

Mean  velocity, 
.-.    Rate  of  flow  of  water 


4 


-  (,3)2  =  0.07068  m2 
4 


100  mm  of  mercury  (vacuum) 

x  13.6  =  -  1.36mof  water 

1000 

.981  N/cm2  =  .9  81  x  104  N/m2 


.981x10" 


.981  X10* 


=  1  m 


h  = 


V  = 


pg  1000x9.81 
Stagnation  pressure  head  -  Static  pressure  head 
1.0 -(-  1.36)=  1.0  +  1.36  =  2. 36  m  of  water 

Cv4Tgh 

0.98  x  ,j2  x  9.81  x  2.36  =  6.668  m/s 

0.85  x  6.668  =  5.6678  m/s 
■■  V  x  area  of  pipe 

:  5.6678  X  0.07068  m3/s  =  0.4006  m3/s.  Ans. 


►  6.8    THE  MOMENTUM  EQUATION 

It  is  based  on  the  law  of  conservation  of  momentum  or  on  the  momentum  principle,  which  states  that 
the  net  force  acting  on  a  fluid  mass  is  equal  to  the  change  in  momentum  of  flow  per  unit  time  in  that 
direction.  The  force  acting  on  a  fluid  mass  'm'  is  given  by  the  Newton's  second  law  of  motion, 

F-mXa 

where  a  is  the  acceleration  acting  in  the  same  direction  as  force  F. 

dv 


But 


a=  dt 

F  =  m^ 

dt 

d{mv) 
~  dt 

d(mv) 
dt 


F  = 


\m  is  constant  andean  be  taken  inside  the  differential} 


.(6.J5) 


Equation  (6.15)  is  known  as  the  momentum  principle. 

Equation  (6.15)  can  be  written  as  F  At  =  d(mv)  ...(6.16)  ; 

which  is  known  as  the  impulse-momentum  equation  and  states  that  the  impulse  of  a  force  F  acting  on  a 
fluid  of  mass  m  in  a  short  interval  of  time  dt  is  equal  to  the  change  of  momentum  d(mv)  in  the  direction 
of  force. 
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Force  exerted  by  a  flowing  fluid  on  a  Pipe-Bend 

The  impulse-momentum  equation  (6. 1 6)  is  used  to  determine  the  resultant  force  exerted  by  a  flowing 
fluid  on  a  pipe  bend. 

Consider  two  sections  (1)  and  (2),  as  shown  in  Fig.  6.18. 


Let 


v,  =  velocity  of  flow  at  section  (I), 


Pi  =  pressure  intensity  at  section  (1), 
A[  =  area  of  cross-section  of  pipe  at  section  (1)  and 
v2,  p2,  A2  =  corresponding  values  of  velocity,  pressure  and  area  at  section  (2). 
Let  Fx  and  Fy  be  the  components  of  the  forces  exerted  by  the  flowing  fluid  on  the  bend  in  jr-and  y- 
directions  respectively.  Then  the  force  exerted  by  the  bend  on  the  fluid  in  the  directions  of X  andy  will  be 
equal  to  Fx  and  Fy  but  in  the  opposite  directions.  Hence  component  of  the  force  exerted  by  bend  on  the 
fluid  in  the  ^-direction  =  ~FX  and  in  the  direction  ofy  =  -Fy.  The  other  external  forces  acting  on  the  fluid 
"are p^Ax  and  py42  on  the  sections  (1)  and  (2)  respectively.  Then  momentum  equation  in  Jt-direction  is 
given  by 


V2sin  e 


f 


Fig.  6.18    Forces  on  bend. 
Net  force  acting  on  fluid  in  the  direction  of  x  =  Rate  of  change  of  momentum  in  jc-di  recti 


[ion 


plAi  -  pjA-,  cos  6  -  F,  =  (Mass  per  sec)  (change  of  velocity) 

=  pQ  (Final  velocity  in  the  direction  of  x 

-Imlial  velocity  in  the, direction  of  x) 


=  PS2  CV3  cos  9  - 
Fx  =  pQ  (V[  -  V2  cos  6)  +  p,4j -p^A2  cos  6 
Similarly  the  momentum  equation  in  y-direction  gives 
0  ~pjA2  sin  9  -  Fy  =  pQ  (V2  sin  6  -  0) 

Fy  =  pQ  (-  V2  sin  6)  -  P2A2  Slfl  6 
Now  the  resultant  force  (FR)  acting  on  the  bend 


And  the  angle  made  by  the  resultant  force  with  horizontal  direction  is  given  by 

F. 

tan  6  =  — 


..(6.17) 
..(6.18) 

..(6.19) 
..(6.20) 

..(6.21) 


.(6.22) 


Problem  6.29  A  45°  reducing  bend  is  connected  in  a  pipe  line,  the  diameters  at  the  inlet  and  outlet 
of  the  bend  being  600  mm  and  300  mm  respectively.  Find  the  force  exerted  by  water  on  the  bend  if  the 
intensity  of  pressure  at  inlet  to  bend  is  8.829  N/cm2  and  rale  ''f^'^^^'f^^Jfff^ 
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Solution.  Given 
Angle  of  bend, 
Dia.  at  inlet, 

,\  Area, 

Dia.  at  outlet, 
.'.  Area, 

Pressure  at  inlet, 


9  =  45° 
D,  =  600  mm  =  0.6  m 


©I 


p,A 


=  0.2827  m2 
D2  =  300  mm  =  0.30  m 


A2  =  -  (3)2  -  0.07068  m2 
4 


Fig.  6.19 


px  =  8.829  N/cm^  =  8.829  X  104  N/nr 
Q  =  600  lit/s  =  0.6  m3/s 


V,  =  = 


V2  = 


G 


0.6 
.2827 

0.6 
.07068 


=  2.122  m/s 


=  8.488  m/s. 


Applying  Bernoulli's  equation  at  section  (1)  and  (2),  we  get 


pg  2g 


But 


m 


2g 


+  z2 


pg  +  ?g 


or 


8.829  x  104     2.1 222 
■  +  ■ 


p2   {  S.4S82 


1000  x  9.81     2  x  9.81     pg  2x9.81 


I 


Pg  2g 

9  +  .2295  =  p2lpg  +  3.672 

&  =  9.2295  -  3.672  =  5.5575  m  of  water 

m 

p2  =  5 .5575  x  1 000  x  9.8 1  N/m2  -  5 .45  x  1 04  N/m2 
Forces  on  the  bend  in.v-  and  y-directions  are  given  by  equations  (6. 18)  and  (6.20)  as 

Fx  =  pQ  [v,  -  v2cos  9]  +  P\AX  -  /?2^2 cos  6 
=  1000  x  0.6  [2.122-8.488  cos  45°] 

+  8.829  x  \(f  x  .2827  -  5.45  x  104  x  .07068  x  cos  45° 
=  -  2327.9  +  24959.6  -  2720.3  =  24959.6  -  5048.2 
=  1991 1.4  N 

and  43=  P2  (-  V2  sin  9]  ~  PzAi  sin  6 

=  1000  x  0.6  L-  8.488  sin  45° [  -  5.45  x  104  X  .07068  x  sin  45° 

=  -  3601.1  -  2721.1  =-6322.2  N 
-ve  sign  means  Fy  is  acting  in  the  downward  direction 

.-.    Resultant  force,  FR  =  ^F;  +  F,2 
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A-  -.4-  -- 


-^(1991 1.4}  '+(-6322.2)" 

=  20890.9  N.Ans. 

The  angle  made  by  resultant  force  with  x-axis  is  given  by 
equation  (6.22)  or 

£  6322.2 


19911.4  N 


tan  e  =  -L 


=  0.3175 


Fig.  6.20 


19911.4 

8  =  tan"1 .3 1 75  =  17°  36'.  Ans. 
Prob  I  e  m  6.30    250  litres/s  of  water  is  flowing  in  a  pipe  having  a  diameter  of 300  mm.  If  the  pipe  is 
bent  by  135°  (that  is  change  from  initial  to  final  direction  is  135°)t  find  the  magnitude  and  direction 
of  the  resultant  force  on  the  bend.  The  pressure  of  water  flowing  is  39.24  N/cm2. 

(A.M.I.E.,  Winter,  1974) 
Solution.  Given  :  ( 
Pressure,  Pi  =p2  =  39.24  N/cm2  =  39.24  x  104  N/m2 

Discharge,  Q  =  250  litres/s  =  0.25  m3/s 

Dia.  of  bend  at  inlet  and  outlet,  Z)(  =  Z>2  =  300  mm  =  0.3  m 


Area, 


A,=A2=-  D?=-x. 32  =  0.07068  m2 
4     1  4 


Velocity  of  water  at  (1)  and  (2),  V=  V,  =  V2  = 


0.25 


Area  .07068 


=  3.537  m/s. 


V2  sin  45° 


where  V 


1j 


Fig.  6.21 


Force  along  x-  axis 

=  FX=  pQ[V\x  -  l^j  +  P]rA ,  +  PzxA2 
=  initial  velocity  in  the  direction  of  j:  =  3.537  m/s 
=  final  velocity  an  the  direction  of  x  -  -  V2  cos  45°  =  -  3.537  x  .7071 
=  pressure  at  (1)  in  ^-direction 
=  39.24  N/cm2  =  39.24  x  104  N/m2 
=  pressure  at  (2)  in  ^direction 
-  p2  cos  45°  =  39.24  x  JO4  x  .7071 

Fx=  1000  X  .25(3.537  -  (-  3.537  x  .7071)]  +  39.24  x  104  x  .07068  +  39.24 
x  104x. 07068  x  .7071 
=  1000  x  .25(3.537  +  3.537  x  .7071]  +  39.24^X^^0^6^^,^.7071] 
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=  ! 509.4  +  47346  =  48855.4  N 

Force  along  y-axis 

=  Fy  =  pQlVly  -  V2y]  +  ip^A ,},.  +  (PlA2), 
where        V,  =  initial  velocity  in  y- direction  =  0 

V2y  =  final  velocity  in  y-direction  =  -  V2  sin  45°  =  3.537  x  .7071 
(PjA^y  =  pressure  force  in  y-direction  =  0 
ipjA^y  -  pressure  force  at  (2)  in  y-direction 

=  -  p2A2  sin  45°  =  -  39.24  x  1 04  x  .07068  x  .707 1 

Fy  =  1000  x  .25 [0  -  3.537  X  .7071]  +  0  +  (-  39.24  X  104  x  .07068  X  .7071) 
"  =-625.2  -  1961 1.1  =  -  20236.3  N 
-  ve  sign  means  Fv  is  acting  in  the  downward  direction 

.-.    Resultant  force,  FR  =  JF*  +  Fv2 


=  748855.4 2  +  20236.3" 
=  52880.6  N 

The  direction  of  the  resultant  force  FR,  with  the  A-axis  is  given  as  n 

ii 


4980.1 


tan  9  =  -JL 


20236.3- 


=  0.4142 


Fig.  6.22 


48855.4 
9  =  22°  30'.  Ans. 

P  roblem  6.31  A  300  mm  diameter  pipe  carries  water  under  a  head  of 20  metres  with  a  velocity  of 
3.5  m/s.  If  the  axis  of  the  pipe  turns  through  45°,  find  the  magnitude  and  direction  of  the  resultant 


force  at  the  bend. 
Solution.  Given 
Dia.  of  bend, 


(A.M.I. E.,  Summer,  1978) 


D  =  D,  =  £>,  =  300  mm  =  0.30  m 


Velocity, 

Discharge, 
Pressure  head 


A  =  A,  =  A,  =  -  D2  =  -  X  32  =  0.07068  ml 


Pressure  intensity, 


Now 


Force  along  x-axis, 


V,  =  V2  =  3.5  m/s 


V 

9  =  45° 

Q  =  AxV=  0.07068  x  3.5  =  0.2475  m3/s 

■  =  20  m  of  water    or    —  =  20  m  of  water 
Pi 

p  =  20xpg  =  20x  1000x9.81  N/m2  =  196200  N/m2 
p*p,=p2=  196200  N/m2 
Vu  =  3.5  m/s.  V2l  =  V:cos  45°  =  3.5  x  .707  I 
Vu  =  0,  V2x  =  V2  sin  45°  =  3.5  x  .7071 
ip,A,j,  =  p]A\  =  196200  x  .07068,  (p,/4,\  =0 
(p2A2)s  =  -  p2A2  cos  45°,  f/Jyli),.  =  -  P2A2  sin  45° 
Ft  =  PQ[VL<~  Vlx]  +  (p^)^  (p2A2\x 

=  lOOOx. 2475(3.5-  3.5  x. 707 1]  +  1 96200  x. 07068 -p-^x  cos  45°  , 
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Force  along  y-axis. 


253.68  +  196200  x  .07068  -  196200  x  .07068  X  0.7071 

253.68  +  13871.34  -  9808.04  =  4316.98  N 

pQ  £v  -  vy]  .+.{piA,)v  +  (pyA2)y 

1000  x  .2475 [0  -  3.5  X.7071  ]  +  6  +  [-  P2A2  sin  45°] 

-  612.44  -  196200  x  .07068  x  .7071 

-  612.44  -  9808  =  -  10420.44  N 


Resultant  force 


^F;  +  F;  =  1/(4316.98)1  +(10420.44)2  =  11279  N.  Ans. 
p2  ^sin  45° 

V2  sin  45° 


0 


-  -- ■£ 

-J, 

(T  =* 

® 


Fig.  6.23 


The  angle  made  by  FR  with  jr-axis 


tan  9  = 


F,  10420.44 


=  2.411 


Fx  4316.98 

6  =  tan"1  2.411  =67°  28'.  Ans. 
Problem  6.32    Jn  a  45°  bend  a  rectangular  air  duct  of  I  m2  cross-sectional  area  is  gradually 
reduced  to  0,5  in2  area.  Find  the  magnitude  and  direction  of  the  force  required  to  hold  the  duct  in 
position  if  the  velocity  of  flow  at  the  1  m2  section  is  10  m/s,  and  pressure  is  2.943  N/cm2.  Take  density 


of  air  as  1.16  kg/m}. 
Solution.  Given  : 

Area  at  section  (1), 
Area  at  section  (2), 
Velocity  at  section  (1), 
Pressure  at  section  (1), 
Density  of  air, 


(A.M.I.E.,  Winter,  1980) 


/I,  =  1  m 
A2  =  0.5  m2 
F,  =  10  m/s 


Pi  =  2.943  N/cm2  =  2.943  x  104  N/m2  =  29430  N/m2 
p  =.1.16  kg/m3 


Applying  continuity  equation  at  sections  (1)  and  (2) 
AlV]  =  A2V2 


A, 


=  — -  x  10  =  20  m/s 
0.5 
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Discharge 


Q=A,V]  =  1x30=10  nr/s 


V,  sin  45° 


2  cos  45° 


Fig.  6.24 


Applying  Bernoulli's  equation  at  (1)  and  (2) 


.pl  +  Yl  =  el+YL 

pg     2g     PS  2g 


{v  Z^Z.) 


or 


2.943  x  10"  10 


20" 


1.16x9.81 


=  El  + 
2x9.81     pg  2x9.81 


El  - 


2.943  xlO4 


2Q1 


pg      1.16x9.81     2x9.81  2x9.81 

=  2586.2  +  5.0968  -  20.387  =  2570.90  m 
p2  =  2570.90  x  1.16  x  9.81  =29255.8  N 
Force  along  x-axis,  Fx  =  pQ  [Vu  -  V2x]  +  (plA])x  +  fj^j)* 

where      A  \  t  =  1 0  m/s,      =  V2  cos  45 6  =  20  x  ;707 1 , 

feAlV^jA,  -  29430  x  1  =  29430  N 
and     (p2A2)x  f  -P2A2  cos  45°  =  -  p2A2  cos  45°  =  -  29255.8  x  0.5  x  .7071 

Fx=  1.16  x  10[10  -  20  x  .7071]  +  29430  x  1  -  29255.8  X  .5  X  .7071 
=  _  48.04  +  29430  -  10343.37  =  0  -  19038.59  N 
Similarly  force  along  y-axis,  Fy  =  pQ[V]y-  V2>]  +  (^|A,)y  +  {p2A2)y 
where  Vly  =  0,  V2y  m  V2  sin  45°  =  20  x  .7071  =  14.142 

=  0,  f>y42)v  =  ~P2Ai  sin  45°  =  -  29255.8  x  .5  x  .7071  =  -  10343.37 
Fv=  1.16  x  10  fO-  14.142]  +  0  -  10343.37 
=  _  ]64,05  -  10343.37  =-  10507,42  N 


.-.    Resultant  force.  FR  =  JfJVf;  =  v'(19038.6)-  +  (10507.42)"  =  21746.6  N.  Ans. 

The  direction  of  FR  with  .(-axis  is  given  as 


.     F,      10507.42  ' 

tan  0  =  —  =  0.5519 

F,  19038.6 

B  =  tan"'  .5519  =  28°  53'.  Ans. 
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FR  is  the  force  exerted  on  bend.  Hence  the  force  required  to  hold  the  duct  in  position  is  equal  to 
21746,6  N  but  it  is  acting  in  the  opposite  direction  of  FR.  Ans. 

Problem  6.33    A  pipe  of 300  mm  diameter  conveying  0.30  n^/s  of  water  has  a  right  angled  bend  in 
a  horizontal  plane.  Find  the  resultant  force  exerted  on  the  bend  if  the  pressure  at  inlet  and  outlet  of 
the  bend  are  24.525  N/cm2  and  23.544  N/cm2. 
Solution.  Given  : 

D  =  300  mm  =  0.3  in 


Dia.  of  bend, 

.-.  Area, 
Discharge, 
Velocity, 


A  =  A,  =  A2  =  |  (.3)2  =  0.07068  m2 


Q  =  0.30  m7s 

v  =  v,  =  v,  =  4  = 


030 
.07068 


=  4.244  m/s 


Angle  of  bend, 


Fig.  6.25 


e  =  90° 

Pi  =  24.525  N/cm2  =  24.525  x  104  N/m2  =  245250  N/m2 
p2  =  23.544  N/cm2  =  23.544  x  104  N/mz  =  235440  N/m2 


Force  of  bend  along  x>axis    Fs  =  pQ  [Vu  -  V-J  +  (ptA  ,)A  +  (p2Aj)x 
where  p  =  1000,  Vu  =Vl  =  4.244  m/s,  V2t  =  0 

0,A,)^  =  PA:  =  245250  X  .07068 

Fx  =  1000  x  0.30  [4.244  -  0]  +  245250  X  .07068  +  0 
£  1273.2  +  17334.3  =  18607.5  N 
Force  on  bend  along  y-axis,  Fy  =  pQ  [Vly-  V2v]  +  (pi^^,  +  (PjA2)y 
where  Vly  =  0,  V2>.  =  V2  =  4.244  m/s 

(p^A{)y  =  0,  (P2A2\=-P2A2  =  -  235440  X  .07068  =  -  16640.9 
Fy  =  1000  x  0.30[0  -  4.244]  +  0  -  16640.9 
=    1273.2-  16640.9  =  -  17914.1  N 


Resultant  force, 


and 


F*  =  ft?  +  F;  =  V(18607.5)2  +(17914.1)3  =  -  25829.3  N 
F<  17914.: 


tan  0  = 

e  = 


Fx  1 8607.5 
43°  54'.  Ans. 


=  0.9627 
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Problem  6.34    A  nozzle  of  diameter  20  mm  is  fitted  to  a  pipe  of  diameter  40  mm.  Find  the  force 
exerted  by  the  nozzle  on  the  water  which  is  flowing  through  the  pipe  at  the  rate  of  1.2  m1 /minute. 
Solution.  Given  : 


Dia,  of  pipe, 
.*.  Area, 
Dia.  of  nozzle, 
.'.  Area, 


Z>,  =  40  mm  =  40  x  10~3  m  =  .04  m 
^,  =  7^=7  (.04)2  =  0.001 256  m2 


Dz  =  20  mm  =  0.02  m 


A2  =  ^(.02f. 


.000314  m2 


Discharge, 


1  0 

Q  =  1-2  m3/minute  =  —  m3/s  =  0.02  m3/s 


V,    40  mm 


and 


Applying  continuity  equation  at  (1)  and  (2), 


V  -  Q  -  °-2 

1  A  .001256 

V  -  Q  -  02 

2  A2  .000314 


=  15.92  m/s 


=  63.69  m/s 


Applying  Bernoulli's  equation  at  sections  (1)  and  (2),  we  get 


Pi 


Now 


4 

+  z,= 

Pg  2g 

?i  = 

Pi 

z2,  —  =i 
Pg 

Pl  + 

v| 

PS 

Py_  = 

PS  ' 

2g  2g 

2x9.81  2x9.81 
193.83  m  of  water 


206.749-  12.917 


Pi  =  193.83  x  1000  x  9.81  A  L  1901472^"^  by  Fahid 
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Let  the  force  exerted  by  the  nozzle  on  water  =  Fs 

Net  force  in  the  direction  of    x  =  rate  of  change  of  momentum  in  the  direction  of.r 
PlA]-p2A2  +  FJ<=pQ(V2-Vl) 
where  p2  =  atmospheric  pressure  =  0  and  p  =  1000 

,-.  1901472  x  .001256  -  0  +  Fx=  1000  x  0.02(63.69  -  15.92)  or  2388.24  +  Fx  =  916.15 
.     Fx  =  -  2388.24  +  916.15  =-  1472.09.  Ans. 

-  ve  sign  indicates  that  the  force  exerted  by  the  nozzle  on  water  is  acting  from  right  to  left. 
Problem  6.35    The  diameter  of  a  pipe  gradually  reduces  from  1  m  to  0.7  m  as  shown  in  Fig.  6.27. 
The  pressure  intensity  at  the  centre-line  of I  m  section  7.848  kN/m2  and  rate  of  flow  of  water  through 
the  pipe  is  600  litres/s.  Find  the  intensity  of  pressure  at  the  centre-line  of  0.7  m  section.  Also  deter- 
mine the  force  exerted  by  flowing  water  on  transition  of  the  pipe. 

Solution.  Given  : 


Dia.  of  pipe  at  section  1, 
.*.  Area, 


-D]  =  1  m 


=  0.7854.m2 


r 


1  m  — 


1 


CD 


!'p2a2  ~)v2  T 

— zCt°-y 


Dia.  of  pipe  at  section  2, 
.■.  Area, 

Pressure  at  section  1 , 
Discharge, 


D2  =  0.7  m 
Jt 


A2  =  j  (0,7)'  =  0.3848  ml 

Pl  =  7.848  kN/m2  =  7848  N/m2 

Q  =  600  litres/s  =  =0.6  m3/s 

1000 


Applying  continuity  equation, 
A,\ 


V2  = 


a2v2 

=  Q 

Q  _ 

0.6 

0,7854 

Q  _ 

0.6 

A2 

.3854 

=  0.764  m/s 


=  1.55  m/s 


Applying  Bernoulli's  equation  at  sections  (1)  and  (2), 


Pi 


or 


PS     2g  ■ 

{.764); 
1000x9.81  +  2x9.81 


P2_  +  }_2_ 

PJ?  2S 


[  v    pipe  is  horizontal. 


Z,  =  Z2] 


7848 


Pi 
PS 


Cl-55)2 
2x9.81 
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Pi  ^Oo,  i-m2  (1-55)Z 
pg  2x9.81  2x9.81 

=  0.8  +  0.0297  -0.122  =  0.7077  m  of  water 
p2  =  0.7077  X  9.81  x  1000 

=  6942.54  N/m2  or  6.942  kN/m2.  Ans. 
Let  Fz  =  the  force  exerted  by  pipe  transition  on  the  flowing  water  in  the  direction  of  flow 
Then  net  force  in  the  direction  of  flow  =  rate  of  change  of  momentum  in  the  direction  of  flow 

or  P^i-p2A2  +  Fx  =  9iV2-y\) 

.-.    7848  x  .7854  -  6942.54  x  .3848  +  Fx  =  1000  x  0.6[f.55  -  .7641 
or  6163.8 -2671.5 +  ^=471.56 

Fx  =  471 .56  -  6163.8  +  2671.5  =  -  3020.74  N 
.-.    The  fore  e  ex  erted  b  y  wate  r  on  pi  pe  iran  si  ti  on 

=  -/<•,  =  -(-  3020.74)  =  3020.74  N.  Ans. 

►  6.9    MOMENT  OF  MOMENTUM  EQUATION 

Moment  of  momentum  equation  is  derived  from  moment  of  momentum  principle  which  states  that  the 
resulting  torque  acting  on  a  rotating  fluid  is  equal  to  the  rate  of  change  of  moment  of  momentum. 
Let  V,  =  velocity  of  fluid  at  section  1 

r,  =  radius  of  curvature  at  section  1 , 
Q  =  rate  of  flow  of  fluid, 
p  =  density  of  fluid, 

and  V2  and  r2  =  velocity  and  radius  of  curv  ature  at  section  2 

Momentum  of  fluid  at  section  1  =  mass  x  velocity  =  pQ  x  VJs 
Moment  of  momentum  per  second  at  section  1 , 

=  pQ  x  V,  x  rj 

Similarly  moment  of  momentum  per  second  of  fluid  at  section  2 

=  pQ  x  V2  x  r2 
Rateofchangeofmomentofmomentum 

=  P2V2r2  -  pQVi  =  pGIVz  -  V,rjj 
According  to  moment  of  momentum  principle 
-   Resultant  torque  =  rate  of  change  of  moment  of  momentum  , 

or  f=  pi2fV^,  -  V,r,]  ...(6.23) 

Equation  (6.23)  is  known  as  moment  of  momentum  equation.  This  equation  is  applied  : 

1.  For  analysis  flow  problems  in  turbines  and  centrifugal  pumps. 

2.  For  finding  torque  exerted  by  water  on  sprinkler. 
Problem  6.36    A  lawn  sprinkler  with  two  hozzles  of  diameter  4  mm  each  is  connected  across  a  top 
of  water  as  shown  in  Fig.  6.2 8.  The  nozzles  are  at  a  distance  of  30  cm  and  20  cm  from  the  centre  of  the 
tap.  The  rate  of  flow  of  water  through  tup  is  120  cm3/s.  The  nozzles  discharge  water  in  the  downward 
direction.  Determine  the  angular  speed  at  which  the  sprinkler  will  rotate  free. 
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Solution.  Given  :.  [— 20  cm-»-[-"—  30  cm — -j 

Dia.  of  no*zles  A  and  /?, 


D  =  DA  =  DB  =  4  mm  =  .004  m 

.-.    Area.  A  =  -  (.004)2  I  .0000 1  i56  m2 

4  Fig.  6.28 

Discharge  Q  =■  120  em3/* 

Assuming  ihe  discharge  to  be  equally  divided  ix.Lwcei-  the  two  nozzles,  we  have 


2  2 

Velocity  of  water  at  the  outlet  of  each  nozzle. 


Qa  =  Qb  =  }J-  "~  «  W  cjji?/s  =--  60  x  10-*  m3/s 


,      *      B     A  .00001256 
The  jet  of  water  coming  out  from  nozzles  A  and  S  is  having  velocity  4.777  m/s.  These  jets  of  water 
will  exert  force  in  the  opposite  direction,  i.e.,  force  exerted  by  the  jets  will  be  in  the  upward  direction. 
The  torque  e.xerted  will  also  be  in  the  opposite  direction.  Hence  torque  at/?  will  be  in  the  anti-clockwise 
direction  and  at  A  in  the  clockwise  direction.  But  torque  at  B  is  more  than  the  torque  at  A  and  hence 
sprinkle,  if  free,  will  rotate  in  the  anti -clockwise  direction  as  shown  in  Fig,  6.28. 
Let  to  =  angular  velocity  of  the  sprinkler. 
Then  absolute  velocity  of  water  at  A, 

VA  =  VA  +  t0XrA 
where  rA  =  distance  of  nozzle  A  frem  the  centre  of  top 

=  20  cm  =  0.2  m  { co  x  rA  =  tangential  velocity  due  to  rotation} 

V,  =  (4.777  +  co  x  0.2)  mis 
Here  co  x  rA  is  added  to  VA  as  VA  and  tangential  velocity  due  to  rotation  (to  x  rA)  are  in  the  same 
direction  as  shown  in  Fig.  6.28. 

Similarly  absolute  velocity  of  water  atB, 

•  V2  ■■' 

=  VB  -  tangential  velocity  due  to  rotation 

=  4.777 -0)xrs  { where  rB  =  30 cm  =  0.3  m } 

=  (4.777 -cox  0.3) 
Now  applying  equation  (6.23),  we  get 


Here  r2  =  rB,  r,  =  rA 
Q  =  Qa  =  Qb 


r=Pe[vy2-vv,l 

=  PQAlV2rB~  V,rA] 

=  1000  x  60  x  10"6  [(4.777  x  0.3  co)  x  .3  -  (4.777  +  0.2  co)  x  .2] 
The  moment  of  momentum  of  the  fluid  entering  sprinkler  is  given  zero  and  also  there  is  no  external 
torque  applied  on  the  sprinkler.  Hence  resultant  externa!  torque  is  zero,  i.e.,  T=0 

1000  x  60vx  10"6  [(4.777  -0.3  co)  x  .3  -  (4.777  +  0.2  to)  x  .2]  =  0 
or  (4.777  -  0.3  co)  x  0.3  -  (4.777  +  0.2  co)  x  .2  =  0 

or    •  4.777  x. 3  -. 09  (0- 4.777  x. 2  -.04  co  =  0 

or  0.1  x  4.777  =,(.09  +  .04)co  =  .13  co 
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Problem  6.37  A  lawn  sprinkler  shown  in  Fig.  6.29  has  0.8  cm  diameter  nozzle  at-the  end  of  a 
rosaiing  arm  and  discharges  water  at  the  rate  of  10  m/s  velocity.  Determine  the  torque  required  to 
hold  the  rotating  arm  stationary:  Also  determine  the  constant  speed  of  rotation  of  the  arm,  if  free  to 


rotate. 

Solution.  Dia.  of  each  nozzle  =0.8  cm  =  .008  m  ,     20  cm    i     25  cm 


Area  of  each  nozzle  =  -  (.008)2  =  ,00005026  m2  i  

-    4    .   .     ,  ,  ..... 


m/sec 
A 


Velocity  of  flow  at  each  nozzle  =  10  m/s. 
.*.    Discharge  through  each  nozzle, 

Q  =  Area  x  Velocity        -        1 10  m/sec 

=  .00005026  x  10  =  .0005026  m3/s       ,   *8"  ' 
Torque  exerted  by  water  coming  through  no zzle  A  on  the  sprinkler  =  moment  of  momentum  of  water 
through  A 

=  rA  x  p  x  Q  x  VA  =  0.25  x  1000  X  .0005026  X  10  clockwise 
Torque  exerted  by  water  coming  through  nozzle  B  on  the  sprinkler 

=  rBxpxQxVB  =  0.20  x  1000  x  .0005026  x  10  clockwise 
/.    Total  torque  exerted  by  water  on  sprinkler 

=  .25  x  1000  x  .0005026  x  10  +  .20  x  1000  x  .0005026  x  10 
=  1.2565  +  1.0052  =  2.26  Nm 
.-.    Torque  required  to  hold  the  rotating  arm  stationary  =  Torque  exerted  by  water  on  sprinkler 

=  2.26  Nm.  Ans. 
Speed  of  rotation  of  arm,  if  free  to  rotate 
Let  to  =  speed  of  rotation  of  the  sprinkler 

The  absolute  velocity  of  flow  of  water  at  the  nozzles  A  and  B  are 

V,  =  10.0  -  0.25  x  co  and  V2  =  10.0  -  0.20  x  co 
Torque  exerted  by  water  coming  out  at  A,  on  sprinkler 

=  rAxpxQx  V,  =0.25  x  1000  x  .0005026  x  (10  -  0.25  to) 
=  0.12565  (10-0.25  0>) 
Torque  exerted  by  water  coming  out  at  B,  on  sprinkler 

=  >B  x  p  x  Q  x  V2  =  0.20  x  1000  x  .0005026  x  (10.0  -  0.2  to) 
=  0.10052(10.0-0.2  to) 
.-.  Total  torque  exerted  by  water  =  0. 1 2565  ( 1 0.0  -  0.25  to)  +  0. 10052  ( 1 0.0  -  0.2  to) 
Since  moment  of  momentum  of  the  flow  entering  is  zero  arid  no  external  torque  is  applied  on  sprin- 
kler, so  the  resultant  torque  on  the  sprinkler  must  be  zero, 
.-.    0.12565  (10.0  -0.25  to) +0.1 0052(1 0.0 -0.2  to)  =  0 
1.2565 -0.0314  Co  +  1,0052-0.0201  to  =  0 
1.2565  +  1.0052  =  to  (0.0314 +  0.0201) 
2.2617  =  0.0515  co 

2.2617  J(  . 

co  =  —  =  43.9  rad/s.  Ans. 

0.0515 
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and 


60  x  ro     60  x  43.9 


271 


2tc 


=  419.2  r.p.ni.  Ans. 


►  6.10    FREE  LIQUID  JETS 


Free  liquid  jet  is  defined  as  the  jet  of  water  coming  out  from  the  nozzle  in  atmosphere.  The  path 
travelled  by  the  free  jet  is  parabolic.     '  . 

Consider  a  jet  coming  from  the  nozzle  as  shown  in  Fig.  6.30.  Let  the  jet  at  ,4,  makes  an  angle  9  with 
the  horizontal  direction.  Ift/is  the  velocity  of  jet  of  water,  then  the  horizontal  component  and  vertical 
component  of  this  velocity  at  A  are  U  cos  6  and  l/ sin  t). 

Consider  another  pointer,  v)  on  the  centre  line  of  the  jet.  The  co-ordinates  ofP  from  A  are.r  andy.  Let 
the  velocity  of  jet  at  P  in  the.v-  and  y-d  ire  ct  ions  are  u  and  v.  Let  a  liquid  particle  takes  time  7'  to  reach  from 
A  to  P.  Then  the  horizontal  and  vertical  distances  travelled  by  the  liquid  particle  in  time  V  are  ; 


TRAJECTORY 
/  PATH 


Fig.  6.30    Free  liquid  jet. 

x  =  velocity  component  in  x-directionx  t 
=  V  cos  6  x  / 


...© 


and 


>■  =  (vertical  component  in  v-direction  x  time  ef 

2 

=  UsmBxt-~gt2  ...(,/) 
{  V  Horizontal  component  of  velocity  is  constant  while  the  vertical  distance  is  affected  by  gravity} 
From  equation  (i),  the  value  of  /  is  given  as  f  = 


Substituting  this  value  in  equation  (a) 


y  =  U  sin  6  x 


f/cos  e 


 '  x  p  x 

V  cos  0    2    '     (  (J  cos  9 


=  .x 


sin  9 


cos  9     2U2  cos2  9 


=  jrtan6-^Tsec3  9 


cos2  9 


=  sec29 


Equation  (6.24)  gives  the  variation  ofy  with  the  square  of*.  Hence  this  is  thTequaHon  ofaparabola 

scarmealjy  Fdma 


U 


Thus  the  path  travelled  by  the  free  jet  in  atmosphere  is  parabolic. 
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(0  Maximum  height  attained  by  the  jet.  Using  the  relation  V22  -  F,S=  -  2gS,  we  get  in  this 
case  V,  =  0  at  the  highest  point 

V,  =  Initial  vertical  component 
=  t/sin0 

-  ve  sign  on  right  hand  side  is  taken  as#  is  acting  in  the  downward  direction  but  particles  is  movins  up. 
0-(f/sm  6)2  =  -2g  xS 
where  S  is  the  maximum  vertical  height  attained  by  the  particle, 
or  -(72sin2e  =  -2gS 

s=  t/2sin2A 


2g  --(6.25) 

(ii)  Time  of  flight.  It  is  the  time  taken  by  the  fluid  particle  in  reaching  from  A  to  B  as  shown  in 
Fig.. 6. 30.  Let  T  is  the  time  of  night. 

Using  equation-(n),  we  have   y  =  U  sin  0  x  i  -  —  gt2 

when  the  panicle  reaches  at  B,    y  =  0  and  t  =  T 

.*.  Above  equation  becomes  as  0  =  U  sin  0  x  T-  -g  x  f2 

or  0  =  [/ sin  0-~.gr  { Cancelling T] 

J  2f/sin0 

01  T=  -(6-26) 

(i'lV)  Time  to  reach  highest  point.  The  time  to  reach- highest  point  is  half  the  time  of  flight.  Let  T*  is 
the  time  to  reach  highest  point,  then 

T     2i/sin0  i7sin9 

^■T'-^r—r  -(6'27' 

(iv)  Horizontal  range  of  the  jet.  The  total  horizontal  distance  travelled  by  the  fluid  particle  is  called 
horizontal  range  of  the  jet,  i.e.,  the  horizontal  distance  AB  in  Fig.  6.30  is  called  horizontal  range  of  the 
jet.  Let  this  range  is  denoted  by**. 

Then  x*  =  velocity  component  in*- direction 

X  time  taken  by  the  particle  to  reach  from  A\oB 
=  U  cos  0X  Time  of  flight 


,',  .  2[/sin0 
=  f/cos  0  x  — 

8 


(..T  =  2I/_nflj 


U2  U2 

=        2  cos  0  sin  0  =  —sin  20  ...(6.28) 

8  g 

(»)  Value  of  6  for  maximum  range.  The  ranges*  will  be  maximum  for  a  given  velocity  of  projec- 
tion (U),  when  sin  20  is  maximum 

or  when  sin  20  =  1  or  sin  20  =  sin  90°  =  1 

29  =  90°  or  6  =  45° 

U2  U2 

Then  maximum  range,       .w  =  sin2  6  =   {  v    sin  90°  =  1 }  ...(6.29) 

8  8  ■ 
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. <  to  *  q/  20  m/s.  The  n<mle  ts  Mmt«i  at  a  dtstame  of  20  mfrom  the  vertical  wall,  Find  the  angle  of 
pwjeaton  ofilte  nozzle  to  the  horizontal  so  that  the  jet  of  water  Just  clears  the  top  of  the  wall  1 

Solution.  Given  : 

Height  of  wail  =  8  in 

Ve]cr-:iV  l,;  :-  t/ =  20  m/s 

Distance  oi  jet  from  waH,       x  =  20  m 

Let  the  t&qutjietj  an^tt.  ■=■  6 

Using  equation  (6.24),  we  have 


ftrn 


v  =  .V  tan  9  - 


where  v  =  .     ...  20  m,  U  =  20  m/s 


2U': 


sec2  p 


Fig.  6.31 


8  =  20  tan  9  - 


9.81  x  20 


—  sec2  9 


or 

or 


2  x  202 

=  20  tan  9 -4.905  sec2  9 

=  20  tan  6-4.905  [1  +  tan2  9] 

=  20  tan  9  -  4.905  -  4.905  tan2  6 

4.905  tan2  9  -  20  tan  9  +  8  +  4.905  =  0 

4.905  tan2  9  -  20  tan  9  +  1 2.905  =  0 


{  V    sec29  =  1  +  tan2  9} 


tan  6  = 


_  20  ±  ^20^4  x  1 2.905  x  4.905      20  ±  /40Q  -  253.1 9" 


2  x  4.905 

20±Vl4rl8T      20  ±  12.1 16  32.116 


9.81 


9.81 


-or 


9.81 

7.889 
9.81 


9.81 

-  3.273  or  0.8036 
9  =  73°  0.8'  or  38°  37'.  Ans. 

Problem  6.39  A  fire-brigade  man  is  holding  afire  stream  nozzle  pf  50  mm  diameter  as  shown  in 
Ftg.  6.32.  Thejettssues  out  mtk  a  velocity  of  13  m/s  and  strikes  the  window.  Find  the  angle  or  angles 

Whkh  "lejet  hSUeSfr0m  *****  "*?  WiU  be      —  ofwaterfaZ  on  Z 
Solution.  Given  :  (A.M.I.E.,  Winter,  1975) 

Dia.  of  nozzle,  tf  =  50  mm  =  .05  m 


Area, 


-(.05)' =  0.001963  nr 


Velocity  of  jet,  £/  =  1 3  m/s. 

The  jet  is  coming  out  from  nozzle  at/4.  It  strikes  the  window 
and  let  the  angle  made  by  the  jet  at  A  with  horizontal  is  equal  to  6 
The  co-ordinates  of  window,  with  respect  to  origin  at  A. 

^     •  J  =  5ra,y,7.5-1.5  =  6.0ra 

The  equation  of  the  jet -is  given  by  (6.24)  as  1 


RwiNDOW 

m 


1 


•.5  m 


scanrMi&-tfy32ahid 
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or 


or 


y  =  .v  tan  9  - 
6.0  =  5  x  tan  9 


sec-e 


2U* 
9.81x5 


r  [1 


6.0  =  5  tan  6-. 7256  (1  +tan29) 


=  5  tan  9  -.7256  -.7256  tan2  6 
or  0.7256  tan2  9  -  5  tan  9  +  6  +  .7256  =  0 

or  0.7256  tan2  9  -  5  tan  9  +  6.7256  =  0 

This  is  a  quadratic  equation  in  tan  0.  Hence  solution  is 


sec"9 '=  1  +  tan26} 


tar.  0 


4x. 7256  x  6.7256 


2  x  .7256 


5  ±^25- 19.52  _  5  +  2.341  _ 


=  5.058  or  1.8322  . 
1.4512  1.4512 

.-.  6  =  tan"1  5.058  or  tan"1  1.8322  =  78.8°  or  61.37°.  Ans. 

Amount  of  water  falling  on  window  =  Discharge  from  nozzle     _.  1  . 

=  Area  of  nozzle  x  Velocity  of  jet  at  nozzle  .  " 

=  0.001963  x  £/=  0.001963  x  13.0  =  0.0255  m3/s.  Ans. 

Problem  6.40    A  nozzle  is  situated  at  a  distance  of  I  m  above  the  ground  level  and  is  inclined  at  an 

angle  of  45°  to  the  horizontal.  The  diameter  of  the  nozzle  is  50  mm  and  the  jet  of  water  from  the  nozzle 

strikes  the  ground  at  a  horizontal  distance  of 4.  in.  Find  the  rale  of  flow  of  water. 

Solution.  Given  : 

Distance  of  nozzle  above  ground  =  1  m 
Angle  of  inclination.  6  =  45° 

Dia.  of  nozzle,  d  =  50  mm  =  .05  m 


Area, 


A  =  —(.05)  =  .001963  m2 
4 


Fig.  6.33 


The  horizontal  distance  x  =  4  m 

The  co-ordinates  of  the  point  B,  which  is  on  the  centre-line  of  the  jet  of  water  and  is  sijuated  on  the 
ground,  with  respect  loA  (origin)  are 

i=4m  and jj  =  -  1.0  m  {From/4,  point B  is  vertically  down  by  1  m} 

'  2 

The  equation  of  the  jet  is  given  by  (6.24)  as  y  =  x  tan  9  -  -ttzt^'  8 


Substituting  the  known  values  as 

-  1.0  =  4  tan  45°- 
78.48 


9.81  xY 

2U2 


2U2 


x sec2 45° 


=  4- 


sec  45' 


1 


cos  45°  _L 

V2  j 
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-  1.0  =  4- 


78.48  x  2 


□ 


U2  = 


u2 

78,48  x  2.0 
5.0 


or 


78.48x2 


=  +  4,0+  1.0  =  5.0 


=  31.39 


Now  the  rate  of  flow  of  fluid 


U=  V3139  =  5.60  m/s 
=  Area  x  Velocity  of  jet 
=  A  x  V  =  .001963  x  5.6  m3&ik 
D    M      CA,      .  =0.01099  «  .OllAAns. 

Problem  6.41  A  window,  in  a  vertical  wall,  %  at  a  distance  of  »  m  above  the  ground  level  A  let  of 
the  no^le  ts  3.5  ntjmmU  and  nozzle  is  situated  at  a  distance  of  1  „  above  Lund  level  fZ7Z 

s™Z«:tZ£TCffmm tM wail ofthe nozzle <* thatjet e 

Distance  of  window  from  ground  level  =  30  m 
Dia.  of  nozzle,  d  =  50  mm  =  0.05  m 


.WINDOW 


-'-  Area 
The  discharge, 


A  =  ~(  05)2  -  0.001963  m2 
4 

Q  =  3.5  m /minute 
=  |f  =  0.0583  m3/s 

ou 


Fig.  fi.34 


Distance  of  noz2le  from  ground  =  I  m. 

Let  the  greatest  horizontal  distance  ofthe  nozzle  from  the  wall  =  *and  let  angle  of  inclination  -  8  If 

x  =  x,y  =  30-  1.0  =29m 
The  velocity  of  jet,  u-  Discharge  _  Q  .0583 


U  = 

Area        A  .001963 
Using  the  equation  (6.34),  which  is  the  equation  of  jet, 

^  =  J:tan0-=^Sec2e 


=  29.69  m/sec 


or 


29.0  =  x  tan  8  - 


9.81*2 


2-(29.697SeC29 
=  x  tan  0  -  0.0055  se^Bxx2 

.0055  x2  . 


=  x  tan  9  - 

x  tan  0  -  .0055  r7cos20  -  29  =  0 


cos2  9 


The  maximum  value  of,  withrespect  to  6  is  obtained,  by  differentiating  the  above  equation  w.r .  9 
and  substituting  the  value  of  fQ  =  0.  Hence  differentiating  the  equation  (/)  w.r,.  8,  we  have 


[  x  sec2  9  +  tan  9  x  — 

L  m 
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-  0.0055 


I  ^  2)_  l(-sin8)  + 


cos  e 


dx 


— 5—  x  2x 
cor  6  d% 


dQ 


[x  sin  9)=  .\-  sec2  0  +  tan 


QkanAjL(^_\=xiJL(  _J_  )+J-l(^)j 
d&     ^e^cos2eJ     ^eUos2eJ  cos2e^  '] 


x  sec2  6 -tan  9~  -.0055 


2xl  she 


'2x  dx 


cos3  e    cos-  e  f/e 

■-ti-.f-  srm  ;      «•• '  W- 

For  maximum  value  of  x,  w.r.t.  9,  we  have  —  =  0 

dQ      ,1  - 

Substituting  this  value  in  the  above  equation,  we  have 

2x7  sin6 


x  sec"  0  —  .0055 


cos3e 


=  0 


or 
or 
or 

or 


.0055  x2x2  sin  9 


cos3  9 


cos26 

—  .011  x7  tan  9  =  0  or  1  -  .01 1  x  tan  6  -  0 


=  0  or  jc-  .011. X*2 


sin  6 


=  0 


COS0 


jc  tan  9  = 


1 


.011 


=  90.9 


x  =  ^ 


90.9 


tan  9 


Substituting  this  value  of  x  in  equation  (i),  we  get 

90  9  (90  9)2 

x  tan  Q  -  .0055  x       V  x 


1 


tan  9 


tan2  0  cos2fi 


29  =  0 


,,.,„_  45^  _29  =  0  (),  6L9_  45^445  ={) 


sin2  9 


sin2  9 


or 


_     45.445        .  2  45.445 

61.9  =  = —  or  sin  9  =  —  =  0.7341 

sin2  9 


61.90 

sin  9  =  VO.7341  =  0.8568 

6  =  tan-1  .8568  =  58°  57.8'  1 
Substituting  the  value  of  9  in  equation  (in),  we  get 

90.9         90.9  '  90.9 


_  909 

~  tan9  ~  tan  58°  57.8'  "  tan  58.95  "  1.66 
=  54.76  m.  Ans. 


...00 

.■■(Hi) 


=  54.759  m 
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HIGHLIGHTS 

The  study  of  fluid  moiion  with  [he  forces  causing  flow  is  called  dynamics  of  fluid  flow,  which  is  analysed 
by  the  Newton's  second  law  of  motion.  * 
Bernoulli's  equation  is  obtained  by  integrating  the  Eider's  equation  of  motion.  Bernoulli's  equation  states 
"For  a  steady,  idea!  flow  of  an  incompressible  fluid,  the  total  energy  which  consists  of  pressure  energv, 
kinetic  energy  and  datum  "nergy,  at  any  point  of  the  fluid  is  constant".  Mathematically, 

PS    2?  pg  2g 

where  —  =  pressure  energy  per  unit  weight  =  pressure  head 
pg 


2g 


3. 


=  kinetic  energy  per  unit  weight  =  kinetic  head 

ii  -  datum  energy  per  unit  weight  -  datum  head, 
Bernoulli's  equation  for  real  fluids 


PS  2g 


PS  2g 

where    hL  =  loss  of  energv  between  sections  1  and  2. 
The  discharge,  Q,  through  a  venturimeter  or  an  orifice  meter  is  given  by 

ata2 


where  al  —  area  at  the  inlet  of  venturimeter 

i  aa  -  area  at  the  throat  of  venturimeter 

 Cd  =  co-efficient  of  ..venturimeter, 


A  =  differefjce  of  pressure  head  in  terras  of  fluid  head  flowing  ihrongh  venturimeter. 


The  value  of  A  is  given  by  differential  tAru.be  manometer  k=x 

r 


S„ 


when  differential  manometer  contains  heavier  liquid  =  jt 


when  differential  manometer  contains  lighter  liquid  =  [      +  z,  ]  -  J  El.  +  z  1_  . 

\PS      )    {pg  J 

lifferential  manometi 

m    )  [pg 


for  inclined  venturimeter  and  differential  manometer  contains  heavier  liquid 


^-1 


for  inclined  venturimeter  and  manometer  contains  lighter  liquid, 
where  x  -  difference  in  the  readings  of  differential  manometer, 

Sj,  =  sp,  gr.  of  heavier  liquid 

SD  =  SP-  &•  of  fluid  flowing  through  venturimeter 

si  =  SP-  ST-  of  lighter  liquid- 
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Rtot-tube  is  used  to  find  the  velocity  of  a  flowing  fluid  at  any  point  in  a  pipe  or  a  channel.  The  velocity  is 
given  by  the  relation 

V-.C,.J?7h  / 
where  Cv  =  co-efficient  of  Pitot-tubc  i  .  . 

h  =  rise  of  liquid  in  the  tube  above  free  surface  of  liquid  -  for  channels 


S, 


-for  pipes. 


The  momentum  equation  states  thai  the  net  force  acting  on  a  fluid  mass  is  equal  to  the  change  in  momen- 

turn  per  second  in  that  direction.  This  is  given  as  F  =  — (rAV)  =  ■■■  , 

...  .     ... . ,        .  '  •  dr  .  ■  v  t  -  '■•  '■ '.  ' 

The  impulse-momentum  equation  js  given  by  F.  dt  =  d(rnV). 
The  force  exerted  by  a  fluid  on  a  pipe  bend  in  the  directions  of  x  and  y  are  given  by 


and; 


iesultant  force,  


and  the  direction  of  the  resultant  with  horizontal  is  tan  6  =  ■ 


The  force  exerted  by  the  nozzle  on  the  water  is  given  by  Fs  =  pQ[V2z -Vu] 
and  force  exerted  by  the  water' on  the  nozzle  is  =  -  Fz  =  pQ[Vlx  -  V^]. 

10.  Moment  of  momentum  equation  states  that  the  resultant  torque  acting  on  a  rotating  fluid  is  equal  to  the 
rate  of  change  of  moment  of  momentum.  Mathematically,  it  is  given  by  T-  pQ[V2r2  -  V\r{[. 

11.  Free  liquid  jet  is  the  jet  of  water  issuing  from  a  nozzle  in  atmosphere.  The  path  travelled  by  the  free  jet  is 
parabolic.  The  equation  of  the  jet  is  given  by 

Jl  <•  '  ' 


y  =  x  tan  9  - 


IV2 


sec^e 


where  x,  y  -  are  co-ordinates  of  any  point  on  jet  w.r.t.  to  the  nozzle 
U  =  velocity  of  jet  of  water  issuing  from  nozzle 
9  =  inclination  of  jet  issuing  from  nozzle  with  horizontal. 


12. 


(0  Maximum  height  attained  by  jet  - 
2f/sin9 


(ii)  Time  of  flight,  T  =- 


g 


t/2sin26 
g 

rWeiEj  i#vt» 
-  ..  -■:.-»  vjv/M 


(iri)  Time  to  reach  highest  point,  T*  =  —  =  rr-  ""^ 

2  g 

U2 

(iv)  Horizontal  range  of  the  jet,  xt  =  sin  29 

g 

(v)  Value  of  6  for  maximum  range,  9  =  45° 
(vj)  Maximum  range,  m*mlx  =  t/Vg. 


•Crr 
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EXERCISE  6 


(A)  THEORETICAL  PROBLEMS 

1.  Name  the  different  ferdft  present  in  a  fluid  How.  For  the  Euler's  equation  of  motion,  which  forces  are  taken 
into  consideration. 

1.  What  is  Euler's  equation  of  motion  ?  How  will  you  obtain  Bernoulli's  equation  from  il  7 

3.  Derive  Bernoulli's  equation  for  the  flow  of  an  incompressible  friction  less  fluid  from  consideration  of 
momentum.  (A.M. I.E.,  Summer,  1988) 

4.  State  Bernoulli's  theorem  for  steady  flow  of  an  incompressible  fluid.  Derive  an  expression  for  Bernoulli's 
theorem  from  first  principle  and  state  the  assumptions  made  for  such  a  derivation. 

(Delhi  University,  1987) 
?i  What  is  a  venturi  meter  ?  Derive  an  expression  for  the  discharge  through  a  venturimeter. 

(A.S.M.E,  June  1992  ;  A.M. I.E.,  Winter,  1980) 
6.  Explain  the  principle  of  vtiuiirimster  with  a  neat  sketch.  Derive  the  expression  for  the  rate  of  flow  of  fluid 
through  it, 

~-  Discuss  the  relative  merits  and  demerits  of  venturimeter  with  respect  to  orifice- meter. 

(Delhi  University,  Dec.  2002) 
s.  Define  an  orifice- meter  Prove  that  the  discharge  through  an  orifice-meter  is  given  by  the  relation 

where     a,  -  area  of  pipe  in  which  orifice-meter  is  fitted 

%  =  area  of  orifice  ( Technical  University  ofM.P.,  S  2002) 

9.  What  is  a  pitot-iube  ?  How  will  you  determine  the  velocity  at  any  point  with  the  help  of  pitot-tube  ? 

  (Delhi  University,  Dec.  2002) 

10.  What  is  the  difference  between  pitot-tube  and  pitot-static  tube  ? 

U-  State  the  momentum  equation.  How  will  you  apply  momentum  equation  for  determining  the  force  exerted 
by  a  flowing  liquid  on  a  pipe  bend  ? 

12.  What  is  the  difference  between  momentum  equation  and  impulse  momentum  equation  ? 

13.  Define  moment  of  momentum  equation.  Where  this  equation  is  used  ? 

14.  What  is  a  free  jet  of  liquid  ?  Derive  an  expression  for  the  path  travelled  by  free  jet  issuing  from  a  nozzle. 

15.  Prove  that  the  equation  of  the  free  jet  of  liquid  is  given  by  the  expression, 

xx2  , 
y  =  .viane-^-^-secz9 
2U2 

where  x,  y  =  co-ordinates  of  a  point  on  the  jet  U  =  velocity  of  issuing  jet 
6  =  inclination  of  the  jet  with  horizontal. 
1 6-  Which  of  the  following  statement  is  correct  in  case  of  pipe  flow  : 

(a)  flow  takes  place  from  higher  pressure  to  lower  pressure  ; 

(b)  flow  takes  place  from  higher  velocity  to  lower  velocity  ; 

(c)  ITow  takes  place  from  higher  elevation  to  lower  elevation  ; 
id)  flow  takes  place  from  higher  energy  to  lower  energy. 

1"?.  Derive  Euler's  equation  of  motion  along  a  stream  line  for  an  ideal  fluid  stating  clearly  the  assumptions. 

Explain  how  this  is  integrated  to  gel  Bernoulli's  equation  along  a  stream-line.  (A.M. I.E..  Summer,  1984) 
18.  State  Bernoulli's  theorem.  Mention  the  assumptions  made.  How  is  it  modified  while  applying  in  practice? 

List  out  its  engineering  application.  (A.M.l.E.  Winter,  1987) 

19-  Define  continuity  equation  and  Bernoulli's  equation.  (Delhi  MhMmts  1992) 
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20.  What  are  the  different  forms  of  energy  in  a  (lowing  fluid  7  Represent  schematically  the  Bernoulli's  equa- 
tion for  flow  through  a  tapering  "pipe  and  show  the  position  of  total  energy  line  and  the  datum  line. 

.  :  .•  (Osmania  University,  1990) 

21  Write  Eulcr's  equation  of  motion  lone  a  streamline  and  integrate  it  to  obtain  Bernoulli's  equation.  State  all 
assumptions  made.  "      J  (A.M.I.E..  Winter,  1990) 

1~>  Describe  with  the  help  of  sketch  the  construction,  operation  and  use  of  Pilot- static  tube. 

(A.M.I.E..  Winter. 

23.  Starting  with  Filler's  equation  of  motion  along  a  stream  line,  ohtain  Bernoulli's  equation  by  its  integration. 
List  alfthe  assumptions  made,  ;  {A.M.I.E..  Summer.  /W/) 

24.  State  the  different  devices  that  one  can  use  to  measure  the  discharge  through  a  pipe  and  also  through  an 
open  channel.  Describe  one  of  such  devices  with  a  neat  sketch  and  explain  how  one  can  obtain  the  actual 
discharge  with  its  help?  {A.M.I.E..  Summer,  1990) 

25.  Derive  Bernoulli's  equation  from  fundamentals.  {J.N.T.U..  Hyderabad,  S  2002) 

(B)  NUMERICAL  PROBLEMS 

1.  Water  is  flowing  through  a  pipe  of  100  mm  diameter  under  a  pressure  of  19.62  N/cnr  (gauge)  and  with 
mean  velocitv  of  3.0  m/s.  Find  the  total  head  of  the  water  at  a  cross -sect ion.  which  is  8  m  above  the  datum 
nne  (Ans.  28.458  m] 

2.  A  pipe,  through  which  water  is  flowing  is  hiving  diameters  40  cm  and  20  cm  at  the  cross- sect  ions  1  and  2 
respective!  v.  The  velocity  of  water  at  section  1  is  given  5.0  m/s.  Find  the  velocity  head  a!  the  sections  1  and 
2  and  also  rate  of  discharge.  f  Ans.  1.274  m  :  20.ni  m  :  C.62S  iff- /si 

3.  The  water  is  flowing  through  a  pipe  havin;  diameters  20  cm  and  15  cm  at  sections  1  aad  2  respectively. 
The  rate  of  flow  through  pipe  is  40  litres  >.  The  section  1  Ls  6  m  above  datum  Mi  arf  section  2  is  3  m 
above  the  datum,  ff  the  pressure  at  section  1  is  29.43  N/cnr.  find  the  intensity  of  pressure  at  section  2.  ; 

[Ans.  32.19  X/cm"] 

4.  Water  is  flowing  through  a  pipe  having  diameters  30  cm  and  !  5  em  at  the  bottom  and  ttpr-er  end  rcpec- 
tiveW.  The  intensity  of  pressure  at  the  bottom  end  is  29.43  N/cm:  and  the  pressure  it  '.he  upper  end  is 
14.7 15  N/cnr.  Determine  the  difference  in  datum  head  if  the  rate  of  flow  through  pipe  is  50  lil/s, 

lAns.  14.61  S  ml 

£  5.  The  water  is  flowing  through  a  taper  pipe  of  length  50  m  having  diameters  40  cm  at  the  upper  end  .md 

20  cm  at  the  lower  end,  at  the  rale  of  60  titres/s.  The  pipe  has  a  slope  of  1  in  40.  Find  the  pressure  at  the 
lower  end  if  the  pressure  at  the  higher  level  is  24.525  N/em3.  [Ans.  25.58  N/cnr] 

fi.  A  pipe  of  diameter  30  cm  carries  water  at  a  velocity  of  20  m/sec.  The  pressures  at  the  points  A  and  8  are 
given  as  34.335  N/cm2  and  29.43  N/cm:  respectively,  while  the  datum  head  atA  and  B  are  25  m  and  38  m. 
Find  the  loss  of  head  between  A  and  B.  (Ans.  3  m] 

7.  A  conical  tube  of  length  3.0  m  is  fixed  veniealiy  with  ils  smaller  end  upwards.  The  velocity  of  flow  at  the 
smaller  end  is  4  m/s  while  at  the  lower  end  it  is  2  m/s.  The  pressure  head  at  the  smaller  end  is  2.0  m  of 
liquid.  The  loss  of  head  in  the  tube  is  0.95  (v,  -  v2f/2g,  where  v,  is  the  velocity  at  the  smaller  end  and  v, 
at  the  lower  end  respectively.  Determine  the  pressure  head  at  the  lower  end.  Flow  takes  place  in  downward 
direaion.  [Ans.  5.56  m  of  fluid) 

8.  A  pipe  line  carrying  nil  of  specific  gravity  O.S,  changes  in  diameter  from  300  mm  at  a  position/!  to  500  mm 
diameter  to  a  position  B  which  is  5  m  at  a  higher  level.  If  the  pressures  at  A  and  B  are  19.62  N/cnr  and 
14.91  N/cnr  respectively,  and  the  discharge  is  150  litres/s,  determine  the  loss  of  head  and  direction  of 
flow,  [Ans.  1 .45  m.  Flow  takes  place  from  A  to  B\ 

9.  A  hdriwnud  venturimcler  with  inlet  and.  ihmal  diameters  30  cm  and  15cm  respective'.;,  is  used  to  measure 
the  How  of  water.  The  reading  of  differential  manometer  connected  to  inlet  and  throat  is  10  cm  of  mercury. 
Determine  the  rate  of  flow.  Take  C.,  =  II, W.  ■  I  Ans.  SK.92  iitfes/s) 
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Ut.  An  oil  of  .sp.  gr.  0.9  is  flowing  through  a  venturimeter  having  inlet  diameter  20  cm  and  throat  diameter 
10  cm.  The  oil- mercury  differential  manometer  shows  a  reading  of  20  cm.  Calculate  the  discharge  of  oil 
through  the  horizontal  venturirr.iier.  Take  Cj  =  0.98.        {Delhi  University,  !9S7)  [Ans.  59. 15  titres/s] 

11.  A  horizontal  venturimeter  with  inlet  diameter  30  em  and  throat  diameter  15  cm  is  used  to  measure  the  flow 
of  oil  of  sp.  gr.  0.8.  The  discharge  of  oil  through  venturimeter  is  50  lilres/s,  find  the  reading  of  the  oil- 
mercury  differentia!  manometer.  Take  Cj  =  0.98.  [Ans.  2.489  cm] 

12.  A  horizontal  venturimeter  with  inlet  diameter  20  cm  and  throat  diameter  10  cm  is  used  to  measure  the  flow 
of  water.  The  pressure  at  inlet  is  14.7 15  N/cnr  and  vacuum  pressure  at  the  throat  is  40  cm  of  mercury.  Find 
the  discharge  of  water  through  venturimeter.  [Ans.  162.539  lit/s] 

13.  A  30  cmx  15  cm  venturimeter  is  inserted  in  a  veiticalpipe  carrying  water,  flowing  in  the  upward  direction. 
A  differential  mercury-manometer  connected  to  the  inlet  an<!  ihront  gives  a  reading  of  30  cm.  Find  the 
discharge.  Take  Q  =  0.9S.  ,  [Ans.  154.02  Jit/s] 

14..  If  in  the  problem  13.  instead  of  water,  oil  of  sp.  gr.  0.8  is  (lowing  through  the  venturimeter,  determine  the 
rate  of  How  of  oil  in  litres/s,  [Ans.  173.56  lit/s] 

15.  The  water  is  flowing  through  a  pipe  of  diameter  30  cm.  The  pipe  is  inclined  and  a  venturimeter  is  inserted 
in  the  pipe.  The  diameter  of  venturimeter  at  throat  is  ,15  cm.  The  difference  of  pressure  between  the  inlet 
and  throat  of  the  venturimeter  is  measured  by  a  liquid  of  sp.  gr.  0.8  in  an  inverted  L'-tube  which  gives  a 
reading  of  40  cm.  The  loss  of  head  betw  een  the  inlet  and  throat  is  0.3  times  the  kinetic  head  of  the  pipe. 
Find  the  discharge.  '  [±™>-  22-64  BtJs] 

16.  A  20  x  10  cm  venturimeter  is  provided  in  a  vertical  pipe  line  carrying  oil  of  sp.  gr.  0.8,  the  flow  being 
upwards.  The  difference  in  elevation  of  the  throat  section  and  entrance  section  of  the  venturimeter  is  50  cm. 
The  differential  L'-tube  mercury  manometer  shows  a  gauge  deflection  of  40  cm.  Calculate  :  (/)  the  dis- 
charge of  oil.  and  (n)  the  pressure  difference  between  the  entrance  section  and  the  throat  section.  Take  Cj 
=  0.98  and  sp.  gr.  of  mercury  as  13.6.  [Ans.  (i)  89.132  lit/s.  (ii)  5.415  N/cm:] 

17.  In  a  200  mm  diameter  horizontal  pipe  a  veniuri meter  of  0.5  contraction  ratio  has  been  fixed.  The  head  of 
water  on  the  venturimeter  when  there  is  no  flow  is  4  m  (gauge)  Find  die  rate  of  flow  for  which  the  throat 
pressure  will  be  4  metres  of  water  absolute.  Take  Cd  ~  0.97  and  atmospheric  "pressure  head  =  10.3  m  of 
watcr  •  [Ans.  i  11.92  lit/s] 

18.  An  orifice-meter  with  orifice  diameter  15  cm  is  inserted  in  a  pipe  of  30  cm  diameter.  The  pressure  gauges 
fitted  upstream  and  downstream  of  the  orifice  meter  give  readings  of  14.715  t^/cnr  and  9.81  N/cm 
respectively.  Find  the  rate  of  flow  of  water  through  the  pipe  in  litres/s.  Take  Cj  —  0.6. [Ans.  108.434  lit/s] 

19.  If  in  problem  18.  instead  of  water,  oil  of  s p.  gr.  0.8  is  Towing  through  the  orifice  meter  in  which  the 
pressure  difference  is  measured  by  a  mercury  oil  differential  manometer  on  the  two  sides  of  the  orifice 
meter,  find  the  rate  of  flow  of  oil  when  the  reading  of  manometer  is  40  cm.  [Ans.  122.68  !it/s] 

20.  The  pressure  difference  measured  by  the  tw  o  tappings  of  a  pitotstatic  tube,  one  tapping  pointing  upstream 
and  other  perpendicular  to  the  flow,  placed  in  the  centre  of  a  pipe  line  of  diameter  40  cm  is  10  cm  of  water. 
The  mean  velocity  in  the  pipe  is  0.75  times  the  central  velocity.  Find  the  discharge  through  the  pipe.  Take 
co-efficient  of  pitot-tube  as  0.98.  [Ans,  0.1293  m5/s] 

21.  Find  the  velocity  of  flow  of  an  oil  through  a  pipe,  when  the.  difference  of  mercury  level  in  a  differential 
{/-tube  manometer  connected  to  the  two  tappings  of  the  pitot-tube  is  15  cm.  Take  sp,  gr.  of  oil  =0.8  and 
co-efficient  of  pitot-tube  as  0.98.  lAns.  6.72  m/s] 

22.  A  sub-marine  moves  horizontally  in  seLi  and  has  its  axis  20  m  below  the  surface  of  w  ater.  A  pilot-static 
lube  placed  in  front  orsuh-mnrine  and  along  ils  axis,  is  connected  to  the  two  limbs  of  a  f/-lube  containing 
mercury  .  The  difference  of  mercury  level  is  found  to  be  20  cm.  Find  the  speed  of  sub- marine.  Take  sp.  gr. 
of  mercury  13.6  and  of  sea-water  1,026,  [Ans.  24.958  km/hrl 

23.  A  45°  reducing  bend  is  connected  in  a  pipe  line,  the  diameters  at  the  inlet  and  outlet  of  the  bend  being 
40  cm  and  20  cm  respectively.  Kind  the  force  exerted  by  water  on  the  bend  if  the  intensity  of  pressure  at 
inlet  of  bend  is  21.5SN/cm:.  The  rate  of  flow  of  w  ater  is  500  litres/s.  [Ans.  22^96. 5  N  ;  20°  3.5'] 


.^scanned  by  Fahid 
PDF -created  by  AAZSwapnil 


24,  The  discharge  of  water  through  a  pipe  ui "diameter  40  em  is  400  litres/s.  If  the  pipe  is  bend  by  135".  find  the 
magnitude  and  direction  of  the  resultant  force  on  the  bend.  The  pressure  of  flowing  water  is  29.43  N/cm2. 

[Ans.  7063.2  N,  6  =  22c  29.9'  with  .T-axis  clockwise] 

25.  A  30  cm  diameter  pipe  carries  water  under  a  head  of  15  metres  with  a  velocity  of  4  m/s.  If  the  axis  of  the 
pipe  turns  through  45°,  find  the  magnitude  and  direction  of  the  resultant  force  at  the  bend.  - 

[Ans.  8717.5  N,  6  =  67°  30'] 

2(>.  A  pipe  of  20  cm  diameter  conveying  0,20  mVsec  of  water  has  a  right  angled  bend  in  a  horizontal  plane. 
Find  the  resultant  force  exerted  on  the  bend  if  the  pressure  at  inlet  and  outlet  of  the  bend  are  22.563  N/cnr! 
and  21.582  N/crrr  respectively.  [Ans.  i  1604.7  N.  0  =  43°  54.2'] 

27.  A  nozzle  of  diameter  30  mm  is  fitted  to  a  pipe  of  60  mm  diameter.  Find  the  force  exerted  by  the  nozzle  on 
the  water  which  is  flowing  through  the  pipe  at  the  rate  of  4.0  m  /minute.  [Ans.  7057.7  N] 

28.  A  lawn  sprinkler  with  two  nozzles  of  diameters  3  mm  each  is  connected  across  a  tap  of  water.  The  nozzles  ' 
are  at  a  distance  of  40  cm  and  30  cm  from  the  centre  of  the  tap.  The  rate  of  water  through  tap  is 
100  cmVs.  The  nozzle  discharges  water  in  the  downward  directions.  Determine  the  angular  speed  at  which 
the  sprinkler  will  rotate  free.  [Ans.  2.83  rad/s] 

29.  A  lawn  sprinkler  has  two  nozzles  of  diameters  8  mm  each  at  the  end  of  a  rotating  arm  and  the  velocity  of 
flow  of  water  from  each  nozzle  is  1 2  m/s.  One  nozzle  discharges  water  in  the  downward  direction,  while 
the  other  nozzle  discharges  water  vertically  up.  The  nozzles  are  at  a  distance  of  40  cm  from  the  centre  of  the 
rotating  arm.  Determine  the  torque  required  to  hold  the  rotating  arm  stationary.  Also  determine  the  con- 
stant speed  of  rotation  of  arm,  if  it  is  free  to  rotate.  -     .  . ._    [Ans.  5.78  Nm,  30  rad/s] 

3ft.  A  vertical  wall  is  of  10  m  in  height.  A  jet  of  water  is  issuing  from  a  nozzle  with  a  velocity  of  25  m/s.  The 
nozzle  is  situated  at  a  horizontal  distance  of20m  from  the  vertical  wall.  Find  the  angle  of  projection  of  the 
nozzle  to  the  horizontal  so  that  the  jet  of  water  just  clears  the  tap  of  the  wall,     [Ans.  79;  55'  or  36°  41'] 

31.  A  fire-brigade  man  is  holding  a  fire  stream  nozzle  of  50  mm  diameter  at  a  distance  of  1  m  above  the  ground 
and  6  m  from  a  vertical  wall.  The  jet  is  coming  out  with  a  velocity  of  15  m/s.  This  jet  is  to  strike  a  window, 
situated  at  a  distance  of  10  m  above  ground  in  the  vertical  wall  Find  the  angle  or  angles  of  inclination  with 
the  horizontal  made  bv  the  jet,  coming  out  from  the  nozzle.  What  will  be  the  amount  of  water  falling  on  the 
window  ?  [Ans.  79°  16.7'  or  67J  3.T  ;  0.0294  m  Vs] 

32.  A  window,  in  a  vertical  wall,  is  at  a  distance  of  12  m  above  the  ground  level.  A  jet  of  water,  issuing  from 
a  nozzle  of  diameter  50  mm,  is  to  strike  the  window.  The  rate  of  flow  of  w  ater  through  the  nozzle  is 
40  litres/sec.  The  nozzle  is  situated  at  a  distance  of  1  m  above  ground  level.  Find  the  greatest  horizontal 
distance  from  the  wall  of  the  nozzle  so  that  jet  of  water  strikes  the  window.  [Ans.  29,38  m] 

33.  Explain  in  brief  the  working  of  a  pitot-tube.  Calculate  the  velocity  of  flow  of  water  in  a  pipe  of  diameter 
300  mm  at  a  point,  where  the  stagnation  pressure  head  is  5  mand  static  pressure  head  is  4  m.  Given  the  co- 
efficient of  pitot-tube  =  0.97.  (Delhi  University.  rVrm  1982)  [Ans.  4.3  m/secj 

34.  Find  the  rate  of  flow  of  water  through  a  venturi meter  fitted  in  a  pipeline  of  diameter  30  cm.  The  ratio  of 
diameter  of  throat  and  inlet  of  the  venturimeter  is  *.  The  pressure  at  the  inlet  of  the  venturimeter  is 
1 3.734  N/cm2  (gauge)  and  vacuum  in  the  throat  is  37.5  cm  of  mercury.  The  co-efficient  of  venturimeter  is 
given  as  0,98.  (Delhi  University,  April,  19S2)  [Ans.  0,15  m3/s] 

33.  A  30  cm  x  15  cm  venturimeter  is  inserted  in  a  vertical  pipe  carrying  an  oil  of  sp,  gr.  0.S,  flowing  in  the 
upward  direction.  A  differential  mercury  manometer  connected  to  the  inlet  and  throat  gives  a  reading  of 
30  cm.  The  difference  in  the  elevation  of  the  throat  section  and  inlet  section  is  50  cm.  Find  the  rate  of  flow 
of  oil.  (Delhi  University,  1988) 

36.  A  venturimeter  is  used  for  measurement  of  discharge  of  water  in  horizontal  pipe  line.  If  the  ratio  of  up- 
stream pipe  diameter  to  that  of  throat  is  2  :  1.  upstream  diameter  is  300  mm,  the  difference  in  pressure 
hetween  the  throat  and  upstream  is  equal  to  3  m  head  of  v*ter  and  loss  of  head  through  meter  is  one-eighth 
of  the  throat  velocity  head,  calculate  the  discharge  in  the  pipe,  (A.M. I.E..  Winter,  I9ST) 

[Ans.  0.107  mVsl 

37.  A  liquid  of  specific  gravity  0.8  is  flowing  upwards  at  the  rate  of  0,08  m  '/s.  through  a  vertical  venturimeter 
with  an  inlet  diameier  of  200  mm  and  throat  diameter  of  100  mm.  The  Crf  =  0.98  and  the  vertical  distance 
between  pressure  tappings  is  300  mm.  Find  :  ,  ,     „  ,  .  , 
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(i)  the  difference  in  reading,  of  the  two  pressure  gauges,  which  are  connected  to  the  two  pressure  tap- 
pings,  and  1 

W  the  difference  in  the  level  of  the  mercury  columns  of  the  deferential  manometer  which  is  connected  to 
the  tappings,  in  place  of  pressure  gauges,  0elki  Universit},  mj) 

THint.    rt-fldiiJ/   a     ono         n%  [Ans.  (/)  42.928  kN/m2,  (,7)  32.3  cm] 

IHinL    Q  -  0.08  m  /s,  dt  =  200  mm  =  0.2  m,  d1  =  100  mm  =  0.1  m, 

Cd  =  0.98,  zi  -  zt  =  300  mm  =  0.3  m,  a,  =  2L(.22j  =  0.0314  m2 

4 


a2  =  £(.  1 2)  =  0^07854  ml  Using  Q  =  Crf  -pJUHL=  x  JJgl 


4 

Find  ft  \  This  value  of         A  =  5.17  m 


Now  use  ^ 
Now-  use  the  formula  h  =  x 


_  {  Pi  P2) 

'~[ps~psj+{z,~ Zlh  where  9  =  800  kg/m3- Find  (P|  ~pd- 

i  ■ 

where    ft  =  5. 17  m,  ^  =  13.6  and  S;=  0.8.  Find  the  value  of.r  which  will  be  32  3  cm  1 
38.  A  vennmmeter  is  mstalled  in  a  300  mm  diameter  horizontal  pipe  line.  The  throat  pipe  rates  is  1/3  Water 

££23?      T,lati0n  5*5  PreMUrC  ^  ^  P1PC  ,lnE  iS  l3-783  W  vacuum^  ,h 

throat  is  37.5  cm  of  mercury.  Neglecting  head  loss  in  the  venturimeter,  determine  the  rate  of  flow  in  the 

P'pe  me'  (Osmania  University,  1990)  [Ans.  0.153  m3/sec) 

[Hint,  rf,  =  300  mm  =  0.3  m,  a\  =  1  x  300  =  100  mm  =  0. 1  m,     =  i  3.783  N/cm2  =  13.783  x  I04  Wm2. 
HeQce  P,/p      =  13.783  x  104/1000  x  9,81 

=  14.05  m,  p2lps  =  -  37.5  cm  of  Hg  =  -  0.375  x  13.6  m  of  water 
=  -  5. 1  m  of  water.  Hence  h  =  14.05  -  (-  5.1)  =  19. 1 5  m  of  water. 

VaJue  of      ■  Cd=\  .0.  Now  use  the  formula  Q  =  Cd  x  J2g~h  ] 

39.  The  maximum  flow  through  a  300  mm  diameter  horizontal  main  pipe  line  is  IS200  litre/minute  A 
venrunmeter  is  introduced  at  a  point  of  the  pipe  line  where  the  pressure  head  is  4.6  m  of  water.  Find  the 
smallest  dia.  of  throat  so  that  the  pressure  at  the  throat  is  never  negative.  Assume  co-efficient  of  meter  as 
Sr.  j  (A.M. I.E..  Winter.  1989).  [Ans.  d\  =  192.4  mm] 

[Hint  4i  =  300  mm  =  0.3  m,  Q  =  18200  litres/minute  =  18200/60  =  303.33  litres/s  =  0.3033  m3/s,  Pl/pg 

=  4.6  m,  Pl/pg  *  0.  Hence  ft  =  4.6  m,  Crf  =  1 .  d,  =  dia.  at  throat.  Use  formula  Q  =  Q  "|X"2    x  ^  and 

find  the  value  of  a2  .  Then  a,  =  ~  dl  and  find  «Q 

40.  The  following  are  the  data  given  of  a  change  in  diameter  effected  in  laving  a  water  supply  pipe.  The  change 
tn  diameter  ts  gradual  from  20  cm  at  A  to  50  cm  at  B.  Pressures  at  A  and  B  are  7.848  N/cm2  and  5  886  N/cm2 
respectively  with  the  end  5  being  3  m  higher  that,  A.  If  the  How  in  the  pipe  line  is  200  litre/s  find  • 
(0  direction  of  flow,  (ii)  the  head  lost  in  friction  between  A  and  B. 

THin*  n     ™        ft  I     «  (Osmania  University.  1990)  [Ans.  (/)  From  A  to  B.  (ii)  1.015  m  ] 

[HtnL  DA  =  20  cm  =  0.2  m.  Da  =  50  cm  =  0.5  m,  pA  =  7.848  N/cm2  =  7.848  S^R^y  FaMd  ' 

pB  =  5.886  N/cm2  =  5.886  x  104  N/m2,  ZH  =  fl^k^f^^^^Swapnz'Z 


 ■ 
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VA  =  0.2/~(.22)  =  6.369  m/s,  V„  =  0.2/-(.52)  =  1 .01 8  m/s 
4  4 

£a  =  ¥Jp  xg)+^-  +  ?.A-  (7.848  x  1 04/  J  000  x  9.81)  +  (6.36972  x  9.8 1}  +  0=1 0.067  m 


EB  =  (/Vp  x  g)  +  -2-  +  ZB  =  {5.886  x  1 04/1000  x  9.8 1 )  +  ( 1 .0 1 82/2  x  9.8 1 )  +  3  =  9.052  m] 

41.  A  venturimeter  of  inict  diameter  300  mm  and  throat  diameter  150  mm  is  fixed  in  a  vertical  pipe  line.  A 
liquid  of  sp.  gr.  0.8  is" flowing  upward  through  the  pipe  line.  A  differential  manometer  containing  mercury 
gives  a  reading  of  100  mm  when  connected  at  inlet  and  throat.  The  vertical  difference  between  inlet  and 
throat  is  500  mm.  If  Cd  -  0.98,  then  find  :  (i)  rate  of  flow  of  liquid  in  litre  per  second  and  (ii)  difference  of 
pressure  between  iniet  and  throat  in  N/m2  {Delhi  University,  1988) 

[Ans.  (i)  100  litre/s,  (ii)  1 5980  N/m"J 

42.  A  venturimeter  with  a  throat  diameter  of  7.5  cm  is  installed  in  a  15  cm  diameter  pipe.  The  pressure  at  the 
entrance  to  the  meter  is  70  kPa  (gauge)  and  it  is  desired  that  the  pressure  at  any  point  should  not  fall  below 
2.5  m  of  water  absolute.  Determine  the  maximum  flow  rale  of  water  through  the  meter.  Take  Cd-  0.97  and 


atmospheric  pressure  as  100  kPa. 


[Hint.  The  pressure  at  the  throat  will  be  minimum.  Hence       =  2.5  m  fabs  ) 

Pg 

Given:      _        dA  =  15  cm  .-.  A,  =  -(152)  =  176.7  cm3 


(J.N.T.U.,  Hyderabad  S  2002) 


d,  = 


7.5  cm  .-.  A2  =  -(7.52)  =44.175  cm2 
4 


Pi 

Pi  (abs.) 

A 
PS 


=  70  kPa  =  70  x  103  N/m2  {gauge),  p3la  =  100  kPa  =  100  x  103  N/m2 
=  70x  103+  100  x  103  =  170  x  10}N/m2(abs.) 


170xlOJ 
1000x9.81 


17.33  ni  of  water  (abs.) 


Ei 
pg 


h  =  -o.  - 


El 
ps 


Now 


17.33  -  2,5  =  14.83  m  of  water  =  14S3  cm  of  water 
0.97  x  1 76.7  x  44.1 75  x  J 2  x  98 1  x  1483 


=  75488  cm  /s 


v4|  ^176.7"  -44  - J  753 

=  75.488  litre/s.  Ans.] 

43.  Find  the  discharge  of  water  flowing  through  a  pipe  20  cm  diameter  placed  in  an  inclined  position,  where  a 
venturimeter  is  inserted,  having  a  throat  diameter  of  10  em.  The  difference  of  pressure  between  the  main 
and  throat  is  measured  by  a  liquid  of  specific  gravity  0.4  in  an  inverted  [/-tube,  which  gives  a  reading  of 
30  cm.  The  loss  of  head  between  the  main  and  throat  is  0.2  times  the  kinetic  head  of  pipe. 

(Delhi  University,  Dec.  2002) 


[Hint.  Given  :  d,  -  20  cm 


fl,  =  -(20*)  = 
4 


lOOjicnr  ;d,=  10  cm  .'.  a2  =  -(10s)  =  25  n  enr, 

4 


x  -  30  cm,  h  =  x 


But  h  is  also 


i-A 


Pi 
pg 


IS  cm  =  0.18  m 


ps  ) 


Ei 

PS 


=  18cm  =  0.18  m 
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h,  =  0.2  x 

From  Bernoulli's  equation,  —  +      +  zt  -  —  +       +  z2  +  hL 

PS    2g  pg  2g 


PS       )    [PS       J     2g  2g 


Pg 


2fi     2S        2g  i     l^pg     'j  *j     ■  2g 


2?     2g        2g  2g  2g 

aV  SPI^ 

From  continuity  equation,  a.  V,  =  a-,V-,  or  V,  -      -=  ^    -  4V, 

*  f('o2) 

NW  0.18  +  ^l_li=0or0.18  +  H^_(l^=0 

2g       2g  2g  2g 

2g        2g  2g        2g  2g 


*4 


^J018>0pi=a48ni/s  =  48cm/s 


Q  =A1Vl-  ~(202)  x  48  =  15140  cnvVs  =  15.14  litre/s.  Ans.] 
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Chapter 


Orifices  and  Mouthpieces 


►  T.I  INTRODUCTION 

Orifice  is  a  small  opening  of  any  cross-section  (such  as  circular,  triangular,  rectangular  etc.)  on  the 
side  or  at  the  bottom  of  a  tank,  through  which  a  fluid  is  flowing.  A  mouthpiece  is  a  short  length  of  a  pipe 
which  is  two  to  three  times  its  diameter  in  length,  fitted  in  a  tank  or  vessel  containing  the  fluid.  Orifices 
as  well  as  mouthpieces  are  used  for  measuring  the  rate  of  flow  of  fluid. 

►  7.2    CLASSIFICATIONS  OF  ORIFICES 

The  orifices  are  classified  on  the  basis  of  their  size,  shape,  nature  of  discharge  and  shape  of  ihe 
upstream  edge.  The  following  are  the  important  classifications  : 

1 .  The  orifices  are  classified  as  small  orifice  or  large  orifice  depending  upon  the  size  of  orifice  and 
head  of  liquid  from  the  centre  of  the  orifice.  If  the  head  of  liquid  from  the  centre  of  orifice  is  more  than 
five  times  the  depth  of  orifice,  the  orifice  is  called  small  orifice.  And  if  the  head  of  liquids  is  less  than 
five  times  the  depth  of  orifice,  it  is  known  as  large  orifice. 

2.  The  orifices  are  classified  as  (i)  Circular  orifice,  (fij  Triangular  orifice,  (iraj  Rectangular  orifice 
and  (fv)  Square  orifice  depending  upon  their  cross-sectional  areas. 

3.  The  orifices  are  classified  as  (/)  Sharp-edged  orifice  and  (ii)  Bell-mouthed  orifice  depending  upon 
the  shape  of  upstream  edge  of  the  orifices. 

4.  The  orifices  are  classified  as  (i)  Free  discharging  orifices  and  (it)  Drowned  or  sub-merged  ori- 
fices depending  upon  the  nature  of  discharge. 

The  sub-merged  orifices  are  further-classified  as  (a)  Fully  sub-merged  orifices  and  (£>)  Partially 
sub- merged  orifices. 

►  7.3    FLOW  THROUGH  AN  ORIFICE 

Consider  a  tank  fitted  with  a  circular  orifice  in  one  of  its  sides  as  shown  in  Fig.  7.1.  Let //be  the  head 
of  the  liquid  above  the  centre  of  the  orifice.  The  liquid  flowing  through  the  orifice  forms  a  jet  of  liquid 
whose  area  of  cross-section  is  less  than  that  of  orifice.  The  area  of  jet  of  fluid  goes  on  decreasing  and  at 
a  section  CC,  the  area  is  minimum.  This  section  is  approximately  at  a  distance  of  half  of  diameter  of  the 
orifice.  At  this  section,  the  streamlines  are  straight  and  parallel  10  each  other  and  perpendicular  lo  the 
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phinc  of  the  orifice.  This  section  is  culled  Vena-contracta.  Be- 
yond this  section,  the  jet  diverges  and  is  attracted  in  the  downward 
direction  by  the  gravity. 

Consider  two  points  1  and  2  as  shown  in  Fig.  7.1.  Point  1  is  inside 
the  tank  and  point  2  at  the  vena-contracta.  Let  the  flow  is  steady  and  at 
a  constant  head  H.  Applying  Bernoulli's  equation  at  points  1  and  2. 


PS  2g 

2 

PS  2S 

But 

=  El  +  ?L 

P8  2S 

PS  28 

Now 

El 

PS 

=  H 

El 
pg 

=  0  {atmospheric  pressure) 

%C  CONTRACTA 


Fig.  7.1  Tank  with  an  orifice. 


i'i  is  verv  small  in  comparison  to  v2  as  area  of  tank  is  very  large  as  compared  to  the  area  of  the  jet  of 
liquid. 

2 

H +  q  =  0+?L. 

28 

v2=42g~H  -t7-!> 
This  is  theoretical  velocity.  Actual  velocity  will  be  less  than  this  value. 

>  7.4    HYDRAULIC  CO-EFFICIENTS 

The  hydraulic  co-efficients  are 
L  Co-efficient  of  velocity,  Cv 

2,  Co-efficient  of  contraction,  Cc 

3.  Co-efficient  of  discharge,  Cd. 

7.4. 1  Co -efficient  of  Velocity  (Cv).  It  is  defined  as  the  ratio  between  the  actual  velocity  of  a 
jet  of  liquid  at  vena-contracta  and  the  theoretical  velocity  of  jet.  It  is  denoted  byCt.and  mathematically, 
Cr  is  given  as 

_  Actual  velocity  of  jet  at  vena-contracta 
J  Theoretical  velocity 


,  where  V=  actual  velocity,  JlgH  =  Theoretical  velocity 


,.(7.2) 


The  value  of  Q  varies  from  0.95  to  0.99  for  different  orifices,  depending  on  the  shape,  size  of  the 
orifice  and  on  the  head  under  which  flow  takes  place.  Generally  the  value  ofC,.  =  0.98  is  taken  for  sharp- 
edged  orifices. 
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7.4.2  Co-efficient  of  Contraction  (Cc).  Il  is  defined  as  the  ratio  of  the  area  of  the  jet  at 
vena-eontracta  to  the  area  of  the  orifice.  It  is  denoted  by  Ce. 

Let  a  =  area  of  orifice  and 

ac  =  area  of  jet  at  vena-contracta. 

m  m      area  of  jet  at  vena-contracta 

Then  Cr  =   -  — 

area  of  onfice 

=  ^  ...(7.3) 
a 

The  value  of  Cc  varies  from  0,61  to  0.69  depending  on  shape  and  size  of  the  orifice  and  head  of  liquid 
under  which  flow  takes  place.  In  general,  the  value  of  CL,  may  be  taken  0.64. 

7.4.3  Co-efficient  of  Discharge  (Cd).  It  is  defined  as  the  ratio  of  the  actual  discharge  from  an 
orifice  to  the  theoretical  discharge  from  the  orifice.  It  is  denoted  by  Q.  If  Q  is  actual  discharge  and  Qth 
is  the  theoretical  discharge  then  mathematically,  Cd  is  given  as 

Q  Actual  velocity,  x  Actual  area 

d  "  Qth     Theoretical  velocity  X  Theoretical  area 

Actual  velocity  Actual  area 


Theoretical  velocity    Theoretical  area 
Cd  =  CvxCc  -(7.4) 
The  value  of  Cd  varies  from  0.61  to  0.65.  For  general  purpose  the  value  of  Q  is  taken  as  0.62. 
Problem  7.1     The  head  of  water  over  an  orifice  of  diameter  40  mm  is  10  m.  Find  the  actual  dis- 
charge and  actual  velocity  of  the  jet  at  vena-contracta.  Take  Cd  =  0.6  and  Cv  =  0.98. 
Solution.  Given  : 

Head,  H  =  10  cm 

Dia.  of  orifice,  d  =  40  mm  =  0.04  m 


.-.Area,     '  a  =  -(.04)2  =  .001256  m2 

4 

Cd=0.6 
C(,  =  0.98 

Actual  discharge 

(()  =  0.6 

Theoretical  discharge 


But  Theoretical  discharge  -  V,h  x  Area  of  orifice 

V,,,  =  Theoretical  velocity,  where V,h  =  ^2gH  =  v'2x9.81  xIO  =  14  m/s 

2 

'    Theoretical  discharge  =  14  x  .001256  =  0.01758  ^- 

Actual  discharge  -  0.6  x  Theoretical  discharge 

=  0.6  x  .01758  =  0.01054  m3/s.  Ans. 
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Actual  velocity 


C  =  0-98 


Theoretical  velocity 

Actual  velocity  =  0.98  X  Theoretical  velocity 
=  0  98  x  14  =  13.72  m/s.  Ans. 
'  P  roblem  7  2    The  head  of  water  over  the  centre  of  an  orifice  of  diameter  20  mm  is  1  m.  The  actual 
discharge  through  the  orifice  is  0.H5  litre/s.  Find  the  co-efficient  of  discharge. 
Solution.  Given : 

d  =  20  mm  =  ,02  m 


Dia.  of  orifice, 
.-.  Area, 
Head, 

Actual  discharge, 
Theoretical  velocity, 


„  =  _(.02)2 -,000314  m2 
4 

H=  1  m 

Q  -  0.85  litre/s  =  .00085  m3/s 
V^=  -figH  =  V2x9.81xl  =  4.429  m/s 


,  Theoretical  discharge,    Qih  =  V,„  X  Area  of  orifice 


Co-efficient  of  discharge  = 


=  4.429  X  .000314  =  0.00139  m3/s 
Actual  discharge    _  0-00085 


Theoretical  discharge     0.001 39 


=  0.61.  Ans. 


►  7.5    EXPERIMENTAL  DETERMINATION  OF  HYDRAULIC  CO-EFFICIENTS 

7  *  i  Determination  of  C,.  The  water  is  allowed  to  flow  through  an  orifice  fitted  to  a  tank 
£52  a  co  l£E ffl  « in  Fig.  7.2.  The  water  is  collected  »  a  measuring  tank  for  a  known 
t  ,1,  r.  The  height  of  water  in  the  measuringtank  is  noted  down.  Thea  actual  d.scharge  through  onf.ee, 

SUPPLY  i 
WATER 


Fig.  7.2    Value  of  Cd. 

Area  of  measuring  tank  x  Height  of  water  in  measuring  tank 
Q  =  ~~       "  "       Time  (/) 


and 


theoretical  discharge  =  area  of  orifice  x  ^2gH 

C  -— 
d     a  x  j2g~H 


...{7.5) 
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7.5.2  Determination  of  Co-efficient  of  Velocity  (Cv).  Let  C-C  represents  the  vena- 
contracta  of  a  jet  of  water  coming  out  from  an  orifice  under  constant  head  H  as  shown  in  Fig,  7.2. 
Consider  a  liquid  particle  which  is  at  vena-contracta  at  any  time  and  takes  the  position  at  P  along  the  jet 
in  time  'r\ 

Let     x  =  horizontal  distance  travelled  by  the  particle  in  time  Y 

y  =  vertical  distance  between  P  and  C-C 

V  =  actual  velocity  of  jet  at  vena-contracta. 
Then  horizontal  distance,      x  =  V  X  t  ...(/) 

1  , 

and   vertical  distance,  y  =  ~gf  ...(H) 

From  equation  (0,  t  =  — 

Substituting  this  value  of  'f  in  (ii),  we  get 

1  x2 

2 

2y 


v2  =  gx 


v= 


x2 


But  theoretical  velocity, 

.-.  Co-efficient  of  velocity,  Cu  =  —  =  J^—  X  -^J^_-  =  •  I- 

V!h    ily     Jl^H  \4yH 

...(7.6) 

7.5.3    Determination  of  Co-efficient  of  Contraction  (Cc).   The  co-efficient  of  contraction 
is  determined  from  the  equation  (7.4)  as 

Cd  =  CvxCc 

Cc  =  ^~  ...(7.7) 

Problem  7.3    A  jet  of  water,  issuing  from  a  sharp- edged  vertical  orifice  under  a  constant  head  of 
iO.Oan,  at  a  certain  point,  has  the  horizontal  and  vertical  co-ordinates  measured  from  the  vena-contracta 
as  20.0  cm  and  10.5  cm  respectively.  Find  the  value  of  Cx.  Also  find  the  value  of  Cc  ifCtl=  0.60.  ' 
Soiution,  Given : 

Head,  H  =  10.0  cm 

Horizontal  distance,  x  =  20.0  cm 

Vertical  distance,  y  =  1 0.5  cm  scanned  by  Fahid 
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The  value  of  Cr  is  given  by  equation  (7.6)  as 


r  -—L--^-    200        -  =  -^-  =  0-9759  =  0.976.  Ans. 
1     feyH     74x10.5  x  10.0  20.493 

The  value  of  Cc  is  given  by  equation  (7.7)  as 

C  =      =  -  0.6 147  =  0.615.  Ans. 

c     Cv  0.976 

Problem  7.4    The  head  of  water  over  an  orifice  of  diameter  100  mm  is  10  m.  The  water  coming  out 
from  orifice  is  collected  in  a  circular  tank  of  diameter  1.5  m.  The  rise  of  water  level  in  this  tank  is 
l.Orn  in  25»seconds.  Also  the  co-ordinates  of  a  point  on  the  jet,  measured  from  vena-contracta  are  4,3 
m  horizontal  and  0.5  m  vertical.  Find  the  co-efficients,  Q,  Cv  and  Cc, 
Solution.  Given : 

Head,  H  =  10m 

Dia.  of  orifice,  tf=100mm  =  0.1m  f 

.-.  Area  of  orifice,  a  =  ^(.l)2  =?  0.007853  m2 

Dia.  of  measuring  tank.       D  =»  1 .5  m 

.-.  Area,  A  =  ^<1.5)2  =  1.767  nr 

4 

Rise  of  water,  h  =  \  m 

in  time,  f  =  25  seconds 

Horizontal  distance,  X  =  4.3  m 

Vertical  distance,  y  -  0.5  m 

Now  theoretical  velocity,    V,„  =  =  V2x  9.81x10  =  1 4.0  m/s 

...    Theoretical  discharge,  Qth  =  VJX  Area  of  orifice  =  14.0  X  .007854  =  0. 1 099  nrYs 

■      Axh     1.767x1.0  nA7n,s 
Actual  discharge,  Q  =  — —  =  —  =  0.07068 

_Q  =  ^  =  0.643.An, 
4     Q,h  -1099 
The  value  of  Cv  H  given  by  equation  (7.6)  as 

i  4  3  43 

C  =  =  -==— -  =  =  0-96.  Ans. 

"     ftyll     ,/4  x  0.5x10  4.472 

Cc  is  given  by  equation  (7.7)  as  Cc  =  ^f  =  =  0.669.  Ans. 

■  Cv  0.96 

Problem  7.5  Wnr<?r  discharge  at  the  rate  of  98.2  litres/s  through  a  120  mm  diameter  vertical 
sharp-edged  orifice  placed  under  a  constant  head  of  10  metres.  A  point,  on  the  jet,  measured  from  the 
vena-contracta  of  the  jet  has  co-ordinates  4,5  metres  horizontal  and  0.54  metres  vertical.  Find  the 
co-efficient  Cv,  C,  and  Cd  of  the  Qrifice.  (A.M. I.E.,  Winter,  1983) 
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as*  '&mtim 

•••Area  of  orifice,  «  =  |(.  I2)2  =  O.0H31  nr>  i 

Now  theorem,  velocity,    jfc  =  =  =  , 

Theoret,cal  discharge,       %h  =  *jj  X  Area  of  orifice 

a  14.0  x. 01 131  =  0.1583  m3/s 
The  value  of  Cd  is  given  by  Cd  =  ^£^^scharge_^        _  00982 

The  oretical  discharge    O    "  oTssT  =  °"62-  Ans- 
The  value  of     is  given  by  equation  (7.6),  " 

The  value  of  Cc  is  given  by  equation  (7.7)  as 

r  _  Cd     0.62  v',.. 

Problem  7.6    ,4  25  mm  diameter  nozzle  discharge*  n  7/t    J  i 

m  the  loss  of  head  due  to  fluid  resisZce  '  W      ^  *  £  Cv       Q  ft* 

Sofution.  Given  :  (A.M.I.E.,  Summer  1988) 

Dia.  of  nozzle,  />  =  25  mrii  =  0.025  m 

Actual  discharge,  ^  =  0.?6  m3/minute  =  0£  =  ^  m3/s 

Head,        ;  w    ,n  60 

°f  Jet.  rf  1 22  ^ -oo,^  r-^.  N/Z2LE  <* 

(0  Values  bf  coefficients-        22  5  m™"  0-0225  m.  ^^^^L^WTER 


Co-efficient  of  contraction  (Q  is  given  by,  TTT" "  ~~J~ 

c        Area  of  jet 

Area  of  nozzle  Fig-  7.3 


=  =il_  0.O2252 

4 


Co-efficient  of  discharge  (Crf>  is  given  by. 

c  _     Actual  discharge 
Theoretical  discharge 
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0.01267 


Theoretical  velocity  x  Area  of  nozzle 
0,01267  0.01267 


^gTT  x  *  D:     J2x  9.81x60  x  5  (0.025)2 


=  0.752.  Ans. 

Co-efficient  of  velocity  (Cv)  is  given  by, 

C^=0J52  =  Q  928  Ans 
W     Cc  0.81 
(iQ  Loss  of  head  due  to  fluid  resistance  : 

Applying  Bernoulli's  equation  at  the  outlet  of  nozzle  and  to  the  jet  of  water,  we  get 

Pl  +  YL  +  i-  =  E2,^YL  +  Zl  +Loss  of  head 
pg    2g  pg  2g 


But 


-         Atmospheric  pressure  head 
pg  Pg 

Zl  =z2,  V,  =  ^/2gW  ,  V2  =  Actual  velocity  of  jet=  C,  ,j2g// 


2g  2g  . 


Loss  of  head 


or 


.  Loss  of  head 


H  =  C*xH  +  Loss  of  head 
=  H-C;xH  =  H{l 


=  60(1  -  0.9282)  =  60  x  0.1 38S  =  8.328  m.  Ans. 
Problem  7  7  A  pipe,  100  mm  fa  diameter,  has  a  nozzle  attached  to  it  at  the  discharge  end  the 
damteTofthe  noz  l  is  50  mm.  The  rate  of  discharge  ofvarer  through  the  nouU  is  20  litres/s  and  the 
S2S  m  of  the  nozzle  of  5.886  N,cm\  Calculate  tke  co-efficient  ^jjf^j^g 
the  base  of  the  nozzle  and  outlet  of  the  nozzle  are  at  the  same  elevation.  (A.M.I.E.,  Winter,  1977) 
Solution.  Given  : 

D  =  100  mm  =  0.1  m 


Dia.  of  pipe, 

Dia.  of  nozzle, 

Actual  discharge. 
Pressure  al  the  base. 


NOZZLE 


A,  =  —(.I)2  =  .007854  m2 
4 

d  =  50  mm  =  0.05  m 

A.i  =  *  (.05)2  m  .001963  m2 
4 

Q  =  20  lit/s  =  0.02  m3/S 


5  cm 


N 


&  =  5.886  N/cm2  =  5.886  x  104  — T 

m 


BASE  OF  NOZZLE 

2 

pt  =  5.886  N/cm 
Fig.  7.4 


From  continuity  equation.  A,  Vi  =  A2V2 
or  .007854  V,  =  .001963  V2 
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,001963  V, 


.....  i 


.007854  4 
where  V,  and  K2  are  theoretical  velocity  at  (1)  and  (2). 
Applying  Bernoulli's  equation  at  (1)  and  (2),  we  get 


But 


PS     2*  ps  2S 

z-  =  -i-> 


PS  2g 


P8  +  2S 


or 


5.886 


1000x9.81 
6.0  + 


f,  ^ 

'  I  PS 


Atmospheric  pressure 


IS  *  16  2g 


or 


2S 


i6  J  ig-mi 


6.0 


=  ^6\0x 


2  x  9.81  x  ||  =  11.205  m/sec 


Theoretical  discharge         =  V2xA2  =  11.205  x  .001963  =  0.022  iri/s 

=     Actual  discharge    _  O02_  =  gj£  ^ 
1  Theoretical  discharge  0.022 

Problem  7.8    A  tank  has  two  identical  orifices  in  one  of  its  vertical  sides.  The  upper  orifice  is  3  m 
belov.-  the  water  surface  and  lower  one  is  5  m  below  the  water  surface.  If  the  value  of  Cvfor  each 
orifice  is  0.96,  find  the  point  of  intersection  of  the  two  jets. 
Solution.  Given: 

Height  of  water  from  orifice  (l),W|=3m 


From  orifice  (2), 


H-,  =  5  m 


Cv  for  both  =  0.96 
Let  P  is  the  point  of  intersection  of  the  two  jets  coming 
from  orifices  (1)  and  (2),  such  that 

x  -  horizontal  distance  of  P 
y,  =  vertical  distance  of  P  from  orifice  ( 1 ) 
V2  =  vertical  distance  of  P  from  orifice  (2) 
Then  y,  =  y;  +  (5  -  3)  =  y2  +  2  m 

The  value  of  Cv  is  given  by  equation  (7.6)  as 


5?  PjPFrfrm^^^-AAZS^mp^l 
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For  orifice  (1), 


For  orifice  (2), 


As  both  the  orifices  are  identical 


or 


But 


From  (i'0. 


c,,  =  c,.3 


^4v!  x3.0     ^4v,  x  5,0 
+  2.0 

3(y2  +  2.Q)  =  5y2  .' 
2>2  =  6.0 


or  3y,  =  5>-2 


or 


0.96  = 


^4x3.0x5.0 

*  =  0.96  x  ^4  x  3.0  x  5.0  =  7.436  m.  Ans. 
Problem  7.9  A  closed  vessel  contains  water  up  to  a  height  of  1.5  in  and  over  the  miter  surfot 
there  is  air  having  pressure  7.848  N/cm2  (0,8  kgf/cm2)  above  atmospheric  pressure.  At  the  bono 
the  vessel  there  is  an  orifice  of  diameter  100  mm.  Find  the  rate  of  flow  of  waterjrom  orifice.  lid 
Q  =  0.<5. 

Solution.  Given  : 

Dia.  of  orifice,  d  =  100  mm  =  0.1  m 

Q  =  0.6 

Height  of  water,  H  =  1.5  m 

Air  pressure,  p  =  7.848  N/cm2  =  7.848  x  104  N/rrr 

Applying  Bernoulli's  equation  at  {l>(watcr  surface)  and  (2),  we  get 


ft 


PS     2g  PS  1g 

Taking  datum  line  passing  through  (2)  which  is  very  close  to  the 
bottom  surface  of  the  tank.  Then  z2  =  0,  i,  =  1.5  m 


Also 
and 


Pi 

—  =0  (atmospheric  pressure) 
PS 

ft.  _  7.848xl04 


PS     1000  x  9.81 

V; 

8  +  0+1.5  =  0  +  ^  +  0 


9.5  = 


2 
2g 


=  8  m  of  water 


H=tl 


j  V,  is  nc^hg 


J 
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V2  =      x  9.81  x  9.5  =  13.652  m/s 
Rate  of  flow  of  water  =  Qx<i2xV, 

=  0.6  x  -  (.l)2x  13.652  irr/s  =  fSM4i  m/s.  Ans. 

...  4  >, 

Problem  7.1 0    A  closed  tank  partially  filled  with  water  upto  a  height  ufO. ')  •«  having  an  orifice  of 
diameter  15  mm  at  the  bottom  of  the  tank.  The  air  is  pumped  into  the  <    <*&  :,art  of  the  tank.  Deter- 
mine the  pressure  required  for  a  discharge  of  1 .5  litres/s  through  ins  b0<t£?.  Take.  Cd  =  0.62. 
Solution.  Given  : 

Height  of  water  above  orifice,  H  =  0.9  m 

Dia.  of  orifice,  d  =  15  mm  =  0.015  m 

,-.  Area,  a  =  -  \d2]  =  -A  (,0)5)2  =  0.0001767  m2 

4  l    j  4 

Discharge.  0  =  1,5  litres/s  =  .0015  m3/s 

Q  =  0.62 

Let  p  is  intensity  of  pressure  required  above  water  surface  in  N/ctn  . 
Then  pressure  head  of  «*  |  =  =  —  m  of  water. 

If  V2  is  the  velocity  at  outlet  of  orifice,  then 


H+fs 


Discharge  Q  =  Cd  x  a  x  ^2S(H  +  p/pg) 

.0015  =  0.6  x  .0001767  x  ^2  x  9.81  (0.9  +  pi  pg) 

P^ll-  0015 


0.6  x. 000 1767 


=  14.148 


or  2x9.81  ^0.9  +  -^j  =  14.148  x  14.148 


m  =  14-148  x  14.148  _Q  9  a  1Q  2Q2  _  Q  9  =  Q  3Q2 
9.81  2x9.81 


P  = 


9.302  x9.81  =9.125N/cm2,Ans. 

10 


►  7.6    FLOW  THROUGH  LARGE  ORIFICES 

If  the  head  of  liquid  is  less  than  5  times  the  depth  of  the  orifice,  the  orifice  is  called  large  orifice.  In 
case  of  small  orifice,  the  velocity  in  the  entire  cross-section  of  the  jet  is  considered  to  be  constant  and 

discharge  can  be  calculated  by  Q  -  Cd  x  a  x  JTgh.  But  in  case  of  a  large  orifice,  the  velocity  is  not 
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7.6.1     Discharge  Through  Large  Rectangular  Orifice.    Consider  a  large  rectangular  orifice 
in  one  side  of  the  tank  discharging  freely  into  atmosphere  under  a  constant  head,  Has shown  in  Fig.  7.7. 
Let  H)  =  height  of  liquid  above  top  edge  of  orifice 

H2  =  height  of  liquid  above  bottom  edge  of  orifice 
b  =  breadth  of  orifice 
d  =  depth  of  orifice  =H2~H] 
bjf  =  co-efficient  of  discharge. 
Consider  an  elementary  horizontal  strip  of  depth  'dh'  at  a  depth  of  'V  below  the  free  surface  of  the 
liquid  in  the  tank  as  shown  in  Fig.  7.7  (b). 

I  _ 

T 


H  HiVJB  ! 


Fig.  7.7    Large  rectangular  orifice. 

Area  of  strip  =  by.  dh 
and  theoretical  velocity  of  water  through  strip  =  *j2gh . 
-■.    Discharge  through  elementary  strip  is  given 

dQ  =  Cdx  Area  of  strip  x  Velocity 

=  Cdxbxdkx  figh  =  Qb  x  jlgh  dh 
By  integrating  the  above  equation  between  the  limits  Ul  and  H2,  the  total  discharge  through  the 
whole  orifice  is  obtained 


Q  =  f  -Cj  xbxfigkdh 

'    r"  [ hyl  ]Wj 

=  Cdxbx  figi  1Jkdh  =  C<txbxJli  " — 

JH>  L3/2Jw, 


^cdxbjrg[Hr-Hr] 


...(7.8) 


Problem  7.1 1    Find  the  discharge  through  a  rectangular  orifice  2.0  m  wide  and  1.5  m  deep  fitted  to 
a  water  tank.  The  water  level  in  the  tank  is  3.0  m  above  the  top  edge  of  the  orifice.  Take  Cd  =  0.62. 
Solution.  Given  : 

Width  of  orifice,  fc  =  2.0m 

Depth  of  orifice,  rf=1.5m 
Height  of  water  above  top  of  the  orifice,  Ht  =  3  m 

Heigh,  of  waterabovebottomedgeoftheorif.ee,  by  Fahid  . 
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H2  =  H]  +  d  =  3  +  1.5  =4.5  m 
Cd  =  0.62 

Discharge  Q  is  given  by  equation  (7.8)  as  ; 

0.62  x  2.0  y  J2*¥Mm?A  7  3'''j  m"/s 

3 

=  3.66(9.545  -5.!  =6]  m  ,s  =  15.917  in^/s.  Ans. 
P  roblem  7  12    A  rectangular  orifice,  1.5  m  wide  and  1.0  m  deep  is  discharging  water  from  a  tank. 
IfteZlrlL  in  the  tank  is  S.O  £  above  the  top  edge  of  the  ortfice,  fiud  the  feRfttf*  through  the 
orifice.  Take  the  co-efficient  of  discharging  for  the  orifice  -  0.6. 
Solution.  Given : 

Width  of  orifice,  b=  1.5  m 

Depth  of  orifice,  d  =  1.0  m 

H,^3.0m 

//2  =  tf,  +d=2.0+  1.0  =  4.0  m 
Q  =  0.6 

Discharge,  Q  is  given  by  the  equation  (7.8)  as 

=  1  x0  6x  1.5X  ,,^T9lT[4.015-3.0l5lm-/s 
3 

=  2.657  [8.0  -  5.196]  m3/s  =  7.45  m'/s.  Ans. 
Problem  7  13    A  rectangular  orifice  0.9  m  mde  and  1.2  m  deep  is  discharging  water  from  a  vessel. 
The^oTedge  ofthe  orifice  is  0.6  m  Mo*  the  water  surface  in  the  vessel  Calculate  thed.Carge 
through  the  orifice  if  Cd  =  0.6  and  percentage  error  if  the  orifice  is  treated  as  a  small  onfice. 
Solution.  Given : 

Width  of  orif  ice,  fa  =0.9  m 

Depth  of  orifice,  d=1.2m 

H2  =  0.6  m 

H2  =  HX  +d  =  0.6+  1.2  =  1.8  m 
Cd  =  0.6 

Discharge  Q  is  given  as       Q  =  |  X  Q  X  b  x  Jig'  X  [Hi'2  -  H,3,2J 

Jx0.6x  2.9  x  J2x~9l\  [1 .8M  - 0.6m\  m3/s 

3  . 
=  1.5946  [2.4149-  .4647]  =  3.1097  m  /s.  Ans. 

Discharging  for  a  small  orifice 

§,  =  CrfxaX 


J 
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□ 


2,  =  0.6  "x  .9x1.2x^/2x9.8 1x1,2  =3.1442  m7s 


7o  error  = 


a-g  =  3.1442~3.1097  =,0>ono9  or  ^ 


3.1097 


p.  7.7  DISCHARGE  THROUGH  FULLY  SUB-MERGED  ORIFICE 


Fully  sub-merged  orifice  is  one  which  has  its  whole  of  the  outlet  side 
sub-merged  under  liquid  so  that  it  discharges  a  jet  of  liquid  into  the 
liquid  of  the  same  kind.  It  is  also  called  totally  drowned  orifice.  Fig.  7.8 
shows  the  fully  sub-merged  orifice.  Consider  two  points  (1)  and  (2),- 
point  1  being  in  the  reservoir  on  the  upstream  side  of  the  orifice  and 
point  2  being  at  the  vena -contract a  as  shown  in  Fig.  7.8. 

Let   Hi  =  Height  of  water  above  the  top  of  the  orifice  on  the      Fig.  7 .8    Fully  sub-merged  orifice. 
upstream  side.  / 
H2  =  Height  of  water  above  the  bottom  of  the  orifice 
H  -  Difference  in  water  level 
b  =  Width  of  orifice 
Cd  =  Co-efficient  of  discharge. 
Height  of  water  above  the  centre  of  orifice  on  upstream  side 


=  //(  + 


2.  2 

Height  of  water  above  the  centre  of  orifice  on  downstream  side 


_HL+H1 


-H 


Applying  Bernoulli's  equation  at  (1)  and  (2),  we  get 

pg     U     PS  2g 

Now       A  _      +      ,  ^  =  UlUh.  _  H  and  V,  is  negligible 
pj?  2        pg  2 

2  2  2g 


...(2) 


[V  Z]  =z2] 


Area  of  orifice 


V2 


Discharge  through  orifice  =  CA  x  Area  x  Velocity 


=  Cdxb(H2-Hl)x  figH 


Q  =  Cdxb(H2-H1)x  42jH 


...{7.9) 
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Problem  7.14    Find  the  discharging  through  a  fully  sub-merged  orifice  of  width  2  m  if  the  differ- 
ence of  water  levels  on  both  sides  of  the  orifice  be  50  an.  The  height  of  water  from  top  and  bottom  of 
the  orifice  are  2.5  m  and  2.75  m  respectively.  Take  Cd  =  0.6. 
Solution.  Given  : 

Width  of  orifice,  b  =  2m 

Difference  of  water  level,  M  =  50  cm  =  0.5  m 

Height  of  water  from  top  of  on  f  ice,  //,  =  2,5  m 
Height  of  water  from  bottom  of  orifice,    H2  =  2.5  m 

Q  =  0.6 

Discharge  through  fully  :; lib- merged  orifice  is  given  by  equation  (7.9) 


or  Q  =  Cdxbx  {H1-Hl)x.  figH 


=  0.6  x  2.0  x  (2.75  -  2.5),  X  ^2x9.81x0.5  m7s 
=  0.9396  m3/s.  Ans. 

Problem  7.1  §    Find  the  discharge  through  a  totally  drowned  orifice  2.0  m  wide  and  I  m  deep,  if  the 
difference  of  water  levels  on  both  the  sides  of  the  orifice  be  3  m.  Take  Cd  =  0.62. 
Solution.  Given  , 

Width  of  orifice.  b  =  2.0  m 

Depth  of  orifice,  d  =  Y  m. 

Difference  of  water  level  on  both  the  sides 

H  =  3  m 

Cd  =  0.62 


Discharge  through  orifice  is  Q  =  Cd  x  Area  x  ^2gH 

=  Q.62x  bxd.x  j2gH 

=  0.62  x  2.0  x  l  .0  x  ^2x9.81x3  m3/s  =  9.513  m3/s.  Ans. 

►  7.8  DISCHARGE  THROUGH  PARTIALLY  SUB-MERGED  ORIFICE 

Partially  sub- merged  orifice  is  one  which  has  its  outlet  side 
partially  sub-merged  under  liquid  as  shown  in  Fig.  7.9.  It  is  also 
known  as  partially  drowned  orifice.  Thus  the  partially  sub-merged 


orifice  has  two  portions.  The  upper  portion  behaves  an  orifice  a         '  ^   W  H 

discharging  free  while  the  lower  portion  behaves  as  a  sub-merged  |        H2  X  ^£  j 

orifice.  Only  a  large  orifice  can  behave  as  a  partially  sub-merged  ^        I  ssw  ---------  $ 

orifice.  The  total  dischargeg  through  parti  ally  sub-merged  orifice  ?  |  g 

is  equal  to  the  discharges  through  free  and  the  sub- merged  *  " 

portions.  -.<)    partially  mh-mergeil 

Discharge  through  the  sub-merged  portion  is  given  by  equation  (7.9)  n  rifice. 

Q^Cdxbx{H2-H)xj2g~H 

Discharge  through  the  free  portion  is  given  by  equation  (7.8)  as 
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Q2=  \cdxbxj2g[H^-H?h 

■ :.    -Total  discharge  Q  =  Gi  +  Qi   

=  Cdxbx(H2  -  H)x  -^2gH 

Problem  7.1 6  A  rectangular  orifice  of  2  m  width  and  1.2  m  deep  is  fitted  in  one  side  of  a  large 
tank  The  water  level  on  one  side  of  the  orifice  is  3  m  above  the  top  edge  of  the  orifice  whdeon  the 
other  side  of  the  orifice,  the  water  level  is  0.5  m  below  its  top  edge.  Calculate  the  discharge  through 
the  orifice  if  Cd  =  0.64. 

Solution.  Given  :  Width  of  orifice,  b  =  2  m 

Depth  of  orifice,  d  =  1 .2  m 

Height  of  water  from  top  edge  of  orifice,  //,  =  3  m 

Difference  of  water  level  on  both  sides,  H  =  3  +  0.5  =  3.5  m  ; 
Height  of  water  from  the  bottom  edge  of  orifice,  ffj  =  //,  +  d  =  3  +  1 .2  =  4.2  m 
The  orifice  is  partially  sub-merged:  The  discharge  through  sub-merged  portion, 

"  Qj  =  Cd  x  b .X  (#2  -  m  k  SI  -  ,  .. 

=  0.64  x  2.0  X  (4.2  -  3.5)  x  ^2x9.81x3.5  =  7.4249  m3/s 
The  discharge  through  free  portion  is 

Q2  =  |  Cd  xbx  j2j>[H1/2-H™] 


=  -  x  0.64  X  2.0  x  V2"x  9.81  [3.5 
3 


3/2 


-  3.03/2] 


=  3.779  [6.5479  -  5.1961]  =  5.108  m3/s 
,-.    Total  discharge  through  the  orifice  is 

Q  =  Gi  +  G2  =  7.4249  +  5.108  =  12.5329  m/s.  Ans. 

\4^T9  TIM^OFEMPJ^JC^ 

Consider  a  tank  containing  some  liquid  upto  a  height  of//,.  Let  an  orifice  is  fitted  at  the  bottom  of  the 
tank.  It  is  required  to  find  the  time  for  the  liquid  surface  to  fall  from  the  height  //,  to  a  height  H2. 
Let    A  =  Area  of  the  tank 
a  =  Area  of  the  orifice 
//,  =  Initial  height  of  the  liquid  ^ 
H2  =  Final  height  of  the  liquid  j  } 

T  =  Time  in  seconds  for  the  liquid  to  fall  from  H t  to  H2.      h     |  ~~ 
Let  at  any  time,  the  height  of  liquid  from  orifice  is  h  and  let  the 
liquid  surface  fall  by  a  small  height  dh  in  time  dT.  Then 
Volume  of  liquid  leaving  the  tank  in  time,  dT  =  A  x  dh 
Also  the  theoretical  velocity  through  orifice,  V= 
Discharge  through  orifice/sec, 


drft 


1 


ORIFICE 
Fig.  7.9.  (a) 
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dQ  -  £; x  Area  of  orifice  x  Theoretical  velocity  =  Q  .  a  .  figh 


.:    Discharge  through  orifice  in  time  interval 

dT=Cd.a.fi^h.t>T 

As  the  volume  of  liquid  leaving  the  tank  is  equal  */>  :'\z  'olurn*  ©J  liquid  flc-ving  through  orifice  in 
time  dT,  we  have 

A(-dh)  =  Cd.  a  .  . 
-  ve  sign  is  inserted  because  with  ihc  increase  of        h>  «J  op  orifice  decreases. 


-m 


-VI 


-Adh=Cd.  a  .  fig~h  .  tU  Br|pr>j  „ 

Cg,ii.figh  Cd.a.^2g 

By  integrating  the  above  equation  between  trie  lltriits  f!\  to  rV:.  tha  total  time,  T is  obtained  as 


Jo        Jff,Cd.a.fi^    Cd.a  fig*", 


h~m  dh 


or 


Cd.a.fig 


h  ■■■ 


■1  +  1 

.  2 


-A 


Cd.a.fig~ 


I 

2 


-2A 


Cd.a.  fig 

For  emptying  the  tank  completely,  H2  becomes  =  0  and  hence 


T  = 


.(7.11) 


.(7.12) 


Q.  a.  fig" 

Problem  7.17    A  circular  tank  of  diameter  4  m  contains  water  upto  a  height  of  5  m.  The  tank  is 
provided  with  an  orifice  of  diameter  0.5  m  at  the  bottom.  Find  the  time  taken  by  water  (i)  to  fall  from 
5  m  to  2  m(ii)for  completely  emptying  to  tank.  Take  Cd  =  0.6. 
Solution.  Given : 

£>  =  4m 


Dia.  of  tank, 
.-.  Area, 
Dia.  of  orifice, 
Area, 

Initial  height  of  water, 


K 
4 

d  =  0.5  m 


A  -  —  (4)2  =  12.566  m2 
4 


a  =  -(.5)2  =  0.1963  m2 
4 

ff ,  =  5  m . 


Final  height  of  water,  {/)     H2  =  2m  (if)  H2  =  0 


Firs!  Case.  When 


H2  —  2  m 


Using  equation  (7.1 1),  we  have  T  = 


2A 


Cd.a.fig 


[fiu-fih] 
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 2x12  566         \S  -  Ml  seconds 

0.6  x.  1963x^2x9.81  1  1 

20.653. 


Second  Case.  When  H2  =  0 


X  = 


0.521 

■  *  ,     "  ■ 

« <r 

2A 


=  39.58  seconds.  Ans. 


2  x  12.566  x  S 


Cd.a.fii^"'      0,6  x. 1963  X^STIT 
=  107.7  seconds.  Ans. 

Problem7.18  A  circular  tank  of  diameter  1.25  m  contains  water  upto  a  height  of  5  m.  An  orifice  of 
50  mm  diameter  is  provided  at  its  bottom.  If  Cd  =  0.62,  find  the  height  of  water  above  the  orifice  after 
J. 5  minutes. 


Solution.  Given 
Dia.  of  tank, 

.-.  Area, 

Dia.  of  orifice, 

.-.  Area, 


D=  1.25  m 

A  =  -(1.25)J=1.227  m2 
4 

d  =  50  mm  =  .05  m 


a  =  -  (.05)2  =  .001963  m2 
4 


Cd  =  0.62 

Initial  height  of  water,  H,=5ib 
Time  in  seconds, 


T=  1.5  x  60  =  90  seconds 


Let  the  height  of  water  after  90  seconds  =  H2 


Using  equation  (7.1 1),  we  have 


or 


90  = 


2A  [VtfT-V^] 

Cd.a.fig~ 

2  x  1.227  IS  ~  yfih] 


0.62  x 


H,  =  2.236 


—  L  \  2j      =455.215  [2.236- J%] 

0.001963  x/2x  9.81  L  1 


90 


=  236-0.1977=  2.0383 


455.215 

H2  =  2.0383  x  2.0383  -  4.154  m.  Ans. 
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►  7.10    TIME  OF  EMPTYING  A  HEMISPHERICAL  TANK 

Consider  a  hemispherical  tank  of  Radius  R  fitted  with  an  orifice 
of  area  'a'  at  its  bottom  as  shown  in  Fig.  7.10.  The  tank  contains       0         „  |°  R 
some  liquid  whose  initial  height  is  //,  and  in  time  7",  the  height  of  fev-Ss^fev^ 
liquid  falls  to  H2.  It  is  required  to  find  ihe  time  T. 

Let  at  any  instant  of  time,  the  head  of  liquid  overthejorihceis't 
and  at  this  instant  let  x  be  the  radius  of  the  liquid  surface.  Th^n 

Area  of  liquid  surface,  A  =  iu? 

and  theoretical  velocity  of  liquid  '=  -Jlgh  .  Fig.  7.10  Hemispherical  tank. 

Let  the  liquid  level  falls  down  by  an  amount  of  clh  in  time  dT. 
:.    Volume  of  liquid  leaving  tank  in  time  dT-A  x  dh 

=  Tlx2  x  dh  ...(') 
Also  volume  of  liquid  flowing  through  orifice 

=  Cd  x  area  of  orifice  x  velocity  =  Cd.ci.  ^j2gh  second 
.-.    Volume  of  liquid  flowing  through  orifice  in  time  dT 

=  Cd.a.  JZ&xdT  ...(H) 
From  equations  (i)  and  (if),  we  get 

tlv2  (-  dh)  =  Cd.a.  figTi  .  dT 
-  ve  sign  is  introduced,  because  with  the  increase  of  7,  h  will  decrease 

-Kx2dh  =  Cd.a.  fegh  .  dT  ...{Hi) 
But  from  Fig.  7.10,  for  &OCD,  we  have  OC  =  R 
DO=R-h 


CD  =  x=  tJoC2  -  OD2  =  ^R2  -{R-  hf 

s  x2  =  R2-(R-  h)1  =  R2-  (R1  +  h2  -  2Rh)  =  2Rh  -  h2 

Substituting  x2  in  equation  (Hi),  we  get 

-  K(2Rh  -  h2)dh  =  Cd.a.  Jl^h  .  dT 

-n(2Rh-hz)dh  _n       ,  in 

t  dT  =  i  =   "  r—(2Rk-h2)h~in  dh 

 (2Rhm-hi/2)dh 


Cd.a.^ 

The  total  time  T  required  to  bring  the  liquid  level  from  H]  to  H2  is  obtained  by  integrating  the  above 


equation  between  the  limits  H.  \oti-,. 


(2Rhm-hm)dh 


Jw:  Cd.a.fig 

=  Cd.a.fii  H  {2Rhl'2  ~  hil2)dh  scanned  by  Fahid 
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-.35?.*' 


Cdxax  «j2g  L  3 


H,    ■  ■■ 


-K 


Cdxax  Jig 
For  completely  emptying  the  tank,  H2  =  0  and  hence 


Cd.a.Jlg~ 


pH3/Z      ^  J/2 


.(7.13) 


.(7.14) 


Problem  7.19  A  hemispherical  tank  of  diameter  4  m  contains  water  upto  a  height  of  1.5  m.  An 
orifice  of  diameter  50  mm  is  provided  at  the  bottom.  Find  the  time  required  by  water  (i)  to  fall  from 
1.5  m  to  1,0  m  (ii)for  completely  emptying  the  tank.  Tank  Cd  =0.6.  f 

Solution.  Given  : 

Dia.  of  hemispherical  tank,  D  =  4  m 


.'.  Radius, 
Dia.  of  orifice, 

.-.  Area, 

Initial  height  of  water, 


R  =2.0m 

d  =  50  mm  =  0.05  m 


a  =  -(.05f  =  0.001963  m1 
4 


Hx  =  1.5  hi 

Q  =  0.6 


First  case,  H2  -  1.0 

Time  T  is  given  by  equation  (7.13) 


Cdxaxj2gU    ^  1    5V  * 


0.6  X. 00 1963x^/2x9.81 
=  602.189  [2.2323  -  0.7022]  =  921.4  second 
=  15  min  21.4  sec.  Ans. 
Second  case.  H2  =  0  and  hence  time  7* is  given  by  equation  (7.14) 

2 

5 


xgx2.0(l.53'2  -i.o3")-|(l.55'2  -LO*")] 


J—  RH?'2 


/2gL3 

K 


<2] 


0.6  x. 00 1963  72x9.81 


x2.0xl.53/i  -  -xl.55/2 
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=  602.189  [4.8989  -  1.10221  sec  =  2286.33  sec 
=  38  min  6.33  sec.  Ans. 

Problem  7.20    A  hemispherical  cistern  of  6  m  radius  is  full  of  water.  It  is  fitted  with  a  75  mm 
diameter  sharp  edged  orifice  at  the  bottom.  Calculate  the  time  required  to  lower  the  level  in  the 
cistern  by  2  metres.  Assume  cc -efficient  of  discharge  for  the  orifice  is  0.6.    (Delhi  University,  1  {>76) 
Soiution,  Gjven : 

Radius  of  hemispherical  cistern,  3.  =  6  m 
Initial  heigh  l  of  water, .  ff,=6ra 

d  =  75  mm  =  0.075  m 


Dia.  of  orifice, 
.*.  Area, 

Fall  of  heigh:  of  water 


a  =  -<.075)2  =  . 0044 18  m2 
=  2m 


.*.    Final  height  of  water,  f/2  =  6-  2  =  4m 

C„  =  0.6 

The  time  T is  given  by  equation  (7,31) 

ir 


Q  xax^jlg  [_3 


R(H?2-Hr-)-~{Hr--  H 


If*) 


0,6  x. 004418x^/2x9.81 


|  x  6  (6.03/:  -  4.03'2 )  -  j  (6.0s'2-  4.05'2 ) 


=  267.56  [8(14.6969  -  8.0)  -  0.4  (88.18  -  32.0)] 
=  267.56  [53.575 -22.472]  sec 
;  =  8321.9  sec  =  2hrs  18  min  42  sec.  Ans. 

Problem  7.21    A  cylindrical  tank  is  having  a  hemispherical  base.  The  height  of  cylindrical  portion 
is  5  m  and  diameter  is  4  m.  At  the  bottom  of  this  tank  an  orifice  of  diameter  200  mm  is  fitted.  Find  the 
time  required  to  completely  emptying  the  tank.  Take  Cd  =  0.6. 
Solution.  Given  : 

Height  of  cylindrical  portion  (II)  =  5  m 
Dia.  of  tank  =4,0m 

.-.Area.  A  =  -(4)2  =  12.566  m2 

4 

Dia.  of  orifice,  d  =  200  mm  =  0,2  rri 

Area.  a  =  -  (.2)2  =  0.0314  m2 
4 


Q=0.6 


ORIFICE' 
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The  tank  is  sptitted  in  two  portions.  First  portion  is  a  hemispherical  tank  and  second  portion  is  cylin- 
drical tank. 

Let    F]  =  time  for  emptying  hemispherical  portion  I. 

T2  =  time  for  emptying  cylindrical  portion  II. 
Then  total  time  T=  Tx  +  T2. 

For  Portion  I.  //,  =  2.0  m,  //,  =  0.  Then  T ,  is  given  by  equation  (7.14)  as 

1 


1     Cd  x  a  x  Jig 


3  5 


Ix2.0x2.03'2--x2.05/2 
3  5 


~  0.6  X. 0314  X  ,J2  x  9.81 
-  =  37.646  [7.5424-2.262]  sec  =  198.78  sec. 
For  Portion  II.  Hl  =  2.0  +  5.0  =  7.0  m,  H2  =  2.0.  Then  r2  is  given  by  equation  (7.1  i)  as 

2A  \Jm  -  M]     2  x  12.566  \4l  - -JlJo] 

T  =  LV    1    V   2J  =  L- — P  --sec  =  370.92  sec 

2       CrfxaxV2i       0.6  x. 03 14x^x9.81 


.  Total  time, 


T=  7[  +  T2  =  198.78  +  370.92  =  569.7  sec 
=  9  miii  29  sec.  Ans. 


^  7.1  I    TIME  OF  EMPTYING  A  CIRCULAR  HORIZONTAL  TANK 

Consider  a  circular  horizontal  tank  of  length  L  and  radius  R,  containing  liquid  upto  a  height  of  7^.  Let 
an  orifice  of  area  la'  is  fitted  at  the  bottom  of  the  tank.  Then  the  time  required  to  bring  the  liquid  level 
from  H{  to  H-,  is  obtained  as  : 

Let  at  any  time,  the  height  of  liquid  over  orifice  is  7r  and  in  time  dT,  let  the  height  falls  by  an  height 
of  W.  Let  at  this  time,  the  width  of  liquid  surface  =AC  as  shown  in  Fig.  7.12. 
h   l  —  H 


Fig.  7.12 

.-.    Surface  area  of  liquid  -Lx  AC 

But  AC  =  2x  AB  =  2^A02  -  OB1  j  =  i\Jr2  -  {R  -  hf  ] 

=  l^R2-^2  +  h2  -  2Rh)  =  2^2Rh  -h2 
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.-.    Surface  area,  A  =  L  x  l^Rh-h2 

--.    Volume  of  liquid  leaving  tank  in  time  dT 

=  Axdh  =  2L  ^2Rh-h7  x  dh 
Also  the  volume  of  liquid  flowing  through  orifice  in  XimcdT 

-CdX  Area  of  orifice  x  Velocity  X  dT 
But  the  velocity  of  liquid  at  the  time  considered  =  ^2g~h 
Volume  of  liquid  flowing  through  orifice  in  time  dT 

=  Q  x  a  x  JTgh  x  dT 

Equating  (0  and  (ii),  we  get 

2L  -jlRh  -  h2  X(-dh)  =  CdxaX  ^2gh  x  dT 
-  ve  sign  is  introduced  as  with  the  increase  of  T,  the  height  h  decreases, 


■0) 


...(H) 


dT  = 


Total  time,  T 


Cdxax  fegh 


"i-2L(2R-h)ln  dh 


Cdxaxfig 


[Taking  -fh  common] 


=  f 

J",  Cdxaxjg~ 

-2L       f%r.  M 


dh 


-2L 


CdXaxfig~ 


(2R-h) 


1/2+1 


-x(-l) 


2L 


3Cd  x  a  x 

For  completely  emptying  the  tank,  H20  and  hence 

4L 


..(7.15) 


...(7.16) 


Problem  7.22  An  orifice  of  diameter  I 00  mm  is  fitted  at  the  bottom  of  a  boiler  drum  of  length  5  m 
sad  of  diameter  2  m.  The  dram  is  horizontal  and  half  full  of  water.  Find  the  time  required  to  empty  the 
boiler,  given  the  value  of  Cd  =  0.6. 
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Solution.  Given  : 

Dia.  of  orifice,  d  =100  mm  =  0.1  m 

Area,  a  =  -  (.  1  )2  =  .007854  m2 

4 

Length,  L  =  5  m 

Dia.  of  drum,  D=2m, 
,-.    Radius,  R  -  1  m 

Initial  height  of  water,       Ht  -  1  m 
Final  height  of  water,        H1  =  0 

Cd  =  0.6 

For  completely  emptying  the  tank,  T  is  given  by  equation  (7.16) 


T  =  AL  \{2R)m  -  (2R  -  H.f2] 

3  x  Cj  x  a  x  ^2g 

[(2xl)M-(2xl-l)3'2] 


3  x. 06  x. 007  854x^/2x9.81 

=  319.39  [2.8284-  1.0]  =  583.98  sec  =  9  min  44  sec.  Ans. 
Problem  7.23    An  orifice  of  diameter  150  mm  is  fitted  at  the  bottom  of  a  boiler  drum  of  length  8  m 
and  of  diameter  3  metres.  The  drum  is  horizontal  and  contains  water  upto  a  height  of  2.4  m.  Find  the 
time  required  to  empt\-  the  boiler.  Take  Cd  ~  0.6. 
Solution.  Given  : 

Dia.  of  orifice,  d  -  150  mm  =  0.15  m 

Area,  a  =  -(.15)2  =  0.01767  m1 
4 

Length,  L  =  8.0m 

Dia.  of  boiler,  D  =  3.0m 

.'.  Radius,  R  =  1.5  m 

Initial  height  of  water,       H}  =  2.4  m 
Find  height  of  water,         H2  =  0 

C„  =  0.6. 

For  completely  emptying  the  tank,  T  is  given  by  equation  (7.16)  as 

T=  4L    f—  l(2Kf2  -  (2R  -  H}f2) 

3C,  x  a  x  ^J2g 

"      :)  -[(2  x;.S)^..  (2x1.5  2Af2] 


3  x. 6  x. 01 767  x^/2x9.* 


=  227.14  [5.196-0.4647]  =  1074.66  sec 

=  17  min  54.66  sec.  Ans.  scanned  by  Fahid 
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►  7.12   CLASSIFICATION  OF  MOUTHPIECES 

L  The  mouthpieces  are  classified  as  (i)  External  mouthpiece  or  (//)  Internal  mouthpiece  depending 
upon  their  position  with  respect  to  the  tank  or  vessel  to  which  they  are  fitted. 

2.  The  mouthpiece  are  classified  as  (i)  Cylindrical  mouthpiece  or  (i/)  Convergent  mouthpiece  or  (Hi) 
Convergent-divergent  mouthpiece  depending  upon  their  shapes. 

3.  The  mouthpieces  are  classified  as  (0  Mouthpieces  running  full  or  Mouthpieces  running  free, 
depending  upon  the  nature  of  discharge  at  the  outlet  of  the  mouthpiece.  This  classification  is  only  for 
internal  mouthpieces  which  are  known  Borda's  or  Re-entrant  mouthpieces.  A  mouthpiece  is  said  to  be 
nipping  free  if  the  jet  of  liquid  after  contraction  does  not  touch  the  sides  of  the  mouthpiece.  But  if  the  jet 
after  contraction  expands  and  fills  the  whole  mouthpiece  it  is  known  as  running  full. 

►  7.13    FLOW  THROUGH  AN  EXTERNAL  CyUNDRICAL  MOUTHPIECE 

A  mouthpiece  isa  short  length  of  a  pipe  which  is  two  or  three  times 
its  diameter  in  length.  If  this  pipe  is  fitted  externally  to  the  orifice,  the 
mouthpiece  is  called  external  cylindrical  mouthpiece  and  the  dis- 
charge through  orifice  increases. 

Consider  a  tank  having  an  external  cylindrical  mouthpiece  of 
cross-sectional  area  au  attached  to  one  of  its  side's' as  shown  in 
Fig.  7.13.  The  jet  of  liquid  entering  the  mouthpiece  contracts  to  form 
a  vena-contracta  at  a  section  C-C.  Beyond  this  section,  the  jet  again 
expands  and  fdl  the  mouthpiece  completely. 

Let     H  =  Height  of  liquid  above  the  centre  of  mouthpiece    FlS'  7M  f^tcal 
vc  =  Velocity  of  liquid  at  C-C  section  mouthpieces. 
ac  =  Area  of  flow  at  vena-contracta 
v,  =  Velocity  of  liquid  at  outlet 
ax  =  Area  of  mouthpiece  at  outlet 
Cc  =  Co-efficient  of  contraction. 
Applying  continuity  equation  at  C-C  and  (1 )-(!},  we  get 
acxvc=  a,v, 


%l  a(lax 


But  —  =  C,  =  Co-efficient  of  contraction 


ft 


1 

Taking  Q=  0.62,  we  get  Ss.  =  0.62 


c  0.62 

The  jet  of  liquid  from  section  C-C  suddenly  enlarges  at  section  (l)-(l).  Due  to  sudden  enlargement, 

(vc  -V,)2 

there  will  be  a  loss  of  head,  hL*  which  is  given  as/iL=  

2g 


*   Please  refer  Art.  11.4.1  for  loss  of  head  due  to  sudden  enlargement. 
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2g  L0.62 


But  vc  =        =   =  -=-!—  |  — =^  1 

0.62  2g 

Applying  Bernoulli's  equation  to  point  A  and  (l)-(l) 

2  2 

Pa      Va  p.-.  v, 

—  +  —  +  Zi  =  —  +  -L  +  Zl  +  ftL 
PS     2g  pg  2g 


2  _  0.375  v,2 
2g 


where  zA  =  z,,  vA  is  negligible 

Ml 

98 


p. 

—  =  atmospheric  pressure  =  0 


2  2 

H  +  0  =  0  +  ^-  +  .375  — 

2g  2g 

v? 

H=  1.375  — 


2g 


(2gH 


;'  =0.855 


1.375 

Theoretical  velocity  of  liquid  at  outlet  is  v!h  =  ^2gH 
:.    Co-efficient  of  velocity  for  mouthpiece 

c  =     Actual  velocity     _  0.855  figH  _  ^ 
r    Theoretical  velocity  ^2gH 
Cc  for  mouthpiece  =  1  as  the  area  of  jet  of  liquid  at  outlet  is  equal  to  the  area  of  mouthpiece  at  outlet. 
Thus  Cd  =  Cc  x  Cy  =  1.0  X  .855  =  0.855 

Thus  the  value  of  Cd  for  mouthpiece  is  more  than  the  value  of  Cd  for  orifice,  and  so  discharge  through 
mouthpiece  will  be  more. 

Problem  7.24  Find  the  discharge  from  a  100  mm  diameter  external  mouthpiece,  fitted  to  a  side  of 
a  large  vessel  if  the  head  over  the  mouthpiece  is  4  metres.  (A.M.I.E.,  Summer,  1 977) 

Solution.  Given  : 

Dia.  of  mouthpiece  =  100  m=  0.1  m 

■:  Area,  a  =  ~(0.1)2  =  0.007854  m1 

4 

Head,  W  =  4.0m 

Cd  for  mouthpiece  =  0,855 

.-.Discharge  =  Cdx  Area  x  Velocity  ~  0.855  x  ax^jlgfi 

=  .855  x  .007854  x  ^2  x  9.81  x4.0  =  .05948  m'/s.  Ans. 
Problem  7.25    An  external  cylindrical  mouthpiece  of  diameter  150  mm  is  discharging  water  under  a 
constant  head  of  6  m.  Determine  the  discharge  and  absolute  pressure  head  of  waterjat  yena^contracta. 
Take  Cd  =  0.855  and  CJor  vena-contracta  =  0.62.  Atmospheric  Pre«HJ^^=J^^^2SWflp«z7 
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Solution,  Given : 
Dia.  of  mouthpiece, 

.-.  Area, 

Head, 


d=  150  mm  =  0.15cm 

a  =  -{.\5)2  =0.01767  m2 
4 


H  =  6.0  m 
Cd  ==  0,855 

Cc  at  vena-contracta  =  0.62 
Atmospheric  pressure  head,  HB  a  10.3  m 

.-.  Discharge  =  Cd  x  o  x  ^2^W 

=  0.855  x  .01767  x  ^2x9.81x675  =  0.1639  m3/s.  Ans. 

Pressure  head  at  vena-contracta 

Applying  Bernoulli's  equation  at  A  and  C-C,  we  get 


But 


But 


pg     2g  pg  2g 


Pg 


=  Ha  +  H,vA  =  0, 


Pg  1g 


2g 


fig,  7.14 


V,  = 


0.62 


H,  =  Ha  +  H  f — )  x—  =  Ha  +H-^-x— 1-=- 
e      u       l.62j      2g       3  %  (.62)3 


|C  © 


i  ® 


But 


H=  1.375  — 
2g 


fit 


2g  1.375 


=  0.7272  H 


H=Hn  +  H-J272HX 


1 


(.62)' 

=  Htl  +  H-  1.89  H  =  Ha-  .%9  H 

=  10.3  -  .89  x  6.0  (  v  Ha  =  10.3  and  H  k  6.0} 

=  10.3  -  5.34  =  4.96  m  (Absolute).  Ans. 
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►  7. 1 4    FLOW  THROUGH  A  CONVERGENT- DIVERGENT  MOUTHPIECE 

If  a  mouthpiece  converges  upto  vena-contracta  and  then  diverges  as  shown  in  Fig.  7.15  that  type  of 
mouthpiece  is  called  Convergent-Divergent  Mouthpiece.  As  in  this  mouthpiece  there  is  no  sudden  en- 
largement of  the  jet,  the  loss  of  energy  due  to  sudden  enlargement  is  eliminated.  The  co-efficient  of 
discharge  for  this  mouthpiece  is  unity.  Let  //is  the  head  of  liquid  over  the  mouthpiece. 

Applying  Bernoulli's  equation  to  the  free  surface  of  water  in  tank  and  section  C-C,  we  have 

p     vl  pi'  v7c 

—  +  — ■  +  z  =  —  +  ^  +  z, 
Pg     2g  pg  2g 

Taking  datum  passing  through  the  centre  of  orifice,  we  get 

=Ha,v  =  0,z  =  H,^- 
Pg  pg 

v2 

Ha  +  0  +  H  =  Mc  +  -s-  +  0 
2g 

or  vc  =  fig(Ha+H-He) 

Now  applying  Bernoulli's  equation  at  sections  C-C  and  (l)-(l) 


Fig.  7.15  Convergent- 
divergent  mouthpiece. 


Pg    2g  Pg  2g 


But 


V 


2g 


zr  and  — 
Pg 

a  2g 


Also  from  (;),       Hc  +  v?l2g  =  H+Ha 
Ha  +  v2/2g  =  H  +  Ha 

Now  by  continuity  equation,  ac  vc  =  v,  x  a, 


H 

The  discharge,  Q  is  given  as  Q  =  ar  x  figH 
where  ac.=  area  at  vena-contracta. 


_vc_pg{Ha+H-H~)  _  fHJL+^H£_ 
ac      v,  ^2g~H  i  H  +  H 

'4 


...(Hi) 


..(7.17) 
..(7.18) 
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P  ro b  I  e  m  7 . 2 6    A  convergent-divergent  mouthpiece  having  throat  diameter  of 4.0  cm  is  discharging 
water  under  a  constant  head  of  2.0  m  determine  the  maximum  outer  diameter  for  maximum  discharge. 
Find  maximum  discharge  also.  Take  U;s  =  10.3  m  of  water  and  H5ep  =  2.5  m  of  water  (absolute). 
Solution.  Given : 

Dia.  of  throat,  dc  =  4.0  cm 

.■.Area,  ac  =  -  (4)2  =  12.566  cm" 

4 

Constant  head,  H  =  2.0  m 

Find  max.  dia.  at  outlet,  d}  and  Qmsx 

Hn  =  10.3  m 
Hsep  =  2.5  m  (absolute) 
The  discharge,  Q  in  convergent-divergent  mouthpiece  depends  on  the  area  at  throat. 

Q„.^  =acX  figll  =  12.566  x  J2x  9.81x200  =  7871.5  cm3/s.  Ans. 

Now  ratio  of  areas  at  outlet  and  throat  is  given  by  equation  (7. 17)  as 

z-f^-fW--  ^ssim 

=  2.2135 

=2.2135  or  =2.2135 
^-  =  ^2135  =  1.4877 

dl  =  1 .4877  x  dc  =  1 .4877  x  4.0  =  5.95  cm.  Ans. 

Problem  7.27    The  throat  and  exit  diameters  of  Convergent-Divergent  mouthpiece  arc  5  cm  and 
10  cm  respectively.  It  is  fitted  to  the  vertical  side  of  a  tank,  containing  water.  Find  the  maximum  head 
of  a  water  for  steady  flow.  The  maximum  vacuum  pressure  is  8  m  of  water  and  take  atmospheric 
pressure  =  30.3  m  water. 
Solution.  Given : 

Dia.  at  throat,  dc  =  5  cm 

Dia.  at  exit,  rf,  =  10  cm 

Atmospheric  pressure  head,  Ha  =  10.3  m  ( 
The  maximum  vacuum  pressure  will  be  at  a  throat  only 
.'.    Pressure  head  at  throat  =  8m  (vacuum) 
or  Hc  =  Ha  -  8.0  (absolute) 

=  10.3-8.0  =  2.3  m  (abs.) 
Let  maximum  head  of  water  over  mouthpiece  -H  m  of  water. 

The  ratio  of  areas  at  outlet  and  throat  of  a  convergent-divergent  mouthpiece  is  given  by  equation  (7.17). 
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or 


.V  H 


or  16=1+  —  or  15  =  — 
55  \      H  H  H 

g 

H  =  —  =  0,5333  m  of  water 
15 

X    Maximum  head  of  water  =  0.533  m.  Ans. 
Problem  7.28    A  convergent-divergent  mouthpiece  is  Jit  ted  to  the  side  of  a  tank.  The  discharge 
through  mouthpiece  under  a  constant  head  of  1.5  tti  is  5  litres/s.  The  head  toss  in  the  divergent  portion 
is  0.10  times  the  kinetic  head  at  outlet.  Find  the  throat  and  exit  diameters,  if  separation  pressure  is 
2.5  m  and  atmospheric  pressure  head  =  10.3  m  of  water. 

Solution.  Given  : 

Constant  head,  H  =  1.5  m 

Discharge,  Q  =  5  litres  =  .005  nrVs 

hL  or  Head  loss  in  divergent  =  0.1  x  kinetic  head  at  outlet 
Hc  or  Hsep  =  2.5  (abs.) 

Ha  =  10.3  m  of  water 

Find  (i)  Dia,  at  throat,  d€ 
(ii)  Dia.  at  outlet,  d] 

(i)  Dia,  at  Throat  (dc).  Applying  Bernoulli's  equation  to  the  free  water  surface  and  throat  section, 
we  get  (See  Fig.  7.15). 

p     v2  pc  v2 

—  +         +  Z  =  ~  +  —  +Z£ 

Pg     2g  pg  2g 

Taking  the  centre  line  of  mouthpiece  as  datum,  we  get 

V2 

Ha  +  0  +  H  =  He  +  -*- 

2g 

2 

^-  =  Ha  +  H-H=  10.3+  1 .5  -  2.5  =  9.3  m  of  water 
2g 

vc  =  yjl  x  9.81  x  9.3  =  1 3.508  m/s 


Now  Q  =  ac  x  vc  or  .005  =  ~  dc2  x  1 3.508 


=  f  .005  x  4    =  ^  0004?     02n     =  2 17  Ans_ 

r    V  n  x  13.508 


{»)Dia.  at  outlet  (d^.  Applying  Bernoulli's  equation  to  the  free  water  surface  and  outlet  of  mouth- 
piece (See  Fig.  7.15),  we  get 

p     v2  p,     v2  . 

—  +  —  +  z  =  —  +  —  +  Zj  +  hL 
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2  2 

v,      „    „  .  v, 


H.  +  O  +.H  =  H  +  —  +0  +  0.1  x^J- 
°    2S  2g 


H  = 


Now 


2  2  2 

v,  v;     .  .  v. 


+  .1  x      =  1.1 

  2g  2 

2gW  = 


2x9.81  x  1.5 


1.1 


Q  =  A1vl  or  ,005  =  —  d{  x  v, 


1 4  x  .005  _  |j 


4  x  .005 


x  5.1724 


=  5.1724 


=  0,035  m  -  3.5  cm.  Ans. 


>  7.15    FLOW  THROUGH  INTERNAL  OR  RE-ENTRANT  ON  BORDA'S  MOUTHPIECE 

A  short  cylindrical  tube  attached  to  an  orifice  in  such  a  way  that  the  tube  projects  inwardly  lo  a  lank, 
is  called  an  internal  mouthpiece.  It  is  also  called  Re-entrant  or  Borda's  mouthpiece.  If  the  length  of  the 
tube  is  equal  to  its  diameter,  the  jet  of  liquid  comes  out  from  mouthpiece  without  touching  the  sides  of 
the  tube  as  shown  in  Fig.  7. 1 6.  The  mouthpiece  is  known  as  running  free.  But  if  the  length  of  the  tube  is 
about  3  times  its  diameter,  the  jet  comes  out  with  its  diameter  equal  to  the  diameter  of  mouthpiece  at 
outlet  as  shown  in  Fig.  7.17.  The  mouthpiece  is  said  to  be  running  full. 

(i)  Borda's  Mouthpiece  Running  Free.  Fig.  7.16  shows  the  Borda's  mouthpiece  running  free. 
Let  H  =  height  of  liquid  above  the  mouthpiece, 

a  =  area  of  mouthpiece, 
ac  =  area  of  contracted  jet  in  the  mouthpiece, 
ve  =  velocity  through  mouthpiece. 

I 


RUNNING  FREE 
Fig.  7.16 


RUNNING  FULL 
Fig.  7.17 


The  flow  of  fluid  through  mouthpiece  is  taking  place  due  to  the  pressure  force  exerted  by  the  fluid  on 
the  entrance  section  of  the  mouthpiece.  As  the  area  of  tbe  mouthpiece  is  V  hence  total  pressure  force  on 
entrance 

=  pg  .  a.  h 

where  h  =  distance  of  C.G.  of  area  'a'  from  free  surface  =  H. 

=  pg  .a  .  H  ...(/) 
According  to  Newton's  second  law  of  motion,  the  net  force  is  equal  to  the  rate  of  change  of  momentum. 
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Now  mass  of  liquid  flowing/sec  =  p  x  at  x  vc 

The  liquid  is  initially  at  rest  and  hence  initial  velocity  is  zero  but  final  velocity  of  fluid  is  vc. 
.*.    Rate  of  change  of  momentum  =  mass  of  liquid  flowing/sec  X  [final  velocity  -  initial  velocity] 

=  pac  x  vclvr-0}  =  pacvl  ...07) 

Equating  0)  and  (ii),  we  get 

pg  .a.H.  =  pac.  ve2  ...(iff) 
Applying  Bernoulli's  equation  to  free  surface  of  liquid  and  section  (1  )-(l)  of  (Fig.  7.!  6} 

2  2 
P       V  p,  V\ 

pg    2g         pg  2g 
Taking  the  centre  line  of  mouthpiece  as  datum,  we  have 

-  =  m,Zi  =  o,^.  =  £l  =  p  =(), 

PS  PS 

v,  =  ve,         v  =.  0 

v2  v2 
0  +  0  +  //  =  0  +  -^+0or//=^- 
2s  2g 


vc  =  figH 
Substituting  the  value  of  vc  in  (Hi),  we  get 

pg  .a  .H.  =  p  ,ac.  2g  .  H 

or  a-  2ar  or  —  =  —  =  0.5 

c      a  2 

:.  Co-efficient  of  contraction,  Cc  =  —  -  0.5 

a 

Since  there  is  no  loss  of  head,  co-efficient  velocity,  Cv  =  1 .0 

Co-efficient  of  discharge  =  Cc  x  Cv  =  0.5  x  1.0  =  0.5 

:.    Discharge  Q  =  Cda^2g~H  ...(7.19) 

=  0.5  XQyjlgH 

(ii)  Borda's  Mouthpiece  Running  Full, Fig.  7.17  shows  Borda's  mouthpiece  running  full. 
Let  H  -  height  of  liquid  above  the  mouthpiece, 

v,  =  velocity  at  outlet  or  at  ( l)-(l)  of  mouthpiece, 
a  =  area  of  mouthpiece, 
cic  =  area  of  the  flow  at  C-C, 
v,.  =  velocity  of  liquid  at  vena-contracta  or  at  C-C. 
The  jet  of  liquid  after  passing  through  C-C,  suddenly  enlarges  at  section  ( 1 )-( 1 ).  Thus  there  will  be  a 
loss  of  head  due  to  sudden  enlargement. 

fv,  -  v. )' 
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,  Now  from  continuity,  we  have  ac  x  vc  =  rtj  x  v. 

1                           1                 1    1 

* f  ~  a    X  1 1  ~  a  /  a.      C  0.5 

(v  Q  =  0.5} 

or                                     vf  =  2v, 

(ZV)  _  V,J  V'| 

Substituting  this  value  of  vc  in  (i),  we  get  hL  - 

Applying  Bernoulli's  equation  to  free  surface  of  water  in  tank  and  section  ( l )-(!),  we  get 

pj?   2^       p#  2S 

Taking  datum  line  passing  through  the  centre  line  of  mouthpiece 


2  2 

0  +  0  +  /f=0+  ^~  +  0  +  ^- 

2g  2g 

1         2  2 

'■  _  .  y  .2jt—g—-:  --   .  • 

Here  v(  is  actual  velocity  as  losses  have  been  taken  into  consideration, 
But  theoretical  velocity,  v„,  =  -j2gH 

v,       Jgff  1 
.-.  Co-efficient  of  velocity,  C,  =  -~  =  -j=  =  -f~  =  0.707 

As  the  area  of  the  jet  at  outlet  is  equal  to  the  area  of  the  mouthpiece,  hence  co-efficienl  of  contraction 

=  1 

,Q=Cr  x  C\.  =  1.0  x  .707  =0.707 
I    Discharge,  Q  =  Cd  X  a  X  j2g~H  =  0.707  x  a  x  ^/^W  ...(7.20) 

Problem  7.29    An  interna!  mouthpiece  of  80  mm  diameter  is  discharging  water  under  a  constant 
head  of  S  metres.  Find  the  discharge  through  mouthpiece,  when 

(i)  The  mouthpiece  is  running  free,  and    (ii)  The  mouthpiece  is  running  full 

Solution.  Given  ; 

Dia.  of  mouthpiece,  d  =  80  mm  =  0.08  m 

...  Area,  a  =  j(.08)2  =  .005026  m2  , 

Constant  head,  H  =  4  m. 

(i)  Mouthpiece  running  free.  The  discharge,  Q  is  given  by  equation  (7. 19)  as 

Q  =  0.5  X  a  x  JfgH 

=  0.5  x  .005026  x  72x9.81x4.0 

=  0.02226  mVs  =  22.26  litres/s.  Ans. 

{it)  Mouthpiece  running  full.  The  discharge,  Q  is  given  by  equation  (7.20)  as 
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Q  =  0.707  x  a  x  fi^H 


-  0.707  x  .005026  x  ^2x9^81  x  4.0 
=  0.03147  m3/s  =  31.47  litre/s.  Ans. 

HIGHLIGHTS 

1.  Orifice  is  a  small  opening  on  the  side  or  at  the  bottom  of  a  tank  while  mouthpiece  is  a  short  length  of  pipe 
which  is  two  or  three  times  its  diameter  in  length. 

2.  Orifices  as  well  as  mouthpieces  are  used  for  measuring  the  rate  of  flow  of  liquid. 

3.  Theoretical  velocity  of  jet  of  water  from  orifice  is  given  by 

V  -  yj2gH  ,  where  H  =  Height  of  water  from  the  centre  of  orifice. 

4.  There  are  three  hydraulic  co-efficients  namely  : 

_     Actual  velocity  at  vena  -  con tracta  x 

(a)  Co-efficient  of  velocity,       Cv  =  —   , 

Theoretical  velocity  V4-vW 

„  ,  „      Area  of  jet  at  vena  -  contracta 

(fc)  Co-efficient  ot  contraction,  Cc  =  —  

Area  of  orifice 

Actual  discharge 

(c)  Co-efficient  of  discharge,     Cd  =  Cv  X  Cc 

Theoretical  discharge 

where  x  and  y  are  the  co-ordinates  of  any  point  of  jet  of  water  from  vena-contracta, 

5.  A  large  orifice  is  one,  where  the  head  of  liquid  above  the  centre  of  orifice  is  less  than  5  times  the  depth  of 
orifice.  The  discharge  through  a  large  rectangular  orifice  is 


'  where      V  —  Width  of  on  fi  cc', 


 S 

~Cd  =  Co-efficient  "of  discharge  for  orifice. 


H,  =  Height  of  liquid  above  top  edge  of  orifice s  and 
H2  =  Height  of  liquid  above  bottom  edge  of  orifice. 

6.  The  discharge  through  fully  sub-merged  orifice,  Q  =  Cd  x  b  x  (H2  -  Hx)  x 
where    b  -  Width  of  orifice, 

Cd  -  Co-efficient  of  discharge  for  orifice, 

H2  =  Height  of  liquid  above  bottom  edge  of  orifice  on  upstream  side, 
/f  j  -  Height  of  liquid  above  top  edge  orifice  of  upstream  side, 
H  =  Difference  of  liquid  levels  on  both  sides  of  the  orifice. 

7.  Discharge  through  partially  sub-merged  orifice, 

Q  =  ii  +  Q-i 

=  Cdb  («r/flx  JTtf{  +2/3Cdbx^2g  [Hm  -  H^] 

where  b  -  Width  of  orifice 

Q,  Hlt  H2  and  H  are  having  their  usual  meaning. 

8.  Time  of  emptying  a  tank  through  an  orifice  at  its  bottom  is  given  by, 

2.4  [V^-V^] 
Cd.a.^  ■ 

where  H}  =  Initial  height  of  liquid  in  tank, 

H2  =  Final  height  of  liquid  in  tank,  scanned  by.Fahid 
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a  ~  Area  of  orifice,  ■'■  ■ 

Cd  -  Co-efficient  of  discharge, 
irihe  lank  is  to  be  completely  emptied,  then  time  T, 

2A4H 

T=  

Cd  .a.  -j2g 

Time  of  emptying  a  hemispherical  tank  by  an  orifice  fitted  at  its  bottom, 


7  = 


and  for  completely  emptying  the  tank,  T  =  — — .  ,  ■■■■ 

Q .a. V25 


.3 


where     R  =  Radius  of  the  hemispherical  tank, 
//,=  Initial  height  of  liquid, 
•fi2  =.FinaI  height  of  liquid, 

a  -  Area  of  orifice,  and 
Cd  =  Co-efficient  of  discharge, 
10.  Time  of  emptying  a  circular  horizontal  tank  by  an  orifice  at  the  bottom  of  the  tank, 


^^V2     nt>      tr  ^3Rn 


7  ■^—r-  [(2R  -  H,)!?_-_(2/!-Jfi)f"]_ 


and  for  completely  emptying  the  tank,  7=  —  j==  i(2R)    -  {2R  -Ht)  j 

3Q .  a .  yj2g 

where  L  =  Length  of  horizontal  tank. 

11.  Co-ef  f  icient  of  discharge  for, 

(t)  External  mouthpiece,  Q  =  0.855 

(//)  Internal  mo  u  thpie  ce ,  ru  n  n  i  ng  f ul  1 ,        Crf  =  0 , 707 
(Hi)  Internal  mouthpiece  running  free,         t4  -  0.50 
(i  v)  Convergent  or  convergent -divergent,     Cd  -  1,0, 

12.  For  an  external  mouthpiece,  absolute  pressure  head  at  vena-contracta 

Hc  =  He~  0.89  H 
where  Ha  =  atmospheric  pressure  head  =  10.3  m  of  water 
H  =  head  of  liquid  above  the  mouthpiece. 

13.  Far  a  convergent-divergent  mouthpiece,  the  ratio  of  area's  at  outlet  and  at  vena-contracta  is 

where  ax  -  Area  of  mouthpiece  at  outlet 

ac  =  Area  of  mouthpiece  at  vena-contracta 
Ha  =  Atmospheric  pressure  head 
Hc  =  Absolute  pressure  head  at  vena-contracta       ..i.-  . 
H  =  Height  of  liquid  above  mouthpiece. 

14.  In  case  of  internal  mouthpieces,  if  the  jet  of  liquid  comes  out  from  mouthpiece  without  touching  its  sides 
it  is  known  as  running  free.  But  if  the  jet  touches  the  sides  of  the  mouthpiece,  it  is  known  as  running  full. 
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EXERCISE  7 


(A)  THEORETICAL  PROBLEMS 

1.  Define  an  orifice  and  a  mouthpiece.  What  is  the  difference  between  the  two  ? 

2.  Explain  the  classification  of  orifices  and  mouthpieces  based  on  their  shape,  size  and  sharpness  ? 

3.  What  are  hydraulic  co-efficients '?  Name  them. 

4.  Define  the  following  co-efficients  :  (V)  Co-efficient  of  velocity,  (/V)  Co-efficient  of  contraction  and  (Hi) 
Co-efficient  of  discharge. 

5.  Derive  the  expression  Cd  =  CvX  Cc. 

6.  Define  vena-con  tracts. 

7.  Differentiate  between  a  large  and  a  small  orifice.  Obtain  an  expression  for  discharge  through  a  large  rec- 
tangular orifice. 

8.  What  do  you  understand  by  the  terms  wholly  sub-merged  orifice  and  partially  sub-merged  orifice  7 

9.  Prove  that  the  expression  for  discharge  through  an  external  mouthpiece  is  given  by 

g  =  .855x«  x  v 
where  a  -  Area  of  mouthpiece  at  outlet  and 
v  =  Velocity  of  jet  of  water  at  outlet. 

10.  Distinguish  between  :  (i)  External  moulhpiece  and  internal  mouthpiece,  (it)  Mouthpiece  running  free  and 
mouthpiece  running  full. 

11.  Obtain  an  expression  for  absolute  pressure  head  at  vena-con tracta  for  an  external  mouthpiece. 

12.  What  is  a  convergent-divergent  mouthpiece  ?  Obtain  an  expression  for  the  ratio  of  diameters  at  outlet  and 
at  vena-con  tracta  for  a  convergent -divergent  'mouthpiece"  in  terms  of  absolute  pressure  head  at  vena- 
contracta,  head  of  liquid  above  mouthpiece  and  atmospheric  pressure  head. 

13.  The  length  of  the  divergent  outlet  part  in  a  venturimeter  is  usually  made  longer  compared  with  that  of  the 
converging  inlet  part.  Why  ? 

14.  Justify  the  statement,  "In  a  convergent-divergent  mouthpiece  the  loss  of  head  is  practically  eliminated". 

(B)  NUMERICAL  PROBLEMS 

1.  The  head  of  water  over  an  orifice  of  diameter  50  mm  is  12  m.  Find  the  actual  discharge  and  actual  velocity 
of  jet  at  vena-contracta.  Take  Cd  =  0.6  and  Cv  =  0.98.  [Arts.  .018  m3/s  ;  15.04  m/sj 

2.  The  head  of  water  over  the  centre  of  an  orifice  of  diameter  30  mm  is  1 .5  m.  The  actual  discharge  through 
the  orifice  is  2.35  litres/sec.  Find  the  co  efficient  of  discharge.  [Ans.  0.613] 

3.  A  jet  of  water,  issuing  from  a  sharp  edged  vertical  orifice  under  a  constant  head  of  60  cm,  has  the  horizon- 
tal and  vertical  co-ordinates  measured  from  the  vena-contracta  at  a  certain  point  as  10.0  cm  and  0.45  cm 
respectively.  Find  the  value  of  Cv.  Also  find  the  value  of  Cv  if  Cd  =  0.60.  [Ans.  0.962,  0.623] 

4.  The  head  of  water  over  an  orifice  of  diameter  100  mm  is  5  m.  The  water  coming  out  from  orifice  is  collected 
in  a  circular  tank  of  diameter  2  m.  The  rise  of  water  level  in  circular  tank  is  .45  m  in  30  seconds.  Also  the 
co-ordinates  of  a  certain  point  on  the  jet.  measured  from  vena-contracta  are  100  cm  horizontal  and  5.2  cm 
vertical.  Find  the  hydraulic  co-efficients  Q,  C,.  and  Cc.  [Ans,  0.605,  0.98,  0.617] 

5.  A  tank  has  two  identical  orifices  in  one  of  its  vertical  sides.  The  upper  orifice  is  4  m  below  ihe  water 
surface  and  lower  one  6  m  below  the  water  surface.  If  the  value  of  C,  for  each  orifice  is  0.98,  find  the  point 
of  inter-section  of  the  two  jets.  [Ans.  At  a  horizontal  distance  of  9.60  cm) 

6.  A  closed  vessel  contains  water  upto  a  height  of  2.0  m  and  over  the  water  surface  there  is  air  having 
pressure  8.829  N/cnT  above  atmospheric  pressure.  At  the  bottom  of  the  vessel  there  is  an  orifice  of  diam- 
eter 15  cm.  Find  the  rate  of  flow  of  water  from  orifice.  Take  Crf  =  0.6.  [Ans.  0.15575  m  /s] 
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i  7.  A  closed  tank  partially  filled  with  water  upto  a  height  of  1  m,  having  an  orifice  of  diameter  20  mm  at  the 

bottom  of  the  tank.  Determine  the  pressure  required  for  a  discharge  of  3.0  lilres/s  through  the  orifice.  Take 

•  Q  =  0.62.  {Ans.  10.88  N/cm2] 

8.  Find  the  discharge  through  a  rectangular  orifice  3.0  m  wide  and  2  m  deep  fitted  to  a  water  tank.  The  water' 
level  in  the  tank  is  4  m  above  the  top  edge  of  the  orifice.  Take  Cd  =  0.62  [Ans,  36.77  rcrVs] 

;  9.  A  rectangular  orifice,  2.0  m  wide  and  )  .5  m  deep  is  discharging  water  from  a  tank.  If  the  water  level  in  the 

tank  is  3.0  ni  above  the  top  edge  of  the  orifice,  find  the  discharge  through  the  orifice.  Take  Clf-  0.6. 

"  [Ans.  15.40  mJ/s] 

10.  A  rectangular  orifice,  1.0  m  wide  and  1.5  rn  deep  is  discharging  water  from  a  vessel.  The  lop  edge  of  the 
orifice  is  0.8  m  below  the  water  surface  in  the  vessel.  Calculate  the  discharge  through  the  orifice  if 
Cd  =  0.6.  Also  calculate  the  percentage  error  if  the  orifice  is  treated  as  a  small  orifice.  [Ans.  1 .058%] 

11.  Find  the  discharge  through  a  fully  sub-merged  orifice  of  width  2  m  if  the  difference  of  water  levels  on  both 
the  sides  of  the  orifice  be  800  mm.  The  height  of  water  from  top  and  bottom  of  the  orifice  are  2.5  m  and 
3  m  respectively.  Take  Cd  =  0.6.      .  [Ans.  2.377  m3/s] 

12.  Find  the  discharge  through  a  totally  drowned  orifice  1 .5  m  wide  and  1  m  deep,  if  the  difference  of  water 
levels  on  both  the  sides  of  the  orifice  be  2.5  m.  Take  Cd  =  0.62.  [Ans.  6.5 13  m3/sl 

13.  A  rectangular  orifice  of  1 .5  m  wide  and  1 .2  m  deep  is  fitted  in  one  side  of  a  large  tank.  The  water  level  on 
one  side  of  the  orifice  is  2  m  above  the  top  edge  of  the  orifice,  while  on  the  other  side  of  the  orifice,  the 
water  level  is  0.4  m  below  its  top  edge.  Calculate  the  discharge  through  the  orifice  if  Cd  -  0.62. 

[Ans.  7.549  m3/s] 

14.  A  circular  lank  of  diameter  3  m  contains  water  upto  a  height  of  4  m.  The  tank  is  provided  with  an  orifice  of 
diameter  0.4  m  at  the  bottom.  Find  the  time  taken  by  water  :  (/)  to  fall  from  4  m  to  2  m  and  (i7)  for 
completely  emptying  the  tank.  Take  Cd  ~  0.6.  [Ans.  (i)  24.8  s,  (ii)  84.7  s] 

15.  A  circular  tank  of  diameter  1 .5  m  contains  water  upto  a  height  of  4  m.  An  orifice  of  40  mm  diameter  is 
provided  at  its  bottom.  If  Q  =  0.62,  find  the  height  of  water  above  the  orifice  after  10  minutes.  [Ans.  2  m] 

Id.  A  hemispherical  tank  of  diameter  4  m  contains  water  upto  a  height  of  2.0  m.  An  orifice  of  diameter  50  mm 
is  provided  at  the  bottom.  Find  the  time  required  by  water  (0  to  fall  from  2.0  m  to  1 .0  m  (ii)  for  completely 
emptying  the  tank.  Take  Cd  =  0.6  [Ans.  0)  30  min  14.34  s,  (ii)  52  min  59  s] 

17.  A  hemispherical  cistern  of  4  m  radius  is  full  of  water.  It  is  fitted  with  a  60  mm  diameter  sharp  edged  orifice 
at  the  bottom.  Calculate  the  time  required  to  lower  the  level  in  the  cistern  by  2  metres.  Take  Cd  -  0.6. 

[Ans.  1  hr  58  min  45.9  s] 

18.  A  cylindrical  tank  is  having  a  hemispherical  base.  The  height  of  cylindrical  portion  is  4  m  and  diameter  is 
3  m.  At  the  bottom  of  this  lank  an  orifice  of  diameter  300  mm  is  fitted.  Find  the  time  required  to  completely 
emptying  the  tank.  Take  Q  =  0.6.  [Ads.  2  min  7.37  s] 

19.  An  orifice  of  diameter  200  mm  is  fitted  at  the  bottom  of  a  boiler  drum  of  length  6  m  and  of  diameter  2  m. 
The  drum  is  horizontal  and  half  full  of  water.  Find  the  time  required  to  empty  the  boiler,  given  the  value  of 
Cd  =  0.6  [Ans.  2  min  55.20  s] 

20.  An  orifice  of  diameter  150  mm  is  fitted  at  the  bottom  of  a  boiler  drum  of  length  6  m  and  of  diameter  2  m. 
The  drum  is  horizontal  and  contains  water  upto  a  height  of  1.8  m,  Find  the  time  required  to  empty  the 
boiler.  Take  Cd  =  0.6.  ^  [Ans.  7  min  46.64  s] 

21.  Find  the  discharge  from  a  80  mm  diameter  external  mouthpiece,  fitted  to  a  side  of  a  large  vessel  if  the  head 
over  the  mouthpiece  is  6  m.  [Ans.  0.0466  m3/s] 

22-  An  external  cylindrical  mouthpiece  of  diameter  100  mm  is  discharging  water  under  a  constant  head  of  8  m. 
Determine  the  discharge  and  absolute  pressure  head  of  water  at  vena-contracta.  Take  Cd~  0.855  and  Cc  for 
vena-contracta  =  0.62.  Take  atmospheric  pressure  head  =  10.3  m  of  water.     [Ans.  0.084  mVs  i  3. !  8  m] 

23.  A  convergent-divergent  mouthpiece  having  throat  diameter  of  60  mm  is  discharging  water  under  a  con- 
slant  head  of  3.0  m.  Determine  the  maximum  outlet  diameter  for  maximum  discharge.  Find  maximum 
discharge  also.  Take  atmospheric  pressure  head  =  10.3  m  of  water  and  separation  pressure  head  --  2,5  m  of 
water  absolute.  [Ans.  6.88  cm,  eraw  =  0.01506  m3/s] 
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24.  The  throat  and  exit  diameter  of  a  convergent-divergent  mouthpiece  arc  40  mm  and  80  mm  respectively.  It 
is  fitted  to  the  vertical  side  of  a  tank,  containing  water.  Find  the  maximum  head  of  water  tor  steady  flow. 
The  maximum  vacuum  pressure  is  8  m  of  water.  Take  atmospheric  pressure  head  =  10,3  m  of  water. 

[Arts.  0.533  m] 

25.  The  discharge  through  a  convergent-divergent  mouthpiece  fitted  to  the  side  of  a  tank  under  a  constant  head 
of  2  m  is  7  litres/s.  The  head  loss  in  the  divergent  portion  is  0.10  times  the  kinetic  head  at  outlet.  Find  the 
throat  and  exit  diameters,  if  separation  pressure  head  =  2.5  m  and  atmospheric  pressure  head  -  10.3  m  of 
water  [Ans.  25.3  mm  ;  38.6  mm] 

26.  An  internal  mouthpiece  of  100  mm  diameter  is  discharging  water  under  a  constant  head  of  5  m.  Find  the 
discharge  through  mouthpiece,  when 

(i)  the  mouthpiece  is  running  free,  and  (ii)  the  mouthpiece  is  running  full. 

[Ans.  (i)  38.8  litres/s,  (ii)  54.86  !itres/s] 
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Chapter 


Notches  and  Weirs 


►  8.1  INTRODUCTION 

A  notch  is  a  device  used  for  measuring  the  rate  of  flow  of  a  liquid  through  a  small  channel  or  a  tank. 
It  may  be  defined  as  an  opening  in  the  side  of  a  tank  or  a  small  channel  in  such  a  way  that  the  liquid 
surface  in  the  tank  or  channel  is  below  the  top  edge  of  the  opening. 

A  weir  is  a  concrete  or  masonary  structure,  placed  in  an  open  channel  over  which  the  flow  occurs.  It 
is  generally  in  the  form  of  vertical  wall,  with  a  sharp  edge  at  the  top,  running  all  the  way  across  the  open 
channel.  The  notch  is  of  small  size  while  the  weir  is  of  a  bigger  size.  The  notch  is  generally  made  of 
metallic  plate  while  weir  is  made  of  concrete  or  masonary  structure. 

1.  Nappe  or  Vein.  The  sheet  of  water  flowing  through  a  notch  or  over  a  weir  is  called  Nappe  or  Vein. 

2.  Crest  or  Sill.  The  bottom  edge  of  a  notch  or  a  top  of  a  weir  over  which  the  water  flows,  is  known 
as  the  sill  or  crest. 


►  S.2    CLASSIFICATION  OF  NOTCHES  AMD  WEIRS 

The  notches  are  classified  as  : 

1 .  According  to  the  shape  of  the  opening  : 

(a)  Rectangular  notch, 

(b)  Triangular  notch, 

(c)  Trapezoidal  notch,  and 
(J)  Stepped  notch. 

2.  According  to  the  effect  of  the  sides  on  the  nappe  : 
(a)  Notch  with  end  contraction. 

{b)  Notch  without  end  contraction  or  suppressed  notch. 
Weirs  are  classified  according  to  the  shape  of  the  opening  the  shape  of  the  crest,  the  effect  of  the  sides 
on  the  nappe  and  nature  of  discharge.  The  following  are  important  classifications. 

(a)  According  to  the  shape  of  theopening  : 

(0  Rectangular  weir,  (ii)  Triangular  weir,  and 

(«0  Trapezoidal  weir  (Cippoletti  weir) 

(b)  According  to  the  shape  of  the  crest : 

(if)  Sharp-crested  weir,  __      (ii)  Broad-crested  weir. 

Oil)  Narrow-crested  weir,  and  (iv)  Ogee-shaped  weir. 
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it)  According  to  the  effect  of  sides  on  the  emerging  nappe  : 

(/)  Weir  with  end  contraction,  and  (fj)  Weir  without  end  contraction. 

►  8.3    DISCHARGE  OVER  A  RECTANGULAR  NOTCH  OR  WEIR 

The  expression  for  discharge  over  a  rectangular  notch  or  weir  is  the  same. 


NAPPE 


CREST 
OR  SILL 


i 


NAPPE 
J 


dh 


(c)  SECTION  AT 
CREST 


CREST 


(a)  RECTANGULAR  NOTCH  (b)  RECTANGULAR  WEIR 

Fig.  8.1  Rectangular  natch  and  iveir. 

Consider  a  rectangular  notch  or  w  eir  provided  in  a  channel  carrying  water  as  shown  in  Fig.  8.1. 
Let  H  =  Head  of  water  over  the  crest 

L  =  Length  of  the  notch  or  weir 
For  finding  the  discharge  of  water  flowing  over  the  weir  or  notch,  consider  an  elementary  horizontal 
strip  of  water  of  thickness  dh  and  length  L  at  a  depth  h  form  the  free  surface  of  water  as  shown  in 
Fig.  8.1(c). 

The  area  of  strip  =  Lxdh 

and  theoretical  velocity  of  water  flowing  through  strip  =  ^2gh 
The  discharge  dQ,  through  strip  is 

dQ-Cdx  Area  of  strip  X  Theoretical  velocity 

=  Qx  Lxdhx^lgh  ...(i) 

where  Cd  =  Co-efficient  of  discharge. 

The  total  discharge,  Q ,  for  the  whole  notch  or  weir  is  determined  by  integrating  equation  (i)  between 
the  limits  0  and  H. 


Q=  f  Cd.L.  fig~h  .dh  =  CdxLxj2if  km 


dh 


=  CdxLxyj2g~ 


■  +  1 


=  CdxLxJ!g~ 


.3/2 


3/2 


=  |  CdxLxJlg~  [Hfn. 


.(8.1) 


Problem  8.1    Find  the  discharge  of  water  flowing  over  a  rectangular  notch  of  2  m  length  when  the 
constant  head  over  the  notch  is  300  mm.  Take  Q  =  0.60. 
Solution.  Given  : 

scarified  \yv  Fahid 

Length  of  the  notch,   .         L  =  2.0m  /         .  .  „„  .. 

e  PDF  created  by  AAZSwapml 


Head  over  notch, 


Discharge, 


#  =  300  m  =  0.30  m 

Cd  =  0.60 

i=  |  CdxLxj2g~[HV!] 
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=  ^  x  0.6  x  2.0  x  ^2  x  9.81  x  [.30]' 3  nvVs 

=  3.5435  x  0. 1 643  =  0.582  m3/s.  Ans. 
Problem  8.2    Determine  the  height  of  a  rectangular  weir  of  length  6  m  to  be  built  across  a  rectan- 
gular channel.  The  maximum  depth  of  water  on  the  upstream  side  of  the  weir  is  J. 8  m  and  discharge 
is  2000  litres/s.  Take  Cd  =  0.6  and  neglect  end  contractions. 

Solution.  Given  : 

Length  of  weir,  L  =  6m 


Depth  of  water, 
Discharge, 


H,  =  1.8  m 


Q  =  2000  lit/s  =  2  m7s 
0^  =  0.6  ... 
Let  H  is  height  of  water  above  the  crest  of  weir,  and  H2  =  height  of  weir  (Fig.  8.2) 
The  discharge  over  the  weir  is  given  by  the  equation  (8.1)  as 


or 


Q 
2.0  = 

H3/2  = 
H  = 


■  -  QxL.x/27  Hm 


-X  0.6  x  6.0  x  -^2x9.81  x  H 

10.623  H3'2 

2.0 
10.623 


1  I 
Fig.  8.2 


U) 


623j 


328  m 


Height  of  weir. 


H2  =  H}-H 


=  Depth  of  water  on  upstream  side  -  H 
=  1.8  -  .328  -  1.472  m.  Ans. 
Problem  8.3    The  head  of  water  over  a  rectangular  notch  is  900  mm.  The  discharge  is  300  litres/s. 
Find  the  length  of  the  notch,  when  Cd  =  0.62. 
Solution.  Given  : 

Head  over  notch,  H  =  90  cm  =  0.9  m 

Discharge,  Q  =300  lit/s  =  0.3  m3/s 

Cd  =  0.62 
Let  length  of  notch  =  L 

Using  equation  (8. 1 ),  we  have 
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or 


0.3  =  —  x  0.62  x  L  x  J2x~9M  x  (0.9)V2 
3 


L  = 


=  1.83  xLx  0.8538 
0.3 


=  .  192  m  =  192  mm.  Ans. 


1.83  x. 8538 

►  8.4    DISCHARGE  OVER  A  TRIANGULAR  NOTCH  OR  WEIR 

The  expression  for  the  discharge  over  a  triangular  notch  or  weir  is  the  same.  It  is  derived  as  ; 
Let     H  =  head  of  water  above  the  V-  notch 
6  =  angle  of  notch 

Consider  a  horizontal  strip  of  water  of  thickness  'dh'  at  a  depth  oih  from  the  free  surface  of  water  as 
shown  in  Fig.  8.3. 

From  Fig.  8.3  (b),  we  have 

0  _  AC  _  AC 
ta"  2  ~  OC~(H-h) 


AC  =  (H-h)  tan 


0 


=  AB  =  2AC  =  2  (H-fc)  tan  | 
=  2  (H  -  h)  tan  |  x  dh 


Width  of  strip 

.-.  Area  of  strip 

The  theoretical  velocity  of  water  through  strip  =  ^2gk 

A    Discharge,  dQ,  through  the  strip  is 

dQ  =  Cdx  Area  of  strip  x  Velocity  (theoretical) 

=  Cd  x  2  (H  -  ft)  tan  ~  x  dh  x  figk 


>)  (a) 
Fig.  8.3    77*'  triangular  notch. 


:.  Total  discharge,  Q  is 


=  2Cd{H-h)  tan  -  x          x g/i 

g=  I*  2Cd{H-h)ten^x.fig~hxdh 
Jo  2 

=  2Q  x  tan  I  x  fi£  j"  (//  -  /i)^"2 

=  2  x  Q  x  tan  f  x  J2g~  \"  (Hh,/2  -  hm) 
2  Jo 


dh 


dh 


=  2  X  Cd  x  tan  ^  X  ^2g 


3/2     5  AT'  fnned  by  Fahid 
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=  2x  Qxtan  |  x  fig  H.  Hm  -|  Ws/2j 
=  2  x  C„  x  tan  ^x  ^[|  H5^  ~|  f/5'2] 


=  2  x  Q  x  tan  -  x  ^/2g 


.15 


=  —  Qxtan  -xfii  xHS12  ...(S.2) 
15  2 

For  a  right-angled  V-rtotch,  if  Cd  =  0.6 

9  =  90°,     .-.    tan  -  =  1 
2 

Discharge  Q  =  ^~  x  0.6  x  1  x  ^2  x  3.81  x.  AT5'2  ...(8.3) 

=  1.417  tf5'2. 

Problem  8.4    Find  the  discharge  over  a  triangular  notch  of  angle  60°  when  the  head  over  the 
V -notch  is  0.3  m.  Assume  Cd  =  0.6. 
Solution.  Given  i 

Angle  of  V-notch,  9  =  60° 

Head  overriden,  H  =  0.3m 

Cd  =  0.6 

Discharge,  Q  over  a  V-notch  is  given  by  equation  (8.2) 

Q  =  ^-xCdxim®xfig~xH5ir 

'  =  ~  X  0.6  lan  —  X  J2  x  9.8T  X<0.3)5/2 

15  2  v 

=  0.8182  x  0.0493  =  0.040  m3/s.  Ans. 
Problem  8.5    Water  flows  over  a  rectangular  weir  I  m  wide  at  a  depth  of  150  mm  and  afterwards 
passes  through  a  triangular  right-angled  weir.  Taking  Cdfor  the  rectangular  and  triangular  weir  as 
0.62  and  0.59  respectively,  find  the  depth  over  the  triangular  weir. 

(Osmania  University,  1990  ;  A.M.I.E.,  Winter,  1975) 

Solution.  Given  ; 

For  rectangular  weir,  length,    L  =  1  m 
Depth  of  water,  H  =150  mm  =  0. 1 5  m 

C,,  =0.62 

For  triangular  weir.  8  =90° 

Cd  =  0.59 
Let  depth  over  triangular  weir      =  tf, 

The  discharge  over  the  rectangular  weir  is  given  by  equation  (8. 1 )  banned  by  Fahid 
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Q  =  1  x  Cd  x  I  x  J2x  x  ff3.? 

=  -  x0  62  x  1.0  x  J2x9l\  x  (.  15  f 2  m3/s  =  0. 10635  m3/s 
3 

The  same  discharge  passes  through  the  triangular  right-angled  weir.  But  discharge,  Q,  is  given  by 
equation  (8.2)  for  a  triangular  weir  as 

Q  =      x  Cj  x  tan  I  x  ^  x  //5/2 

0.10635  =  A  x  .59 x  tan  —  x fig~  x ^   .      (v8=  90°  and  H  =  Hl] 

;  15  2  ^ 

-  =  —  X  .59  x  1  X  4.429  x  H?n  =  1.3936  //,3'3 

15  I 

sa=  O10635  =Q  07631 
1         1.3936  .  ■ 

6   H,j=  (.0763 1.)0'4  =  0.3572  nuAres..  _  

Problem  8.5A  Warer/tows  through  a  triangular  right-angled  weir  first  and  then  over  a  rectangu- 
lar weir  of  1  m  width.  The  discharge  co-efficients  of  the  triangular  and  rectangular  weirs  are  0.6  and 
0.7  respectively.  If  the  depth  of  water  over  the  triangular  weir  is  360  mm,  find  the  depth  of  water  over 
the  rectangular  weir.  (A.M.I.E.,  Summer,  1990) 

Solution.  Given  : 

For  triangular  weir     :        9  =  90°.  Q  =  0.6,  H  =  360  mm  =  0.36  m 

For  rectangular  weir    :        L  =  1  m,  Q  =  0.7T  H  =  ? 

The  discharge  for  a  triangular  weir  is  given  by  equation  (8.2)  as 

Q=  A  xQxtan|x^27  x//5/2 


g 

=  —  x  0.6  x  tan 
15 


^ j x 72>T9ir  x  (0.36)-V2  =  0. 1 102  m3/s 


The  same  discharge  is  passing  through  the  rectangular  weir.  But  discharge  for  a  rectangular  weir  is 
given  by  equation  {8. 1 )  as 


Q  =  |xQxix  fig  xH 


3 

'2 
3 

,3/2  0.1102 


or  0. 1 1 02  =  -  x  0,7  x  ]  x  $0$  1  x  Hm  =  2.067  H3'2 

3 


or  Hin  =  =^=-  =  0-0533 

2.067 

■>2t 


H  =  (O.OS33)2'3  =  0.1415  m  =  141.5  mm.  Ans. 
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Problem  8.6    A  rectangular  channel  2.0  in  wide  has  a  discharge  of  250  litres  per  second,  which  is 
measured  by  a  right-angled  V-notch  weir.  Find  the  position  of  the  apex  of  the  notch  from  the  bed  of 
the  channel  if  maximum  depth  of  water  is  not  to  exceed  1.3  m.  Take  Cd  =  0.62. 
Solution.  Given : 

Width  of  rectangular  channel,  L  =  2.0  m 

Discharge,  Q  =  250  lit/s  =  0.25  m3/s 

Depth  of  water  in  channel  =  1.3  m 
Let  the  height  of  water  over  V-notch  =  H 
The  rate  of  flow  through  V-notch  is  given  by  equation  (8.2)  as 

Q  =  —  x  Crfx  fig  x  tan-  x  H512 
15  2 

where  Cd  =  0.62,  9  =  90° 

Q  =      x  .62  x  ^2  x  9.81  x  tan  »  -  x  H512 

or  0.25  =  —  x  .62  x  4.429  x  1  x  //5/2 

15 

ff*"  =      '25X15       =  0,1707 
8  x  .62  x  4.429 

H  =  (.1707)2/5  =  (.\7Q7)0A  =  0.493  m 

Position  of  apex  of  the  notch  from  the  bed  of  channel 

=  depth  of  water  in  channel-height  of  water  over  V-notch 

=  1.3  -.493  =  0.807  m.Ans. 

►  8.5   ADVANTAGES  OF  TRIANGULAR  NOTCH  OR  WEIR  OVER  RECTANGULAR 

NOTCH  OR  WEIR 

A  triangular  notch  or  weir  is  preferred  to  a  rectangular  weir  or  notch  due  to  following  reasons  ; 

1 .  The  expression  for  discharge  for  a  right-angled  V-notch  or  weir  is  very  simple. 

2.  For  measuring  low  discharge,  a  triangular  notch  gives  more  accurate  results  than  a  rectangular 
notch. 

3.  In  case  of  triangular  notch,  only  one  reading,  i.e.,  {H)  is  required  for  the  computation  of  dis- 
charge. 

4.  Ventilation  of  a  triangular  notch  is  not  necessary. 

►  8.6    DISCHARGE  OVER  A  TRAPEZOIDAL  NOTCH  OR  WEIR 

As  shown  in  Fig.  8.4,  a  trapezoidal  notch  or  weir  is  a  com-  tttttt* 
bination  of  a  rectangular  and  triangular  notch  or  weir.  Thus  f\-A  --  -     -  -  v-  -.  -/e 

the  total  discharge  will  be  equal  to  the  sum  of  discharge  \fi_V-_"-0  ~  \V-.B_.J 

through  a  rectangular  weir  or  notch  and  discharge  through  a  /^.^."-„j_V^6^\ 
triangular  notch  or  weir.  %y,:,7~,X~7,r,'h?f 

Let    H  =  Height  of  water  over  the  notch   L  „Jp 
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Crf|  -  Co-efficient  or  discharge,  for  rectangular  portion  ABCD  of  Fig.  8.4. 
c42  =  Co-efficient  of  discharge  for  tri angular  portion  [FAD  and  BCE] 
The  discharge  through  rectangular  portion  ABCD  is  given  by  (8. 1 ) 


or 


Qr  =  \xCdxLxfig~  xHyi 


The  discharge  through  two  triangular  notches  FDA  and  BCE  is  equal  to  the  discharge  through  a 
single  triangular  notch  of  angle  6  and  it  is  given  by  equation  (8.2)  as 

Qz  =  ~  X  Cdi  X  tan  |  x  72i"  x  H5'2 

;.    Discbarge  through  trapezoidal  notch  or  weir  FDCEF  -  (?,  +  Q2 

2  g 
-.  =  J  Crf,  L  V2?  x  Hm  +  —  Cdi  X  tan  6/2  X  fig  x  Hm.  ...(8.4) 

Problem  8.7    Find  the  discharge  through  a  trapezoidal  notch  which  is  J  m  wide  at  the  top  and  0  40 
m  at  the  bottom  and  is  30  cm  in  height.  The  head  of  water  on  the  notch  is  20  cm.  Assume  c'for 
rectangular  portion  as  =  0.62  while  for  triangular  portion  =  0. 60. 
Solution.  Given  : 


Top  width, 
Base  width. 
Head  of  water, 


A£  =  1  m 
CD  =  Z,  =  0.4  m 
H  =  0.20  m 


Forrectangularportion,     Cd  =0.62 


For  triangular  portion. 
From  AABC,  we  have 


Cd,  =  0.60 


tan 


&  _  AB  _(AE-CD)/2 


BC 


H 


(1.0-0.4)/2  _  Q.6/2  03 
0.3  0.3    ~  0.3  ~  1 


■,5/2 


lS2 


Discharge  through  trapezoidal  notch  is  given  by  equation  (8.4) 

Q  =  -  Q,  x  L  X  fig~  x  f2  +  A  Cd2  X  tan  |  x  fig  x  H 

=  1  x  0.62  x  0.4  x  72x9.81  x  (0.2}3/2  +  ±  x  .60  x  1  x  fix~9Jl  x  (0.2) 

=  0.06549  +  0.02535  *  0.09084  m3/s  =  90.84  Htres/s.  Ans, 

►  8.7    DISCHARGE  OVER  A  STEPPED  NOTCH 

A  stepped  notch  is  a  combination  of  rectangular  notches.  The  discharge  through  stepped  notch  is 
equal  to  the  sum  of  the  discharges  through  the  different  rectangular  notches. 
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Consider  a  stepped  notch  as  shown  in  Fig,  8.6. 

Let  Hx  -  Height  of  water  above  the  crest  of  notch  (1), 

L[  =  Length  of  notch  1, 
H2,  Lj  and  are  corresponding  values  for  notches  2 

and  3  respectively. 

Cj  =  Co-efficient  of  discharge  for  all  notches 
.-.    Total  discharge  Q  =  {2,  +  Q2  +  Q} 


■wot; 

— 


1  t  k 

•••      1  u 


© 


 0 


1" 


-I 


or 


I-   U  H 

Fig-  8.6    The  stepped  notch. 


+  |  Cj  x  U  x  V27  W?1- H^]  +  -  Cd  x  Lj  x  Vi7  x  H^12. 


...(8.5) 


Problem  8.8  Fig.  8.7  shows  a  stepped  natch.  Find  the  discharge  through  the  notch  if  Cdfor  all 
section  -  0.62.   


Solution.  Given  : 

Lt  =  40  cm,  L2  =  80  cm, 
A3  =  120  cm 

ffj  =  50  +  30  +  15  =  95  cm, 
II 2  =  80  cm,  #3  =  50  cm. 
Cd  =  0.62 
Total  discharge,  Q  =  Qx  +  Q2  +  Q3 


30  cm       \  \  ©  I 


80  cm 
120  cm  — 

Fig.  8.7 


where 


|xCrixL,  x  42g  [V  -^2  1 


=  -  x  0.62  x  40  x  J2x981  x  [95M  -  803/2] 
i  3 

=  732.26[925.94  -  715.54]  S  154067  cmVs  =  154.067  lit/s 
G2  =  |xC^xL2x72ix  [//23'2  - 


and 


03  = 


i  x  0.62  x  80  x  ^2x981  x  \mm  -  503/2] 
1464.52[7 15.54  -  353.55]  cnA  =  530141  cm3/s  =  530.144  lit/s 
x  Q  x  £3  x  V27  x  "yV2 


-  x  0.62  x  1 20  x  Jlxm  x  503'2  =  77677 1  cnrVs  =  776.77 1  lit/s 

3  y_ 


Q  =  Q\+  Q2  +  Qi  =  154.067  +  530.144  +  776.771 
=  1460.98  lit/s.  Ans. 
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►  8.8     EFFECT  ON  DISCHARGE  OVER  A  NOTCH  OR  WEIR  DUE  TO  ERROR  JN 
THE  MEASUREMENT  OF  HEAD 

For  an  accurate  value  of  the  discharge  over  a  weir  or  notch,  an  accurate  measurement  of  head  over  the 
weir  or  notch  is  very  essential  as  the  discharge  over  a  triangular  notch  is  proportional  to/7V2and  in  case 
of  rectangular  notch  it  is  proportional  loHy2.  A  small  error  in  the  measurement  of  head,  will  affect  the 
discharge  considerably.  The  following  cases  of  error  in  the  measurement  of  head  will  be  considered  : 

(0  For  Rectangular  Weir  or  Notch. 

(i/)  For  Triangular  Weir  or  Notch. 

8.8. 1  For  Rectangular  Weir  or  Notch.  The  discharge  for  a  rectangular  weir  or  notch  is  given 
by  equation  (8.1)  as 

J2  =  |  x  QxLx  xH3a 

-  =KHm  , 

where  K  =  —  Cd  x  L  x  fig 

Differentiating  the  above  equation,  we  get 

"  — ~"~ "        3  ... 

dQ  =  Kx  ~  HmdH  ..,00 

,„      Kx-xH>l2dH  \m 
Dividing  07)  by  (0,         ~f  =  =    —  ...<8.6) 

Equation  (8.6)  shows  that  an  error  of]  %  in  measuring  H  will  produce  1.5%  error  in  discharge  over 
a  rectangular  weir  or  notch. 

8.8.2  For  Triangular  Weir  or  Notch.  The  discharge  over  a  triangular  weir  or  notch  is  given  by 
equation  (8.2)  as 

=  KH5a  ...(iii) 


where  K  =  —  Cd.  tan  —  fig 
15  2 

Differentiating  equation  (iii),  we  get 

4Q.  =K  J  HV1  x  dH  ...(iv) 

Dividing  (iv)  by  (/,;),  we  gel  f  =  2 KH*2  '  =  J  ~Jf  »MV 

Equation  (8.7)  shows  that  an  error  of  1  %  in  measuring  H  will  produce  2.5%  error  in  discharge  over 
a  triangular  weir  or  notch, 
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Problem  8.9    A  rectangular  notch  40  cm  long  is  used  for  measuring  a  discharge  of  30  litres  per 
second.  An  error  of  1.5  mm  wars  made,  while  measuring  the  head  over  the  notch.  Calculate  the 
percentage  error  in  the  discharge.  Take  Cd  =  0.60. 
Solution.  Given : 

Length  of  notch,  L  =  40  cm 

Discharge,  Q  =  30  lit/s  =  30,000  cmVs 

Error  in  head,  dH  =  1.5  mm  =  0.15  cm 

Cd  =  0.60 

Let  the  height  of  water  over  rectangular  notch  =  H 

The  discharge  through  a  rectangular  notch  is  given  by  (8.1) 

or  Q  =  --xCdxLxJTg  x  Hm 

or  30,000  =  |  x  0.60  x  40  x      xW  x  Hia 


2 

x  U 

3  x  30000 


H™  =  -  wuuu"  =  42.33 

£x. 60x40x^2x981 

H  =  (42.33)2'3  =  12.16  cm 

Using  equation  (8.6),  we  get 

dQ  =  l_dH_J_  x  _Pil  =  0.0185  =  L85%.  Ans. 
Q      2  H     2  12.16 

Problem  8.10    A  right-angled  V-notch  is  used  for  measuring  a  discharge  of  30  litres/s.  An  error  of 
7.5  mm  was  made  while  measuring  the  head  over  the  notch.  Calculate  the  percentage  error  in  the 
discharge.  Take  Cd  =  0.62. 
Solution.  Given  : 

Angle  of  V-notch,  6  =  90° 

Discharge,  Q  =  30  lit/s  =  30000  cm3/s 

Error  in  head',  dH  =  1 .5  mm  =  0. 15  cm 

Cd  =  0.62 
Let  the  head  over  the  V-notch  =  H 

The  discharge  Q  through  a  triangular  notch  is  given  by  equation  (8.2) 


or 


30000  =  A  x  0.62  x  tan  p^-j  x  J2xm  x  H5'2 


=  A  x  .62  x  1  x  44.29  xHia 
15 

V3=    30000  xlS,^ 

8  x. 62x44.29 
/y  =  (2048.44)  =  21.11  cm 
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Using  equation  (8.7),  we  get 

dQ     5dH  0.15     ;  • 

T  =  2^=2-5x?m=0-01776=l-77%-  Ans- 

Problem  8.1 1  The  head  of  water  over  a  triangular  notch  of  angle  60°  is  50  cm  and  coefficient  of 
discharge  is  0.62.  The  flow  measured  by  it  is  to  be  within  an  accuracy  of  1.5%  up  or  down.  Find  the 
limiting  values  of  the  head. 

Solution.  Given : 

Angle  of  V-notch  6  =  60° 

Head  of  water,  H  =  50  cm 

Cd  =  0.62 

~^  =±  1.5%  =  ±0.015 

Q 

The  discharge  Q  over  a  triangular  notch  is 

=  ^  x  0.62  x  fi^Wl  x  tan x  (50)5/2 

=  14.64  x  0.5773  x  17677.67  =  149405.86  cm3/s 
Now  applying  equation  (8.7),  we  get 

+  iier*   *  \dH  '   dH  -015 

or  ±  .015  =  2.5          or   =  ±  ~- — 

H         H  2.5 

xH  =  ±        x  50  =  ±0.3 
2.5 

The  limiting  values  of  the  head 

=  H±  dH  =  50  ±  0.3  =  50.3  cm,  49.7  cm 
=  50.3  cm  and  49.7  cm.'Ans. 

►  8.9.  (a)     TIME  REQUIRED  TO  EMPTY  A  RESERVOIR  OR  A  TANK  WITH  A 
RECTANGULAR  WEIR  OR  NOTCH 

Consider  a  reservoir  or  tank  of  uniform  cross-sectional  area  A.  A  rectangular  weir  or  notch  is  pro- 
vided in  one  of  its  sides. 

Let         L  =  Length  of  crest  of  the  weir  or  notch 
Cd  =  Co-efficient  of  discharge 
H ,  =  Initial  height  of  liquid  above  the  crest  of  notch 
H2  =  Final  height  of  liquid  above  the  crest  of  notch 
T-  Time  required  in  seconds  to  lower  the  height  of  liquid  from  Ht  to  H2. 
Let  at  any  instant,  the  height  of  liquid  surface  above  the  crest  of  weir  or  notch  be  h  and  in  a  small  time 
dT,  let  the  liquid  surface  falls  by  'dh\  Then, 
~A(lhj=QxdT 

-ve  sign  is  taken  as  with  the  increase  of  T,  h  decreases.  ,  , 
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But 


Q  =  |  Cd  x  L  x  $g  x  ft3'1 


-Adh 


-Adh  =  -CdxLx  Jlj  .hV2xdT  or  0;%^  

3  ,  -  Cd  x  L  x        x  h 


The  total  time  7"  is  obtained  by  integrating  the  above  equation  between  the  limits  Ht  to  H2- 
\T  <tT  =  \%  «3  


or 


-3A 


7=  ~A  f"2  /TJ/2  <*fc=  — 


-J/2  + 1 


2 


J/y, 


-3i4 


2  Q  x  L  x  $g 


-3A 


3A 


Qxix  ^2g 


.(8.8) 


(b)    TIME  REQUIRED  TO  EMPTY  A  RESERVOIR  OR  A  TANK  WITH  A  TRIANGULAR 
WEIR  OR  NOTCH 

Consider  a  reservoir  or  tank  of  uniform  cross-sectional  area  4,  having  a  triangular  weir  or  notch  in 
one  of  its  sides. 

Let  6  =  Angle  of  the  notch 

Cd  =  Co-efficient  of  discharge 
Hi  =  Initial  height  of  liquid  above  the  apex  of  notch 
H2  =  Final  height  of  liquid  above  the  apex  of  notch 
T  =  Time  required  in  seconds,  to  lower  the  height  from  //,  to  H2  above  the  apex  of  the  notch. 
Let  at  any  instant,  the  height  of  liquid  surface  above  the  apex  of  weir  or  notch  be  ft  and  in  a  small  time 
t/T,  let  the  liquid  surface  falls  by  'dh\  Then 
-  Adh  =  QxdT 
-ve  sign  is  taken,  as  with  the  increase  of  T,  h  decreases. 
And  Q  for  a  triangular  notch  is 


0=  A  xQxtan  x  ft5'2 


e 


-Adh=  —  Cdx  tan  |  x  ^  x  ft5/:  x dfranned  by  Fahid 
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d7  = 


Adh 


-XQx  tan  -  x  Jig  x  hin 
15  2     v  . 


The  total  time  T  is  obtained  by  integrating  the  above  equation  between  the  limits  Hl  to  H2. 

-Ah 


T  dT-- 
Jo 


f 


or 


T  = 


l85Crftan2 
-A 


5^ 


5/2 


—  Crf  x  tan  -  x  J2g 
15   d         2  V 


Jh, 


-15/1 


SxCrf  xtan ^X^i 


-3/2 


-ISA 
8  x  Q  x  tan  -~  x 


5A 


3 


-I) 


i.3/2 


4x  Cd  xtan  ^x^27  L^2 


1 


3/2 


3/2 


,(8.9) 


Problem  8.12  Find  the  time  required  to  lower  the  water  level  from  3  m  to  2  m  in  a  reservoir  of 
dimension  80  m  x  80  m,  by  a  rectangular  notch  of  length  1.5  m.  Jake  Cd  =  0.62. 

Solution.  Given : 

Initial  height  of  water,  H,=3ra 

Final  height  of  water,        f/2  =  2m 

Dimension  of  reservoir  =  SO  m  x  80  m 
or  Area,  A  =  80  x  80  =  6400  m2 

Length  of  notch,  L  =  1 .5  m,  Cd  =  0.62 

Using  the  relation  given  by  the  equation  (8.8) 


T  = 


3A 


CdxLxJ2g 
3  x  6400 


r  1 


0.62x1.5x72x9.81  \_4l  73. 

=  4663.35  [0.7071  -  0.5773J  seconds 

=  605.04  seconds  =  10  min  5  sec.  Ans. 

Problem  8.13    If  in  problem  8.  J  2,  instead  of  a  rectangular  notch,  a  right-angled  V-notdi  is  used, 
find  the  time  required.  Take  all  other  data  same. 
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Solution.  Given  ; 
Angle  of  notch, 
Initial  height  of  water, 
Final  height  of  water. 
Area  of  reservoir, 


9  =  90° 
W,  =  3  m 


//,  =  2m 
A  =  Sp.x8Q  = 
Crf  =  0.62 

Using  the  relation  given  by  equation  (8.9) 


6400  m- 


5A 


H  ,   IJ  > 

4xCd  xtan~xV2g  L"i 
5x6400 


4x.62xtan  — xJ2x9.81 

1  v 


,1.5 


,1.5 


=  2913.34  x 


1 


1 


.2.8284  5.1961. 
=  2913.34  [0.3535  -  0.1924]  seconds 
=  469.33  seconds  -  7  min  49.33  sec.  Ans. 
Problem  8.1 4    A  right-angled  V-notch  is  inserted  in  the  side  of  a  tank  of  length  4  m  and  width  2.5  m. 
Initial  height  of  water  above  the  apex  of  the  notch  is  30  cm.  Find  the  height  of  water  above  the  apex  if 
the  time  required  to  lower  the  head  in  tank  from  30  cm  to  final  height  is  3  minutes.  Take  Q  =  0.60. 
Solution.  Given  : 

9  =  90° 

A  =  Length  x  width  =  4  x  2.5  =  10.0  m2 
//[  =  30  cm  =  0.3  m 
r=3min  =  3x60=  180  seconds 


Angle  of  notch, 
Area  of  tank, 
Initial  height  of  water, 
Time, 


Cd  =  0.60 


Let  the  final  height  of  water  above  the  apex  of  notch  =H2 
Using  the  relation  given  by  equation  (8.9) 


T  = 


5A 


180  = 


4  x  Cd  x  tan  -  x  ^2g 
5x10 


1 


Hi 


111 


4  x  .60  x  tan 
50 


4  x  .60  x  1  x  4.429 


2x9.81 
1 


H 


(0.3)3/2 


(0.3) 


3/2 


or 


f/V'5  0.3 


1.5 


180x4x0.60x4.429 
50 


=  38.266. 
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or  — tt  -  6.0858  =  38.266 


:     =  36.266  +  6.0858  =  42.35  or  //,'  5  =  — =  0.0236 


H]/     ""  42.35 
H2  =  f.D236),fl,S  =  (0.0236). 6667  =  0.0822  m  =  8.22  cm.  Ans. 

►  8.10    VELOCITY  OF  APPROACH 

Velocity  of  approach  is  defined  as  the  velocity  with  which  the  water  approaches  or  reaches  the  weir 
or  notch  before  it  flows  over  it.  Thus  if  Va  is  the  velocity  of  approach,  then  an  additional  head  ha  equal 

to  — —  due  to  velocity  of  approach,  is  acting  on  the  water  flowing  over  the  notch.  Then  initial  height  of 

2* 

water  over  the  notch  becomes  (//+  /in)  and  final  height  becomes  equal  to  hB.  Then  all  the  formulae  are 
changed  taking  into  consideration  of  velocity  of  approach. 

The  velocity  of  approach,  Va  is  determined  by  Finding  the  discharge  over  the  notch  or  weir  neglecting 
velocity  of  approach.  Then  dividing  the  discharge  by  the  cross -sectional  area  of  the  channel  on  the 
upstream  side  of  the  weir  or  notch,  the  velocity  of  approach  is  obtained.  Mathematically, 


V„  =  - 


Area  of  channel 


n ) 


This  velocity  of  approach  is  used  to  find  an  additional  head       =^f-  |,  Again  the  discharge  is 

calculated  and  above  process  is  repeated  for  more  accurate  discharge. 
Discharge  over  a  rectangular  weir,  with  velocity  of  approach 

=  |  Crf  x  L  x  fig  \{HX  +  hf2-ham]  ...{8.10) 

Problem  8.1 5  Water  is  flowing  in  a  rectangular  channel  of  ]  m  wide  and  0.75  m  deep.  Find  the 
discharge  over  a  rectangular  weir  of  crest  length  60  cm  if  the  head  of  water  over  the  crest  of  weir  is 
20  cm  and  waterfront  channel  flows  over  the  weir.  Take  Q  =  0.62.  Neglect  end  contractions.  Take 
velocity  of  approach  into  consideration. 

Solution.  Given : 

Area  of  channel,  A  =  Width  x  depth  =  1.0  x  0.75  =  0.75  m2 

Length  of  weir,  L  =  60  cm  =  0.6  m 

Head  of  water,  //,  =  20  cm  =  0.2  m 

Q  =  Q.62 

Discharge  over  a  rectangular  weir  without  velocity  of  approach  is  given  by 

0  =  I  QxLx  fig  xHvyl 

=  ~x  0.62  x  0.6  x  72  x  9.81  x  (0.2)ln  m'/s 
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=  1.098  x  0.0894  =  0.0982  mVs 
Q  .0982 

Velocity  of  approach,         VQ  =  —  =         -  °- 1 309 

V2 

.:  Additional  head,  K  =  ~=  <  1309)V2  x  9.81  =  .0008733  m 

Then  discharge  with  velocity  of  approach  is  given  by  equation  (8.10) 


=  -  x  0.62  x  0.6  x  J2X9.81  [(0.2  +  .00087)3'2  -  (.00087  )m\ 
3  * 

=  1 .098  [0.09002-  .00002566] 

=  1.098x0.09017  =  .09881  m3/s.  Ans. 
Problem  8.1 6    Find  the  discharge  over  a  rectangular  weir  of  length  1 00  m.  The  head  of  water  over 
the  weir  is  J. 5  m.  The  velocity  of  approach  is  given  as  0.5  m/s.  Take  Cd  -  0.60. 
Solution.  Given  : 

Length  of  weir,  L  =  100  m 

Head  of  water,  Hx  =  \  .5m 

Velocity  of  approach,         Va  =  0.5  m/s 

Q  =  0.60 

.-.  Additional  head,  k.  =  ^=  =  0.0127  m 

0     2g  2x9.81 

The  discharge,  Q  over  a  rectangular  weir  due  to  velocity  of  approach  is  given  by  equation  (8,10) 

Q^xQxLx^  mi  +  ha)m  -  fcu3/2] 

J  .=  I  x  0.6  x  100  x  ,72x9.81  [(1.5-+  .01 27)3'2  -  .01273'2] 

3 

=  177.16  [  1.51273/2-.01273/2] 
=  177.16  [1,8605  -  .00143]  =  329.35  m3/s.  Ans. 
Problem  8.1 7    A  rectangular  weir  of  crest  length  50  cm  is  used  to  measure  the  rate  of  flow  of  water 
in  a  rectangular  channel  of  80  cm  wide  and  70  cm  deep.  Determine  the  discharge  in  the  channel  if  the 
water  level  is  80  mm  above  the  crest  of  weir.  Take  velocity  of  approach  into  consideration  and  value 
ofCd  =  0.62. 

Solution.  Given  : 

Length  of  weir,  L  =  50  cm  =  0.5  m 

Area  of  channel,  A  =  Width  x  depth  =  80  cm  x  70  cm  ~  0.80  X  0.70  =  0.56  m2  - 

Head  over  weir,  H  =  80  mm  =  0.08  m 

Q  =  0.62 

The  discharge  over  a  rectangular  weir  without  velocity  of  approach  is  given  by  equation  (8.1) 
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=  |  x  0.62  x  0.5  x  ^2x9.81  x  (O.OS)3'2  mVs 
=  0.9153  x  . 0226=  .0207  m3/s 


Q  0207 

Velocity  of  approach,         Va  =  —  =  '        =  .0369  m/s 


0:56 
■         (.0369) 3 

Head  due  to  Vn,  ha  =  V^2#  =  i  ^-  -  .0000697  m 

0  2x9.8] 

Discharge  with  velocity  of  approach  is 

£3  =  ^x  Crf  x  £  x  jlg~  Rtf,  +  Aa)3/2-  ham] 

=  -  x  0.62  x  0.5  x  %/2  x  9.81  [(.08  +  .0000697)1'2  -  .00006973'2] 

=  0.9153  x  [.08006971  5  -  .00006971'5] 

=  .9153  [.02265  -  .000000582]  =  0.2073  m3/s.  Aits. 
Problem  8. 18    A  suppressed  reciangitlar  weir  is  constructed  across  a  channel  ofO.  77  m  width  with 
a  head  of  0.39  m  and  the  crest  0.6  m  above  the  bed  of  the  channel.  Estimate  the  discharge  over  it. 
Consider  velocity  of  approach  and  assume  Cd  =  0.623.  (A.M. I.E.,  Summer,  1988) 

Solution.  Given : 

Width  of  channel,  b  =  0.77  m 

Head  over  weir,  H  =  0.39  m 

Heigh!  of  crest  from  bed  of  channel  =  0.6  m 
/.    Depth  of  channel  =  0.6  +  0.39  =  0.99 

Value  of  Cd=  0.623 

Suppressed  weir  means  that  the  width  of  channel  is  equal  to  width  of  weir  i.e.,  there  is  no  end 
contraction. 

Width  of  channel  =  Width  of  weir  =  0.77  m 
Now  area  of  channel,  A  =  Width  of  channel  x  Depth  of  channel 

=  0.77  x  0.99 

The  discharge  over  a  rectangular  weir  without  velocity  of  approach  is  given  by  equation  (8.1). 

2  =  |  XCjXbx  j2g~  xHvl  (v    Herefc  =  L) 

=  -  x  0.623  x  0.77  x  J2x9.81  x  0.393'2  =  0.345  m'/s 
3 

Now  velocity  of  approach,  V„  =  —  =  — _  0.4526  m/s 

Area  of  channel  0.77x0.99 

Head  due  to  velocity  of  approach, 
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Yi     0.4526 2 

Now  the  discharge  with  velocity  of  approach  is  given  hy, 

Q  =  |  X  Q  x  b  x  $J  0  +  haf2  -  Aa«] 

2  ,  

-  yx  0.623  x  0.77  x  ^2x9.81  [(0.39  +  0.0 1 04)3'2  -  (0.01 04)3'2] 

2 

=  -  x  0.623  x  0.77  x  4.43  [0.2533  -  0.00106] 
=  0.3573  m3/s.  Ans. 

Problem  8.19  A  sharp  crested  rectangular  weir  of  1  m  height  extends  across  a  rectangular 
channel  of  3  m  width.  If  the  head  of  water  over  the  weir  is  0.45  m,  calculate  the  discharge  Consider 
velocity  of  approach  and  assume  Q  =  0.623.  (A.M.I.E.,  Winter,  1 987) 

Solution.  Given  : 

Width  of  channel,  b  =  3  m 

Height  of  weir  =  1  m 

Head  of  water  over  weir,     H  =  0.45  m 

.'.    Depth  of  channel  =  Height  of  weir  +  Head  of  water  over  weir 

=  1  +0.45  =  1.45  m 
Value  of  Q  =  0.623 

The  discharge  over  a  rectangular  weir  without  velocity  of  approach  is  given  by  equation  (8.1)  as 

Q  =  ~xCdxbx^  xH111 

-  |  x  0.623  x  3  x  ^2x9.81  x  QA5m  =  1.665  m3/s 
Now  velocity  of  approach  is  given  by 

Q 


V„  = 


Area  of  channel 

  1-665  1.665 


=  0.382  m/s 


Width  of  channel  x  Depth  of  channel    3  x  1 .45 
Head  due  to  velocity  of  approach  is  given  by, 

,      Vis2  0.3822 
K  =  ~  =  ^rrr  =  0.0074  m 
2g  2x9.81 

Now  the  discharge  with  velocity  of  approach  is  given  by. 

Q  =  |  x  Q  x  h  x  ^  p  +  h/n-  -  (haf2] 
2 

=  -  x  0.623  x  3  x  V2x9.81  [(0.45  +  Q.0074)V2-  (0.00741M1 
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►  8 .1  I    EMPIRICAL  FORMULAE  FOR  DISCHARGE  OVER  RECTANGULAR  WEIR 


The  discharge  over  a  rectangular  weir  is  given  by 


2g  x  L  x  [H212]  without  velocity  of  approach 


.(0 


=  ^Cd^2g~  xLx[(H  +  haf2- 


ham]  with  velocity  of  approach 


...do 

Equation  (/')  and  (m)  are  applicable  to  the  weir  of  notch  for  which  the  crest  length  is  equal  to  the  width 
of  the  channel.  This  type  of  weir  is  called  Suppressed  weir.  But  if  the  weir  is  not  suppressed,  the  effect 
of  end  contraction  will  be  taken  into  account. 

(a)  Francis's  Formula.  Francis  on  the  basis  of  his  experiments  estab- 
lished that  end  contraction  decreases  the  effective  length  of  the  crest  of 
weir  and  hence  decreases  the  discharge.  Each  end  contraction  reduces  the 
crest  length  by  0. 1  x  H,  where  is  the  head  over  the  weir.  For  a  rectangu- 
lar weir  there  are  two  end  contractions  only  and  hence  effective  length 

_L  =  (L- 0.2/0 


Q.1H 


and 


If 


Q  =  --  x  Cd  x  [L- 0.2  X  H]  x  fig  HV2 
3 

Cd  =  0.623,  g  =  9.8 1  m/s2,  then  •. 


"-0.1H 


Fig.  8.8 


Q  =  |  x.623  x  72x9.81*  x  [L-  > 

m  1.84  [L  -  0.2  x  H]H312 
If  end  contractions  are  suppressed,  then 

H=  1.84  LH2'2 
jf  velocity  of  approach  is  considered,  then 

Q=  \.ML[(H+hf2~haia\ 


.(8.11) 


..(8.12) 


.(8.13) 


(6)  Bazin's  Formula.  On  the  basis  of  results  of  a  series  of  experiments,  Bazin's  proposed  the  follow- 
ing formula  for  the  discharge  over  a  rectangular  weir  as 

Q=mxLj2g~  xHvl  ...(8.14) 

2  003 
where  m  =  -xCd  =  0.405  +  -  

3  4  H 

H  =  height  of  water  over  the  weir 

If  velocity  of  approach  is  considered,  then 

Q  =  m]xLxfig  [(H  +  ha)m\  ...(8.15) 

■003 

where  m,  =  0.405  +  r  . 

Problem  8.20  jne  head  of  water  over  a  rectangular  weir  is  40  cm.  The  length  of  the  crest  of  the 
weir  with  end  contraction  suppressed  is  1.5  Ml.  Find  the  discharge  using  the  following  formulae  : 
(i)  Francis's  Formula  and  (ii)  Bazin's  Formula. 
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Solution.  Given  ; 

Head  of  water,  H  =  40  cm  =  0.40  m 

Length  of  weir,  L  =  1  .5  m 

(0  Francis's  Formula  for  end  contraction  suppressed  is  given  by  equation  (8.12). 

Q=  1.84  LxHil2  =  1.84  x  1.5  *(.40)3'2 
=  0.6982  m3/s 
(if)  Bazin's  Formula  is  given  by  equation  (8.14) 

Q  =  mxLx.  Jl%  x  Hyl 

where  m  =  0.405  +  — -  =  0.405  +  —  =  0.4125 
H  .40 

Q  =  .4125  x  1.5  x  ft  X  9.81  x  (A?12 
=  0.6!»32  m3/s.  Ans. 

Problem  8.21  A  weir  36  metres  long  is  divided  into  12  equal  bays  by  vertical  posts,  each  60  cm 
wide.  Determine  the  discbarge  over  the  weir  if  the  head  over  the  crest  is  1.20  m  and  velocity  of 
approach  is  2  metres  per  second.  (A.M. I.E.,  Summer,  1978) 

Solution.  Given : 

Length  of  weir,  Lj  =  36  m 

Number  of  bays,  =12 

For  12  bays,  no.  of  vertical  post  =  1 1 

Width  of  each  post  =  60  cm  =  0.6  m 

.*.    Effective  length,  L~LX  -11  x0.6  =  36-  6.6  =  29.4  m 

Head  on  weir,  H  =  1.20  m 

Velocity  of  approach,  Va  =  2  m/s 

&    Head  due  to  Va,  K  =  —=  —  =  0.2038  m 

2g  2x9.81 

Number  of  end  contraction,  n  =  2  X  12  {Each  bay  has  two  end  contractions} 

=  24 

.-.    Discharge  by  Francis  Formula  with  end  contraction  and  velocity  of  approach  is 

Q  =  1 .84  \L  -  0. 1  x  n(fl  +  ha))[(M  +  ftf2  -  h™) 
=  1 ,84[29.4  -  0.1  x  24(1 .20  +  .2038)]  x  [( 1.2  +  .2038)'  5  -  .20381'5] 
=  1.84[29.4- 3.369] 1 1.663  -  .0921 
=  75.246  m3/s.  Ans. 

Problem  8.22    A  discbarge  of  2000  nr  /s  is  to  pass  over  a  rectangular  weir.  The  weir  is  divided  into 
a  number  of  openings  each  of  span  10  m.  If  the  velocity  of  approach  is  4  m/s.  find  the  number  of 
openings  needed  in  order  the  head  of  water  over  the  crest  is  not  to  e  x  ceed  2  m. 
Solution.  Given  : 

Total  discharge.  Q  =  2000  nvVs 

Length  of  each  opening.       L-  10 

Velocity  of  approach,        V„  =  4  m/s  scanned  by  Fahid 
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a 


Head  over  weir,  H  =  2  m 

Let  number  of  openings  =  N 
Head.due  to  velocity  of  approach, 


4x4 


v- 

"     2g  2x9.81 


=  0.8155  m 


i.e., 


For  each  opening,  number  of  end  contractions  are  two.  Hence  discharge  for  each  opening  considering 
velocity  of  approach  is  given  by  Francis  Formula 

Q  =  IM{L  -  0. 1  x  2  x  (H  +  ha)][(H  +  hafn  -  hay2) 
=  1 ,84[10.0  -  0.2  x  (2  +  ,8155)][2,8I551'5 
'.=  17.363[4.7242  -  0.7364]  =  69.24  m3/s 
Total  discharge        _  2000 


.8I551'5] 


.  Number  of  opening 


Discharg  for  one  opening  69.24 
=  28.88  (say  29)  =  29.  Ans. 


►  8.12    CIPOLLETT1  WEIR  OR  NOTCH 


Cipolletti  weir  is  a  trapezoidal  weir,  which  has  side  slopes  of  1  hori- 
zontal to  4  vertical  as  shown  in  Fig.  8.9.  Thus  in  AABC, 

HIA  _  1 
~  4 


6  AB 

tan  —  = 
2  BC 


H 


-  =im-  =  14°  2'. 
2  4 

By  giving  this  slopes  to  the  sides,  an  increase  in  discharge  through  the 
triangular  portions  ABC  and  DEF  of  the,weir  is  obtained.  If  this  slope  is 
not  provided  the  weir  would  be  a  rectangular  one,  and  due  to  end  con- 
traction, the  discharge  would  decrease.  Thus  in  case  of  cipolletti  weir, 
the  factor  of  end  contraction  is  not  required  which  is  shown  below. 

The  discharge  through  a  rectangular  weir  with  two  end  contractions  is 

,N2 


Fig.  8.9    The  cipolletti  vein 


Q  =  ~xCtlx(L-  0.2  H)        *  U 

Thus  due  to  end  contraction,  the  discharge  decreases  by  —  Cd  x  fig  x  Hia.  This  decrease  in 
discharge  can  be  compensated  by  giving  such  a  slope  to  the  sides  that  the  discharge  through  two  triangu- 
lar portions  is  equal  to      Crf  x  fig  x  HV2.  Let  the  slope  is  given  by  6/2.  The  discharge  through  a 


V-notch  of  angle  0  is  given  by 


=  —  x  C,  x 
15  d 


jig  x  tan  -2  H5n 
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Thus  -xQx^  X  tan  |  H5n  =  ^  x  Cd  X  ^2?  x  f/572 

.-.     .  tan--—  x  —  =  1    or    9/2  =  tan"1  1=  14°  2'. 

2      15      8     4  4 

Thus  discharge  through  cipolletti  weir  is 

If  velocity  of  approach,  Va  is  to  be  taken  into  consideration, 

2  =  |xQx£,xV2i"  [{H  +  hf12  -  h?2]  ...(8.17) 

Problem  8.23  Find  the  discharge  over  a  cipolletti  weir  of  length  2.0  m  when  the  head  over  the 
weir  is  I  tft.  Take  Cd  =  0.62. 

Solution.  Given  : 

Length  of  weir,  L  =  20  m 

Head  over  weir,  H  =  1.0  m 

Q  =  0.62 

Using  equation  (8.16),  the  discharge  is  given  as 

g^xQxLx^  x  Hm 

=  -  x  0.62  X  2.0  X  J2X9.81  x  ( 1  f2  =  3.661  nrVs.  Ans. 

3 

Problem  8.24  A  cipolletti  weir  of  crest  length  60  cm  discharges  water.  The  head  of  water  over  the 
weir  is  360  mm.  Find  the  discharge  over  the  weir  if  the  channel  is  80  cm  wide  and  50  cm  deep.  Take 
Cd=0.60. 


Solution.  Given 


Cd  =  0.60 


Length  of  weir,  L  =  60  cm  =  0.60  m 

Head  of  water,  H  =  360  mm  =  0.36  m 

Channel  width  =  80  cm  =  0.80  m 

Channel  depth  =  50  cm  =  0.50  m 

A  =  cross-sectional  area  of  channel  =  0.8  x  0.5  =  0.4  m2 
To  find  velocity  of  approach,  first  determine  discharge  over  the  weir  as 

Q  =  ^ClixLxj2g~xH3'2 

The  velocity  of  approach,  Va  =  — 

A 

Q =  -  x  0.60  x  0.60  x  J2x9.81  x  (0.36)3/:  mVs  =  0.2296  nrVs 
3 

V,  =  4^  =  0.574  m/s 
n  \  r\ 
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Head  due  to  velocity  of  approach. 


2x9.81 

Thus  the  discharge  is  given  by  equation  (8.17)  as  '% 

2  =  |  xC,xLx/27  K/Z  +  ftj'S-O 

=  -|x0.60x.6x  ^2  x  9.87  [(.36  +  .0168)' 5  -  (.0168) L5] 

=  1.06296x[.2313  -.002177]  =  0.2435m3/s.Ans. 

►  8.13    DISCHARGE  OVER  A  BROAD-CRESTED  WEIR 

A  weir  having  a  wide  crest  is  known  as  broad-crested  weir.  ' 
Let  H  =  height  of  water,  above  the  crest 
L  =  length  of  the  crest 


Fig.  8.10    Broad-crested  weii: 

* 

If  2L  >  H,  the  weir  is  called  broad  crested  weir 

If  2L  <  H,  the  weir  is  called  a  narrow  crested  weir 

Fig.  8. 10  shows  a  broad-crested  weir. 

Let  h  =  head  of  water  at  the  middle  of  weir  which  is-constant 

v=  velocity  of  flow  over  the  weir 
Applying  Bernoulli's  equation  to  the  still  water  surface  on  the  upstream  side  and  running  water  at  the 
end  of  weir, 

0  +  0  +  /7  =  0  +  —  +  h 
2g 

v2 

—  =H-h 

2g 


The  discharge  over  weir  Q  =  Cdx  Area  of  flow  x  Velocity 
=  Cd  x  L  x  h  x  pg(H-hj 


=  CdxLxhg\Hh1  -I,3)  ...(8.18* 
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The  discharge  will  be  maximum,  if  {Hh~  —  h  )  is  maximum 


or 


dh 


{Hh2  -  h3)  =  0  or  Ih  xW-3i!  =  0  or  2H  =  3ft 


h  =  —  H 
3 


£)max  will  be  obtained  by  substituting  this  value  of  h  in  equation  (8.18)  as 


-CdxLx  ^["*(f*)-(f*)_ 

=G$xLx%!2g~^Hx^xH2-^H* 

=  CdxLx  VST^3  SJ| |  =  C, x L x  ^-a2 " S)//3 
=  Gd  x  L  x  V^—tf3  =  Q  x  L  x  72j 


27 

x  0.3849  x  tf3/2 


=  .3849  x  ^  2  x  9.81  xCdxLx  Hm  =  1 .7047  xCdxLx  Hm 

=  1.705  x  C,xLxHm.  ...(8.19) 

►  8. 1 4    DISCHARGE  OVER  A  NARROW-CRESTED  WEIR 

For  a  narrow-crested  weir,  2L  <//.  It  is  similar  to  a  rectangular  weir  or  notch  hence,  f?  is  given  by 

2  =  I  x  Cd  x  L  x  Jig  x  //3/-  ...(8.20) 


►  8.15    DISCHARGE  OVER  AN  OGEE  WEIR 

Fig.  8.15  shows  an  Ogee  weir,  in  which  the  crest  of  the  weir  rises 
up  to  maximum  height  of  0. 1 15  x  H  (where  H  is  the  height  of  water 
above  inlet  of  the  weir)  and  then  falls  as  shown  in  Fig.  8.1 1.  The 
discharge  for  an  Ogee  weir  is  the  same  as  that  of  a  rectangular  weir, 
2nd  it  is  given  by 


«-0.115H 


0=1  CdxLx  xHm 


...(8.21) 

Fig.  8.11    An  Ogee  weir. 
►  8.!6    DISCHARGE  OVER  SUBMERGED  OR  DROWNED  WEIR 


When  the  water  level  on  the  downstream  side  of  a  weir  is  above  the  crest  of  the  weir,  then  the  weir  is 
called  to  be  a  submerged  or  drowned  weir.  Fig.  8.12  shows  a  submerged  weir.  The  total  discharge,  over 
the  weir  is  obtained  by  dividing  the  weir  into  two  parts.  The  portion  between  upstream  and  downstream 
water  surface  may  be  treated  as  free  weir  and  portion  between  downstream  water  surface  and  crest  of 
weir  as  a  drowned  weir.  scanned  by  Fahid 
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Fig.  8.12    Submerged  weir. 


Let  H  =  height  of  water  on  the  upstream  of  the  weir 

h  -  height  of  water  on  the  downstream  side  of  the  weir 
Then  g,  =  discharge  over  upper  portion 

=-f  x  Cd  xLx^  [H-hf2 

j 

Q2  =  discharge  through  drowned  portion 
=  Cd.  x  Area  of  flow  X  Velocity  of  flow 

=  Q;  x  L  x  h  x  fig(H  -  h) 
.:  Total  discharge,  Q  =  g,  +  Q2 

2 

=  -  Cd<  x  L  x  ^2g~  [H  -  h]ln  +  C^xLxhx  pS(H  -  h)  .  ...(8.22) 

Problem  8.25    (a)  A  broad  crested  weir  of  50  m  length,  has  50  cm  height  of  water  above  its  crest. 
Find  the  maximum  discharge.  Take  Cd  =  0.60.  Neglect  velocity  of  approach,  (b)  If  the  velocity  of 
approach  is  to  be  taken  into  consideration,  find  the  maximum  discharge  when  the  channel  has  a 
cross-sectional  area  of  50  m2  on  the  upstream  side. 
Solution.  Given : 

Length  of  weir,  L  =  50  m 

Head  of  water,       .          H  =  50  cm  =  0,5  m 

Cd  =  0.60 

(i)  Neglecting  velocity  of  approach.  Maximum  discharge  is  given  by  equation  (8. 19)  as 
Qmai  =  1.705  xQ  xL  xHm 

=  1 .705  x  0.60  x  50  x  (.5)3/2  =  18.084  m3/s.  Ans. 
[it)  Taking  velocity  of  approach  into  consideration 

Area  of  channel,  A  =  50  m2 

Velocity  of  approach,        V  =  ^  =  1 8  Q8-i  =  0.36  m/s 

A  50 

a  Head  due  ioVa,  ha  =  ^  =  =  .0066  m 

2g  2x9.81 

Maximum  discharge,  gm„  is  given  by 

ero„  =  1 .705  xCdxLx[(H  +  hBf2  -  ham\ 

-  L705  x  0.6  X  50  x  [(.50  +  .OO66)'*flv?0WSfe  ahid 
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=  5 1.1 5  [0.3605  -  .000536]  =  18.412  m3/s.  Ans. 
Problem  8.26    An  Ogee  weir  5  metres  long  has  a  head  of  40  cm  of  water.  If  Q  =  0.6,  find  the 
discharge  over  the  weir. 
Solution.  Given  : 
Length  of  weir,  L  =  5  m 

Head  of  water,  H  =  40  cm  =  0.40  m 

Crf=0.6 

Discharge  over  Ogee  weir  is  given  by  equation  (8.21)  as 

g  =  |xCdxLx  fig~  XVV2 

=  -  X  0.60  x  5.0  x  -/2X9.81  x  (0.4f 2  =  2.2409  m3/s.  Ans. 
3 

Problem  8.27  The  heights  of  water  on  the  upstream  and  downstream  side  of  a  submerged  weir  of 
3  m  length  are  20  cm  and  10  cm  respectively.  If  Cd  for  free  and  drowned  portions  are  0.6  and  0.8 
respectively,  find  the  discharge  over  the  weir. 

Solution.  Given : 
--Height  of  water  on  upstream  side,  H  =  20  cm  =  0.20  m 


Height  of  water  on  downstream  side,  h  =  10  cm  =  0.10  m 
Length  of  weir,  L  =  3  m 

Q,  =0.6 

Cd2=0:8 

Total  discharge  Q  is  the  sum  of  discharge  through  free  portion  and  discharge  through  the  drowned 
portion.  This  is  given  by  equation  (8.22)  as 

G  =  |CjixixV2i  [H  -  h\m  +  Cdi  xLxhx  pg{H-~h) 

=  -  x  0.6  x  3  x  ^2x9.81  [.20  -  .10]'  5  +  0.8  x  3  x  .10  x  ^2  x  9.81  (.2  -  .1) 
=  0.1 68  +  0.336  =  0.504  m3/s.  Ans. 

HIGHLIGHTS 

L  A  notch  is  a  device  used  for  measuring  the  rate  of  flow  of  a  liquid  through  a  small  channel.  A  weir  is  a 
concrete  or  masonary  structure  placed  in  the  open  channel  over  which  the  flow  occurs. 

2.  The  discharge  through  a  rectangular  notch  or  weir  is  given  by\ 

Q  2{CdxLxlfa 

where  Cd  -  Co-efficient  of  discharge, 
L  -  Length  of  notch  or  weir, 
H  =  Head  of  water  over  the  notch  or  weir. 

3.  The  discharge  over  a  triangular  notch  or  weir  is  given  by 

Q  =  ^CliianjX^xHV2  _ 


where  6  =  total  angle  of  triangular  notch. 
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4.  The  discharge  through  a  trapezoidal  noteh  or  weir  is  equa|  to  the  sum  of  discharge  through  a  rectangular 
notch  and  the  discharge  through  a  triangular  notch.  It  is  given  as 

where  Cdi  =  co-efficient  of  discharge  for  rectangular  notch, 
Qj  ~  co-efficient  of  discharge  for  triangular  notch, 
6/2  =  slope  of  the  side  of  trapezoidal  notch, 

5.  The  error  in  discharge  due  to  the  error  in  the  measurement  of  head  over  a  rectangular  and  triangular  notch 
or  weir  is  given  by  6 

dQ     3  ffl 

~  2~ff a  rectangu!ar  weir  or  notch 

_5  dH 

-  %  ~vr   For  a  triangular  weir  or  notch 

£  ti 

where    Q  =  discharge  through  rectangular  or  triangular  notch  or  weir 
H  -  head  over  the  notch  or  weir. 


3.4 

1 

1 

Jff2' 

5A 

i 

1 

e 

4C,  tan  - 
2 

...  By  a  rectangular  notch 
...  By  a  triangular  notch 


_where_  A  =  cross-sectional  area  of  a  tank  or  a  reservoir 

"     =  final  height  of  liquid  above  thexrestor  apex  of  notch™ 


-  e   1   ~~ ~  ■  ~  ^xjw  wv.JV  ui  uj^prvA  U_l  litfltn,   ■  - — - — ■  ■   

7.  The  velocity  with  which  the  water  approaches  the  weir  or  notch  is  called  the  velocity  of  approach  It  is 
denoted  by  V9  and  is  given  by  - 


y  _  Discharge  over  the  notch  or  weir 
"     Cross  -  sectiona  area  of  channel ' 


8.  The  head  due, to  velocity  of  approach  is  given  by  ha  =  -2- 

9.  Discharge  over  a  rectangular  weir,  with  velocity  of  approach, 


10.  Francis's  Formula  for  a  rectangular  weir  is  given  by 

=  1.84  LHm 

where     L  =  length  of  weir,  -J 

H  -  height  of  water  above  the  crest  of  the  weir, 
ha  =  head  due  to  velocity  of  approach. 
IX.  Bazin's  Formula  for  discharge  over  a  rectangular  weir. 


.  For  two  end  contractions 
.  If  end  contractions  are  suppressed 
.  If  velocity  of  approach  is  considered 
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where        m  =  -  Cd  =  0.405  + 

3  H 


Q  =  mL^2gHm 

=  mLfig[{H+hd?a] 
.003 


=  0.405  + 


.003 


...  without  velocity  of  approach 
...  with  velocity  of  approach 

...  without  velocity  of  approach 
...  with  velocity  of  approach. 


12. 


A  trapezoidal  weir,  with  side  slope  or  1  horizontal  to  4  vertical,  is  called  Cipolletti  weir.  The  discharge 
through  Cipolletti  weir  is  given  by 


Q=^CdxLxfigHV2 
=  f  CdxLxfig  W+hf 


.  without  velocity  of  approach 
...  with  velocity  of  approach. 


13. 


The  discharge  over  a  Broad -crested  weir  is  given  by, 
Q  =  CdL  ^2g(Hh2-h3) 
■  where- height  of  water  "above  the  crest" 


14. 

IS. 
16. 


head  of-water-at  the-middle-  of-the  weir  which  is  constant  1  _ 

■    L  -  length  of  the  weir. 

2 

The  condition  for  maximum  discharge  over  a  Board-crested  weir  is  h  =  —  H 

and  maximum  discharge  is  given  by  Qma,  =j  1.705  Cd  L  Hm„ 

The  discharge  over  an  Ogee  weir  is  given  by  Q  =  ^        x  fii  x  Hm. 

The  discharge  over  sub-merged  or  drowned  weir  is  given  by 

Q  =  discharge  over  upper  portion  +  discharge  through  downed  portion 


=  |  Q,  Lh  xfig{H-  hf2  +  Cdi  Lh  x  fig{H-h) 

where     H  -  height  of  water  on  the  upstream  side  of  the  weir, 
h  -  height  of  water  on  thedownstream  side  of  the  weir. 


EXERCISE  8 


(A)  THEORETICAL  PROBLEMS 

1.  Define  the  terms  :  notch,  weir,  nappe  and  crest. 

2.  Ho,w  are  the  weirs  and  notches  classified  ? 

3.  Find  an  expression  for  the  discharge  over  a  rectangular  weir  in  terms  of  head  of  water  over  the  crest  of 
the  weir. 

4.  Prove  that  the  discharge  through  a  triangular  notch  or  weir  is  given  by 

Q  =  —  Cd  v.  tan  -  x  fig~  Hm 

•    ;,15    d         2  V 


where   I!  =  head  of  water  over  the  notch  or  weir 
9  =  angle  of  notch  or  weir. 
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5.  What  are  the  advantages  of  triangular  notch  or  weir  over  rectangular  notch  !> 

6.  Prove  that  the  error  in  discharge  due  to  the  error  in  the  measurement  of  head  over  a  rectangular  notch  is 

dQ  _  3  dH 
Q  "  2  H 

where   Q  =  discharge  through  rectangular  notch 
and      H  -  head  over  the  rectangular  notch. 

7.  Finnan  expression  for  the  time  required  to  empty  a  tank  of  area  of  cross-section  A,  with  a  rectangular 

8'  222  °fAP^  7        -  *»  **  m  f  rectan§u- 


9. 
10. 


lar  weir  with  velocity  of  approach. 

Define  'end  contraction'  of  a  weir.  Wha,  is  the  effect  of  end  contraction  on  the  discharge  through  a  weir  ? 
What  ,s  a  Opollem  Wetr  ?  Prove  that  the  discharge  through  Cipolletti  weir  is  given  by  ' 

where  L  =  length  of  weir,  and  H  =  head  of  water  over  weir 

Differentiate  between  Broad-crested  weir  and  Narrow-crested  weir.  Find  the  condition  for  maximum  dis- 
ci^ wT  Br°ad-CreSted  Wdr  3nd  henCC  d.e™  «  -P-sston  for  maximum  discharge  over  aload- 

£S£E5T  su   ,ee-s  wittl  a  ,ieat  sketch  and  expiain  how  °ne  caa  °btain  the  **» 1  2 

15.  What  is  the  difference  between  a  notch  and  a  weir  ?  5"™»^  'y!J2J 

1 6.  Define  velocity  of  approach.  How  does  the  velocity  of  approach  affect  the  discharge  over  a  weir  ? 

(B)  NUMERICAL  PROBLEMS 

\?ertntc^ 

2.  Determine  the  height  of  a  rectangular  weir  of  length  5  tn  to  be  built  across  a  i*Wfc*£Sl2 
maxtmum  depth  of  water  on  the  upstream  side  of  the  weir  is  1.5  m  and  discharge  is  1.5  m3  per  second 
taxe  Ld  =  U.o  and  neglect  end  contractions.  fA      1  194 

4.  Azectangular  channel  1 .5  m  wide  has  a  discharge  of  200  !itres  per  second,  which  is  n^asuredb^  dght- 
ang  ed J-notch  wetr.  Ftnd  the  position  of  the  apex  of  the  notch  from  the  bed  of  the  channel  2 
depth  of  water  is  not  be  exceed  1  m.  Take  C,  =  0  62  [A      7Z.  " 

S'  fs  «  cmln  tiS  Thef  "V  ^  "  '  "2  "        *  ^  #  »d  0  50  m  a'  * &^  anj 

;iTr  n",Ch  50  ^  %  USed  mCaSUrmS  ?  diSCha^e  >^  -ond.  252  2mm 
Q  =  0  6       meaSUnng  "      ™ICh  Ca'CUkltC  thc  «or  in  thc  discharge.  Take 

7.  /right-angled  V-notch  is  used  for  measuring  a  discharge  of  30  li.rcs/s.  An  error  of  2  mm  waTmadeTn' 
measunng  the  head  over  the  notch.  Calculate  the  percentage  error  in  the  discharge.  Take  c]=  C l& 

,  ,     „  ,  .Uns.2.37%] 
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8.  Find  the  time  required  to  lower  the  water  level  from  3  m  to  1.5  m  in  a  reservoir  of  dimension  70  mx  70  m, 
by  a  rectangular  notch  of  length  2  0  m.  Take  Cd  ~  0.60.  [Arts.  1 1  min  1  s] 

9.  If  in  the  problem  8,  instead  of  a  rectangular  notch,  a  right  angled  V-notch  is  used,  find  the  time  required. 
Take  all  other  data  same  [Ans.  13  min  31  s] 

10.  Water  is  flowing  it)  a  rectangular  channel  of  1.2  m  wide  and  0.8  m  deep.  Find  the  discharge  over  a  rectan- 
gular weir  of  crest  length  70  cm  if  the  head  of  water  over  the  crest  of  weir  is  25  cm  and  water  from  channel 
flows  over  the  weir.  Take  Cd  =  0.60.  Neglect  end  contractions  but  consider  velocity  of  approach. 

[Ans.  0.1557  m3/s] 

11.  Find  the  discharge  over  a  rectangular  weir  of  length  80  m.  The  head  of  water  over  the  weir  is  1.2  m.  The 
velocity  of  approach  is  given  as  1 .5  m/s.  Take  Cd  =  3.6.  [Ans.  208.  1 1  m3/s] 

12.  The  head  of  water  over  a  rectangular  weir  is  50  cm.  The  length  of  the  crest  of  the  weir  with  end  contraction 
suppressed  is  1.4  m.  Find  the  discharge  using  following  formulae  :  (/)  Francis's  Formula  and  (lOHazin's 
Formula.  [Ans.  (i)  0.91  m3/s,  (it)  .901  rn'/s] 

13.  A  discharge  of  1 500  m3ys  is  to  pass  over  a  rectangular  weir.  The  weir  is  divided  into  a  number  of  openings 
each  of  span  7.5  m.  If  the  velocity  of  approach  is  3  m/s,  find  the  number  of  openings  needed  in  order  the 
head  of  water  over  the  crest  is  not  to  exceed  1.8.  [Ans.  37.5  say  38] 

14.  Find  the  discharge  over  a  cipolletti  weir  of  length  1.8  m  when  the  head  over  the  weir  is  1 .2  m.  Take 
Q  =  0.62  [Ans.  4.331  nrVs] 

35,  (a)  A  broad-crested  weir  of  length  40  m,  has  400  mm  height  of  water  above  its  crest.  Find  the  maximum 
discharge.  Take  Cd  =  0.6.  Neglect  velocity  of  approach.  [Ans.  10.352  m3/s] 

.  (i>)  If  the  velocity  of  approach  is  to  be  taken  into  consideration,  find  the  maximum  discharge  when  the 
channel  has  a  cross-sectional  area  of  40  m2  on  the  upstream  side.  [Ans,  10,475  m3/s] 

16.  An  Ogee  weir  4  m  long  has  a  head  of  500  mm  of  water.  If  Cd  =  0.6,  find  the  discharge  over  the  weir. 

[Ans.  2.505  m3/s] 

17.  The  heights  of  water  on  the  upstream  and  downstream  side  of  a  submerged  weir  of  length  3.5  m  are 
300  mm  and  i  50  mm  respectively.  lfCd  for  free  and  drowned  portion  are  0.6  and  0.8  respectively,  find  the 
discharge  over  the  weir.  [Ans.  1.0807  m3/s] 
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